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Mathematicarum Difiipliuarum culsottbus fatis conflat. Sciunc 
vtique illi , varias earum partcs novis cum laminihus fic Utuf 
trajfe , ut indi merii6 dariffimi rerum m hti abftrififfimarum. 
inierpretis bawi fu. cviij'tq:it:tii.;, (incm quin egngic tueatur , 
immo toliat fe aiiius qiiaqut opcre ifilioc , nemo dubitabit , 

a*WAb,U# Te miU, m » f >0m m mM 

Tuo dicatam publicc prodiret. Pcriinere atitcm hoc in me 
coliatum hencficium ad Au3.ons dccus probe inulligens , Ipfi, 
ut eo uterer , hibens conceffu ; & alm in rrm mcam faciac 
umnimodo , qiii r.eghxijfem ? 
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E P I S T. D E D I C A T. v 

Ah his equidem , quihm Lihros infiribum , Jlhi nefiio quid 
ideo deheri , plerique tacite conftituunt ; accepiaqui beneficia 
quodammodo remunerari, ut fift fcre nexu lihcrent omni. Ego 
verd fecus fintio. Mihi certi merum efl bcneficium patroni , 
quod fcriptoris aut excnforis opera id genus honorc condecorari 
patiantur. Hac tnente utique Tibi , ViR Illustrisseme , animi 
gratijfmi fummaque obfervantitt profeffionem hifie puhlk.-m 
cxcipias , rogo. . . 

Paratum promptumqite fimper juvandis littertinim fludiis qui 
Te novit , & notus vc! hoc nominc es cuicumque in Repuhlica 
dticlorum Europte totius non hofpiti, plurimis officiis mea eiiam 
conditionis hominc, a Te afeilos fuiffh ftatuat neccfc tJL 
Nempe , lanquam Tibi uai effcl injunclum curarc , ut flarcanl 
hitmanum tngenium itluftrantes fiientite onines , homiaumquc 

ttiam Te demmen -digaaris , ve! ah illa fuUimium rerunt 
perfcniiationc , Ctzlivc ipfius Tibi tsm nota regione , ut qitx 
kucufque mtnus hominum mctu complebsni plucnomena minus 
intellecla , ptr Te jam gralo taatum admirationis jinfu con- 

Hinc ilie veluti ex condiclo Acedemiarum Orbis erudili 
concurjus, ut adleclum Te ctetui Jiio confequertnlur , omameato 
aiias carituro infigai , quo csteras natlent pra fe frui. Hinc 
inprimis Illiiftriffimx Parifienfis dc Te judicium , cum agtretut 



<-i EPIST, DEDICAT, 

de ficcefore fifjidendo iit tocum tmcriti Fontenellu, Virl; 

exty.rfiiiores J:v:t;.c , e! ~n ::::::,, ■.-.'■-' tntivcj'.:: pcrpetuo vific fiunt , 
& lidcbtmtur d::m f.wi fi-:J::.i niii.-.j.-ui-n h:::i:.ino ingenio eriC. 
Tib"[ , fiiticet , Commentariorum Acadcmitt conficribeitdoruai 
provtneia , cut praftclus ilte erat , demandabatur contintio ; 
tjuam , ut ornare diutius vdnffis , J,ic!i omr.es optahant : hoc 
vno minits dokntes Te aliter ceijhijje , qmU aliis Tilii magis 
placituris , profuturifque nHdlinnims litttris in univerfum 
erudidcnis ingeniive ;l::fi:uios impendcres. Quod ut ad ukitnas 
tlfqtlt metas hominum vitce pofitas incolumis , fiorens , ataue 
bcatits pr&jles , omni votorum contentione prccor. Valt l 
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PRilFAIIO. 

S/epb numero anlmadverri, maximam difficultatum partem ; 
quas Mathefeos cultores in addifcenda Analyft infinitorum ofFen- 
dere folent , inde oriri , quod , Algcbra communi Vix appre- 
henfa, animum ad illam fublimiotem artem appellant ; quo fit , 
Ut non folum quali in limine fubfiitant , fed etiam peiverfas ideas 
illius infiniti, cujus notio in fubfidium vocatur , fibi fbrment. 
Quanquant autem Aiuiiylii iuliiiiitirum non perfeiram Algebra; 
communis , omniumquc arrifiLiorum adhuc inventorum cognt- 
tionem requirit; tamen plurima: extanr quffifliones, quarutn 
evolutio difcentium animos ad fublimiorem fcientiam pratpa- 
rare valet , qua: tamen in communibus Algebrx elementis , 
vei omittuntur, vel non fatis jkuoic pcrn ■aifrantur. Hanc ob 
rem nan dubito , quin ea , qus in his libris congcffi , htino 
defe&um ahunde fupplere queant. Non folum enim operam 
dedi , ut eas res , quas Analyfis infinitorutn abfolute requirir , 
uberius atque ditlinclius exponerem , quam vulgo ficri folct; 
fed etiam fatis multas qusfttones enodavi , qttibus Leclorcs 
fenftm & quafi prstcr expeiitationem idcam iiifiniri libi fa- 
miliarem reddent. Plures quoque qumflioiies per pricepta 
coniuiuuis Algebra: hic refoivi , qute vulgo io Analyti Lufiui- 
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ttrum traftantur : quo fuciiius dcinceps ulriufque Meihodl 

liimmus confenfus eluceat 

Diviflhoi OpUS In tluos Lihros, in quorum priori, qua: 
aJ rneram Analyfin pertincnr , ftim complexus : in pofterior: 
vcio , qus ex Geomerria funt ftitu necelfaria , expticavi > 
quoniam Analyfis infiniiorum ita quoque rradi foter, uifimul 
tjtis applicatio ad Geomeiriam oilcndaiur. Li utroque autem 
prima Elementa pratermifi , eaque tanrum exponenda duxi , 
rjus alibi , vel omnino non, vet minus commode ira&ata , 
vol ex divcrfis principiis perita reperiuntur. 
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ritutionibus ad Ibrmam raiioualcm pcrduci qucant ofiendi. 
Evokuio auieni per ftries inriiiitas ad utrumque gcnus atquc 
pertiner , atque etiam ad FuncHones iranfcendentes fumma 
cum utilitaie atiplican IVik-r ; attruintopcre dodrina de ferie- 
btis inlinitis Analyliu fublimiorem amplilicaverir , nemo eft 
<|ui ignoret. Nonnulla igirur adjunxi Capita , quibus plurium 
ferierum infiuitarum proprictates , atque fummas funt fcruta- 
tus ; quarum qursiam ira funt comparata: , ur fine fubfidio 
-Analyfis jufiuiiorum vis inveltigari poite videaniui. Hujufmodj 
feries 
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Tccndcntcs, dum per quadraturitrii Hyperbolat & Circuti ex- 
Iiibctittir , maidmam partom dcn:um iu Analyli hifiuitoriim 
traflari funt folira:. Pollquam autcm a pDteftatibus ad mun- 
titatcs exponciifiiilcs cilcin prOL;rdIiis , qus tiil aliud funt 
■oifi poteitatcs , quaritm c\p(iiicii:Li luiit vnrialiilcs ; ex earum 
convcriione maxime naturalern ac fiEcundam Lngarirlimorum 
ideam fum adeprus : unde non folum ampliffimus eorum ufus 
■fpontc c£l co.sfeaitus , fcd ctintn ex ea cunclas Icries infiuitas , 
quibus vulgo ilis qurintitH^vcpri-fu.tarifolcfir.elicaciicuir: 
hincque adco liiciilimus fc oroi^lit modus Tabulas Logarirh- 
morum conilruendi. Simili rnodc in comemplatior.c Arcuum 
circularium fnm verfatui ; quod quantitatum genus , erfi a 
Logarithmis maximc cli divcrfiiin, tamcn iam'arcio vinculo 



■invcniione Sinuiim & Cofuiuiim A: ,-.u;ni rrmlrbbrum ac fub- 
multiplorum traduntur , ex Simi vel Cofinu cujusque Arcus 
«tprclli Siuum Cofinumque Artus minimi & quafi evanefcenlis , 
quo ipfo ad feries iniiuitas fum deduflus : und E , cum Arcits 
evanefcens Sinui fuo fit aqualis , Coiinus vero radio , qucm- 
■yis Arcum cum fuo Sinu & Colinu ope ferierum infinitarum 
comparavi. Tum vera tam varias exprellioues cum iimtas tum 
iiifinitas pro huj;i. s-cin.-ri'; q-.MiniiiLiiilms oluin.h , ut ad earum 
naturam perfpieiLiidiim Cakulo iufinitefimali prorlus 11011 am- 
plius eiTut opus. Atque qinrniiklmoMim Lc-arithmi peculiarem 
Algorithmum requirunt , cup in univcrfa Analyfi ftimmus 
■extat iifus , iia (luiiiiiitaics circnlares ad cerram qiioque Algo- 
rithml normam perduxi ; ut in calculo xtpe conimocic ac 
Loriarithmi & infa? qu;sir,u:itc;; ai^brak.-.: trs£lari polfeiit. 
Quantum autem hinc urilibatisad refolutionem difiicillimartim 
iiuzftionum redunder , cnm nonnulla Capita hujus Libri lucu- 
fer.ter declarant, tum ex Analyii jnfuiitorurn plurima fpcci- 



PRjEFATICl 



mina proferri pofii-nt , nifi jam faris elTenr cogntta & in dle» 
niagis mulriplie:iR-iiuir. ^liisirjium autem lnc inveftigatio ai- 
tulit ailjumentum atl Fuiiflioiics fiaaiss s':i lii , ; :l»res realesrefol- 
vendas ; qiiod argumentum , cum inCafculo integrali. fir pror- 
fiis nccefliirium , ciii-dit/js eimclcavi. Serics poftmodum in- 
finitas, qu.i en linjuir.i odi Fur.iliomiin cvolutione naltuntur 
& qu.s recurrjiiiiiiin ncr.-.icie i:i;u>t,icrunr , esamiiit fubjeci ; 
ul)i earum Mm fummas quam termnios generales , aliafque 
inli^ncs proprictiiic; exliicui : & quouiam atl hsc rcfolutio 
in fj-j.orus iiu!;ulJi:i;; , ica vici^Iicn, quemadmodum produfta 
pluribus , imo Ctiam. infinitis , factoribus conflatrt per 
iiiiilcipiicatior.cm in fcriss ciiplicentur , pcrpcndi. Quod ncgo- 
tiimi non folum ad co^nitionem innumerabilium fcrierum viam 
aperuit , fcd quia l-.oc nitidci fcrics iu productj cot inliiiitis 



vrjluniina facile txcrcfccre potuilil-t ; fcd omnia , quuutum 
ficri potuit, r;bni fuciincic propcfui, nt uliquc fuiidamct]- 
tum cfariffime quidem cxplicaretur , uberior vcro amplifi— 
cario mduftris Leftorum rclir.queretur ; quo habcant , qui- 
bus vires fnas exerceant , Imdtjiic Analyftos ulreiius pro- 
movcanr. Ncque enim veretir ptoficcri , in hnc Librn non 
folum nuika pbne nova ctiiirincri ; ll-d eciam ftmccs efic de- 
teclos, iinde plurimn ii:!i ; ;:;h i::^ntn adlme haitriri qucanr. 
Eodcm inAituto fum ufus in alrcro Libro, ubj , que vulga 
ad G;omerri:mi f.ilsliininren.i n-lcrri folent , percrEcIavi. An- 
lequam autem de Seftionibus Conicis , qui alias fcrc Ct>lx 
lunc locum oceupant, agerem ; Theoriam Linearura Cur— 
vatum in genere ita. propofui , ut ad &Tutationeni nattirat 
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quanmwis Lineanun Cnrvarum cum utilitate adhibsri 
- poflet. Ad hoc Duilum aliud fubfidium affero , prEtcr 
:cquationem , qua cujufque Lines Curvs natura exprimitur ; 
ex eaque cum liguram , tum pnmarias proprietalcs dtti.t- 
cere . Jnceo : id' quod posfiimnn in SuiHonibus Conicls 
praiKrifle mihi fum vifusj qus antehac vel fecundum fo- 
lam Geometriam vel per Ar.alyfin quidem , fed nimis im- 
perfefte ac minus naturalirer , trafiari funt folits. Ex squa- 
tione fciliccr generali P ro Lincis fecundi ordi.iis primutr. 
earum proprictatcs goiicr.il.s e::pi:cavi, tum eas in genera 
feu fpccies fubdivili ; rdj.Lclo-io utrura habcant ramos in 
infinirum excurrcotes, ati vero tota Curva (iniro fpatio 
includatur. Priori autcm cafn infuper difptcieuduiri erat , 
quot fint rami in inunitum excurreutes , & cujus naturs 
fint fioguli ; an habeanc Lincas rcclas afyrntotas , an minus. 
Sicque obrinui tres confuctas Sccrionum Conicartim fpecics ; 
quarum prima eft Ellipfis , tota in fpatlo finito contcnra ; 
fecunda autem Hyperboli , qua: quatnor liabct ramos infi. 
nitos ad duas redas afymptotas convctgcnte, , tertia ; vero 
fpedes prodiit Parabola duos habens ramos lufiniros afym- 
totis dclUtutos. Simili porro ratione Lkeas tertii ordinis 
fum perfecutus , quas , poft expofiras eaium proprictates 
generales, divif, iu fekdm gcnm j ad eaque onmes fcp- 
tuagenta d.ias fpecies Nsno«i revocavi. Ipfam vero 



; defcripfi , ut pro quovis Lin 
8ine fequente divilio in gencra facillime inftitui rjueat ; 
cujus nugotii periculum quoque feti in Lincis qtiarti ordi- 
cis. His dcinde , quE ad otdines Linearum pertinent , ex- 
peditis , reverfus fum ad generales omnium Linearum af- 
fcctiones emendas. Explicavi itaquc mcthodum definiendi 
tangenres curvarum , carum normales , atquc ctiam jpfara 
curvaruram , qua? per radium ofculi ellimari fotcr : qua. 
etfi nunc quidem plerumque Cakulo differentiali abfolvun- 
tur, tamen, idem pcr folam coinmuncm Algebram liic 
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pr.tUiti , ut deiuccps tranfitua ab Analyfi finitoruni atf 
Aualyfm infinitarum co ficilior reddatur. Purpcndi ctiam " 
curvarum puntba flci-ius contrarii, cufpidcs , puncla dupli- 



rtiTe poflir. \>. li _ ii Jji.it-.:-. i iilitjtiot Capita , in quibus Li- 
ueas Ctirvas , qu.t: dstis propriktutibns t;aukk:aiit, invenire 
docui ; pUiriif;;iu i.iiikVm 1'niblunata circa fingularcs Cir- 
culi lcdboues foUlta dudi. Qua: cum fint ca ex Gcnmciria, 
qtn ad Analjlii! iuliiiitorum addifceudant maMtnum aii- 
miniculum afftrre vidLiitur , Appcndicis loco ex Stcrcomc- 
tria Thec-iiam folidortim eorumque ftipttlitic-rum per Cal. 
ctiht.li propolui & qucniiklniodiim cujufqtio fupctiiciei na- 
tura pcr Equationcm intcr tres variabilcs e^poui queat , 
olldiidi. Hinc, fupeillcicbus i.illar lincarum in otdints di- 
gdtis , fecundum dimeufionum quas rarUbiles in a-qtiatione 
conllituunt numtrtim , iii primo ordine folam (itperficiera 
piatiam comuit-n ulinJi. .S. ij:,.-: . .kiki vcio ('kCtindi ordiius , 

liera divifi ; fmiilique modo prii ceteris ordinibus divifio inf- 
litui pot^rit. Cdutemplaius fum cjnoqtie intcifcclbnes dua- 
rum fupciTiciiiriim ; rriitc cum pletumque fint ctirvit: non in 
eod^m piano C.:x , qiit-n-.Licmijilum xr—-. tionil-us comprchendi 
queattr , monllntv!. Tandeni ctiam poritionem planorem tan- 
geiuium , atque reclaritm , tjua ad fliperiicits fiut normaks, 
detzrminavi. 

De cettTO , cuni non pauca: rcs hic occurrant nb aliis 
j::m tr.tiilnr:!? , vcniaiii ro.;"arc r.ie opottti , quod uon ubi- 
qne iionoriScani raeotioaeni eorum , qui aute ir.c iu ccdtni 
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genere elaboranmr, fecerim. Cum enim milii propofitum eller 
omnia quam Ijcc\il!imc ptrrriifmre , Hilloria cujufque Pro- 
blematis matjiiitLiditiem opcris noti mediocrirer auxilTer. In- 
terim tamen pleraque queliiones , quz alibi qrioque fo- 
luta: reperiuntur , hic foiutiones ex aliis principiis fimr 
ntltfts; ita ur non esiguam partem mihi vindicare polTem. 
Sptro aurem cum ifta , tum ea poriflimum , qui prorfus 
nova liie profcruntur , plerifque, qui hcc ftudio delectan- 
tur, r.on ingrats cITe futura. 
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INTRODUCTIO 

I N 



ANALYSIN INFINITORUM. 

LIBER PRIMUS, 

c o NT IN E NS 
ExplicarionemdeFuncHonibusquantitatum variabilium ; earum 
refolutione in Factores , atque evolutione per Series infinU 
tas : una cum doftrina de Logarithmis , Aicubus circula- 
ribus , eorumirue Sinubus & Tangentibus ; pluribufque aliis 
rebus , quibus Analyfis infinitorum non mediocriter adju- 
varur. 



Euleri Intreducl. m Anal iafia, 
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LIBER PRIMUS. 



CAPUT PRIMUM. 



DE FUNCTIONIBUS IN GENERE. 



■Q/ uaht itas conjfans ejl quantitas determinata , perpeluo 

eumdetn vaiorem Jervans. 

Ejufmodi quanrirarcs funt numeri cujufvis generis , quippe 
ijui cumdem , qnem fcmel obrinuerunr , valorem conflanrer 
confervant : arc|ue fi hiijufmocii quantirates conllanres per 
charafleres indicare convenir , adhibeutur litrera Alphabetht 
initiales a,b , c , &c. In Analyfi quidem communi , ubi tantum 
quantirares determinata: confidetantur , ha: littera: Alphabethi 
jiriores quanntarcs cognitas denorarc folent , polleriorcs vcro 
quanrirates incogniias ; at in Analyfi fublimiori hoc difcrimeti 
non tanropere fpcclatur , cum hic ad illud qiiantitatum dif- 
crimen prscipue refpiciatur , quo alia: couftantes , atia; vero 
vatiabiles llaruuatur. 




A i 



b, Cou;j!c 



4 DE FUNC TIONJBUS 

I, 2. Ouantitas variabilis ejl quantitas indeterminata feu univerja- 
— lis , qutt omncs omnino vahrcs dtttrminatos in fi compleclitur. 
Cumergoomnes valores determinari numeris evprimi queant, 
quanritas variabilis omnes numeros cujufvis generis involvir. 
Quemadmodum fcilker ex ideis individuorum formantur idea: 
fpederum & generum ; iia quanriras varinbilis eft genus , fub 
quo omues quamirares dererminata: conrinentur. Hujufmodi 
autem quanritates variabiles per litteras Alphabethi poltremas 
{, y , x, &c. reprafenrari folenr. 

3. Quamitas variabilis dtttrminatur , dum ti vahr quicunque 
itierminatus tribuitur. 

Quanriras ergo variabilis innumerahilibus modis determinari 
poteft , cum omnes omnino numeros ejus loco fubftiruere liccat, 
Neque fignificatus quautiratis variabilis exhatiritur, nifi omnes 
valores deierrninati ejus loco iiierinr fubftituti. Quantiras ergo 
variabilis in fe compleclimr omnes prorfus numeros , tam aflir- 
roarivos quam negativos, tam inregros quam fractos, tam ra- 
tionales quaro irrationales & tranfcendenres. Quinetiam cyphra 
& numeri imaginarii a figtiificatu quantitatis variabilis non ex- 
cluduntur. 

4. Funclio quantitatis variabilis , efi expreffio analytica quomo- 
docunque compojita tx iUa quantitate variabili, 6 numeris Jeu 
quantitatibus conjlnnrilus. 

Omnis ergo expreffio anatyrica , in qua prater quantitatem 
variabilem jomnes quanriiates illam exptelfionem componentes 
funt conftantes , erit Funftio ipfius { : Sico + ,j{;fl{ — 4{{ ,' 
"X + 0 V (a«— {{); c x ; &c. funt FuncViones ipfius {. 

5. FunSio ergo quantitatis variabilis ipfa erit quantitas variabilis. 
Cum enim loco quanritaris variabilis omnes yalores determt- 

naros fubftituere liceat , hinc Funclio innumerabilea valores de- 
terminatos induet ; neque ullus valor determinarus excipietur, 
quem Funfho induere nequear, cum qiiantitas variabilis quoque 
vaiores imagmarios involvai. Sic etfr hsc Funclio Vftf — {{), 
numeris realibus loco } fubftiruendis , nuuquamvaloiem terna- 



IN GENE RE. j 
rio majorem recipere poteft ; tamen ipfi 5 valores imaginarios Cap. I. 

tribuendo ut ;V — ' , nullus aflignari poterit valor determinatus 

tjuin ex formula V( 9 — ) elici queat. Occurrunt autem non- 
nunquam Funitiones tantum apparentcs , qus , utcunque quan- 
titas vatiabiljs varierur , tamen ufque eumdem vatorem retinenr, 
uc {°i *' ' °j ^ ■ 1 UE ' et '" 1 fpeciem Funflionis mennuntut , 
tamen rcvera funi quantitates conftantes. 

6. Pmcipuum Fundionum dijirimen in modo compofttionis , 
quo tx quantitatt variabili & quantitatibus conjiantibtis formamur , 

p.fmm.f. 

PendetergoabOperationibu3quibusqiiantitates inter fe com- 
poni & permifceri poflunt : qus Opcraiinnes funt Additio & 
Subtractio ; Mnltiplicatio & Divifio ■ EvecYio ad Poteftates & 
Radicum Exiracfto ; quo etiam Refolutio jEquationnm eft tefe- 
renda, Prater has Operationes , qua: algebraica; vocari folent , 
dantur complures alia; iranfcendemes, ut Exponentiales , Loga- 
riclimitz , arque innumerabiles alis, quas Calculus integralis 
fuppediiat. 

Interim fpecies qua?dam Fundtionum notari poflunt ; ut mul- 
tipla ij 3{ ,• T {,- dj ; £tc. & Poteftates ipfius f , ut ^ ; 

^ f T — ' •" qua: , uti ex unica operalione funt defumti , 
ita exprefliones qus ex operationibus imibufcunque nafcuntur , 
Funflionum nomine infigniuntur. 

7. Funcliones divUuntur itt Algebrdictts & Tranfcendentcs : 
Ule fuat A qutt componuntur per operationcs algebrdicas Jolas ,- 
hte vero , in quibus opcrationts tranjcendentts injunt. 

Sunt ergo multiplsac Poteftaics ipfius jFunctiones algebrai- 
cx ; arque omnes omnino expreiliones , qus per operationes 
algebraicas ante memoratas formanrur, cujufmodieft 

£±*L£rSp2&=J5l . Quineiiam FunSiones algebraicar 
fepenumcro nequidem explicite exhiberi poflunt , cujufmodi 
Funflio ipfius j eft Z , fi definiatur pcr hujufmodi a:quationem ; 
Z' —a^iZ' — if' Z' + cr' Z — i, Quanquam enim biec 
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l. ajquatio refblvi ncquit ; tamen conftat Z arcruari expreffiotri cui- 
— piam ex variabili { & coulhr.iLjus i.omp(>ii;,i , ;i; jjropjtr^a 
fbre Z Fun&ionem quamdjm iplius j. Csterum de Functioni- 
bus tranfccndenribus norandum ell , eas demum forc tranfceu- 
dentes , C operatio rranft;i;ntk;is non folum ingrcdiatur , fed 
etiam quaiititntcm varialjiltm ri!l;ujt. Si enim opcrationes tranf- 
ceiidenrcs tantum ad qnantitates conllaiitcs pertincant , 1'unclb 
nihilomlnos al^cbraica cfl cenfenda : uti fi c denotet arcumfe- 
rcntiam Circuli , cujus radius fit ~ i , erit uriqucc quantitas 
tranfcendens , vcrumtamcu ha; expreffioncs c + { ; cj'; 4f &c. 

ce ipfuis ;. Parvi quidcm cli momenti 



;s algebraica: ipfuis {. I 
:i\:i qnod a quibufdam movctur, ntrum cjufmodi cxprcffio- 
nes {' Funcrionibus algebraicis annumcrari jure poflint , nec- 
tic ; quinetiam Puteliares ipfius { , quarum cxpoiicntes fint iui- 
meri irrationales , uti ; V ' , nonnuili nialuerunt Funaiones inter- 
fccndentes quam algebraicas appellare. 

8. Futulioncs algekraica fubdividuntur in Rationatct & Irratio- 
naies : illx funt , fi qtiantiuts \ar:,ib:!:s iit ntilia irrationaUtate 
invohitur; havero , iit qutbtn /'';,■«'» iikk.nlui qtiantitatem varia- 
tilem ajficiimt. 

In Functionibus ir^:i ra; i ihili i i !:n ali.t ::pcratio]iL , i prsrcr AJ- 
ditioncm , SubtracKunem , Multiplicarionem , Divifionem , & 
Evoftioncm ad Poteftates, quarum exponcnres jfiut numcri in- 
tegri , non infimt : erant adeo a + 5 ; a ■ — a {i 'jlfc ^ 
oj'-i-6j' ; &c. Funftiones rationalcs ipfius j. At hujufmodi 

exprefliones V{J ■* + V(«« — K )j — i{ + {{)■■ 

+ erunt Functiones irrationales ipiius 

Hx commode diflingtintitr in Explichas & JmpUritas. 
fcpiiciti funt , qui per figna radicalia funt evoluta: , ciijuf- 
modi exempla modo funt data. Implicira vero Fundrioncs irra- 
tionale-s funt quj; ex refolutione squationum ortum babent. 
Sic Z crit Funclio irrationalis implicita ipfius r , fi per hujufmodi 
jrquationcm Z' == djZ' — b{' definiaturj quoniam valoreni 
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TNGENERE. 7 
explicitum pro Z , admiffis eriam Ggnis radicalibus, exhibereCAP. I. 

non licet ; propierea quod Algebra communis nondum ad hunc : 

perfeflionis gradum eft evecla, 

9 . PanBiones ralionales denuo fubdividumnr ,n Integras & 
Tra&is. 

In illis neque ^ ufquam habet exponentes negativos , neque 
exprefliones continent frafliones , in quarum denominarores 
nuantitas variabilis { ingrediatur : unde intelligirur Fun<£liones 
lraclas efle , in quibus denominatores jcontinenres , vel e\po- 
nentes negativl ipfius j occurrant. Funcrionum integrarum 
hie ergo erit Formula generalis : a + b% + c^' + df' + e^' 
+ fi' + &c. nulla eninj Funftio ipfius j integra excogirari 
poteit, quE non in hac exprcflione continearur. Fnncfiones. 
autem fracrie omnes , quia plures fracriones in tinam cogi pof-- 
liint, continebuntur in hac Formula : 

a + ^ + ^-+^;' + ^-+A' + ^ . 

« + «t+n' +!-,' + • J '+;v+&c. 
uti notandum eft quantitates conffantesn, 5, t, d, &c: 
a, C, y , S, Scc. five (int affirmariva: , five negativi , five 
integra; five ftacta , rationales five irrationales , five etiam 
/Tanfcendentes , naturam Funftionum non mutare. 

i o. Dcinde podjjimum ttnenda ejl Fanclionum divifm in Uni-r 
firmts ae Mihiformes. 

Funflio autem uniformis efl , qua fi quantitati variabili ^ 

valorem determinatum obtineat. Funcrio^autem Multiformis 
eft , qua; , pro unoquoque valore dererminato in locum varia- 
jbilis f fubftituto , plures valores determinatos eichibet. Sunt 
igituf omnes Funcliones raxionales , five inregra; 11\ c fr;i>_ : :.r , 
FunCriones uniformes; quoniam ejufmodi exprefliones , quicun- 
.f[-L'.: : valor quantitac: variabili rri!.-,uaiur , non ijili umcimi vnlurLm 
prxbent. Funcfiones autem irrarionales omnes funt multiformes ; 
propterea quod figna radicalia funt ambigua , & geminum valorem 
involvunr. Dantur autem quoque inter Functiones tranfcenden- 
,ies,& unifonnes , & multiformes ; tjuinctiam liabentur Func- 
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tiones infiiiitiformes ; cujufmodi eft Arcus Circuli Sinui j ref— 
pondens ; dantur enim Arcus circulares innumerabiles qui 
omnes eumdem habeant Sinum. Denorent aurem hx lirtersr 
P , Q , R , S , T &c. finguls Fundiones uniformes ipfius 

1 1. Fundio biformis ipfius z tfl tjufmodi Functio , qua pro 
quovis ipfius i vnlore determinato , geminum valorem pmbeai. 

Hujufmodi Functiones radices quadrata: exhibent , ut V(ir 
+ ; { ) : quicunque enim valor pro j ftatuatur expreflio 
V ( 2{ +j{ ) duplicem habet fignificalum , vel affirmativurn vel 
negattvum. Generatim vero Z erit Funclio biformis ipfmsf ,. 
fi determinetur per Kquationem quadraticam Z' — FZ + 
Q = q: fi quidem P & Q iuerint Fun&iones uniformes ipfius 
j. Erit namque Z = i P + v* ( S P' — Q) ; es quo 
patet cuiquevalori determinato ipfius j duplicem valorem de- 
terminatum ipfius Z refpondere. Hic autem notandum eft , 
vel utrumque valorem Funflionis Z effe realem , vel utrum- 
que imaginarium. Tum vero crit femper , uri conftat es 
natura aiquationum , binorum valorum ipfius Z fumma = P , 
ac productum = Q. 

II. Funclio triformis ipjius z tfi , qua pro quovis ipfius z 
■calort , tres valores determinatos exhibet. 

HujuOnodi Funfliones ex refolutionc atquationum cubicarum 
orijpnem trahunt. Si enim ruerint P , Q , & R Fundriones 
unifbrmes , litqne Z' — PZ' + QZ — B = o , erit Z 
FundKo triformis ipfius^; quia pro quolibet valore determi— 
nato ipfius j triplicem valorem obrinet. Tres ifti ipfiusZ va!o- 
res unicuique valori ipfius f refpondentes , vel erunt omnes 
reales , vel unicus erit realis , dum bini reliqui funt imaginarii. 
Caiterum conftat horum trium valorum fummam perpetuo effe 
— P ; fummam faclorum ex binis eflc = Q , & productum 
ex omnibus tribus elTe = R. 

13. Funclio quadriformis ipfius % tjl , qtta pro quovis ipjius z 
valort quatuor valorts dcterminatos txhibet. 

Hujufmodi Functioties ex refolutione jEquarionum biquadra- 
ricarun» 
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JNOENERE. 9 
ticamm narcuntur. Quod fi enim I' , Q , R , & S denotcnt c 
~ Linfliones uiiifoi-mcs ipfius i , fiieritque Z' — PZ' + QZ' 
— RZ + S — o, erit Z Funclio quadriforrois ipfius j- ; eo 
quod cuique valori ipfius j quadruplex vaior ipfius Z relpou- 
der. Quatuor horum valorum ergo , vel oroues erunt reales , 
vd di:o reates duoque imaginarii , ve! onines qnatuor erunt 
imajrinarii. Ceteram perperuo fumma horum quaruor valorum 
ipfius Z eft = P, fumma fa&orum ex binis = Q , (tinima 
facrorum ex ternis = R , ac produilum omnium = S. Si- 
mili aurem modo comparata eft ratio Funflionum quinquefor- 

14. Erit crga Z Funclio muhiformis ipfiusz , qua , pro quovit 
vatore ipfius 1; tot cxhibtt valorcs qitot numerus n continet unita~ 
tes ,■ fi Z defniatur per kanc eequationem 7f ■ — ■ PZ" + 
QZ"~ l -RZ" -J + SZ n_1 -t/c. = o. 

Ubi quidcm notandum eft n efie oportere niimerum inre- 
grum ; atque perpetuo.ur dijudicari polTit quam mtiltiformis fit 
Funftio Z ipfius ( , Equatio , per quam Z definitur , reduci 
debet ad ratioualitatem ; quo fafto exponens maxime potella- 
tis ipfius Z mdicabit quaifuum valoram numerum cuique ipfius 
f valori refpondentium. Dcinde quoque tenendum eft litte- 
ras P , Q , K , S , &c. dcnotare dcberc Funfiiones uuiformes 
ipfius j : fi enim aliqua earum jam eiTet Funflio multiformis , 
tum Funftio Z multo plures prabitura eiTet valores unicuique 
valori ipfms f refpondentes , quam quidem numerus dimenfio- 
mim ipfius Z indicaret. Semper autem , fi qui valores iplius Z 
fuerinrimaginarii, eonim numerus eritpar;unde intelhgitur , 
fi fuerit n uumerus impar , perpetuo unum ad minimum valorem 
ipfius Z fbre realem : contra autem fieri pofie , fi numerus n 
fucrit par , ut nullus prorfus valor ipfius Z fit realis. 

25. Si Z ejufmodi fuerit Funclio muitiformis ipftus Z ul perpewo 
nonnift tmktim vatorem exhibeat rcatem ; tum Z Fiinclionem tini- 
formem ipjius 7. mcniietur , ac plcrumque toco FunSionis uniformis 
njurpari potcrit. 

Eulcri Introducl, in Anal. infin. parv. B 
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Li b. T. Ejttfmodi Funftiones erunt t/ P , i/ P ,<j P , &c. qi 



valorem realcm , vel dtios ; cx quo ejufinodi eNprefiiones 

P* , cxiflente n numero pari , eodem jure Funccionibns bifor- 
mibus accenferi potcrunt : ftquidem fractio — ad minores 
terminos non liicrit rtducibilis. 

1 6. Si futril y iitnaiti ijttj-etititjite ipftas i ; tum viajjitn z irit 
FttttaioipftusY- 

Cumenimyfit Futicho ipflus - , ^!:-. ninlormis five multi- 



eihmf.y fuerir I-Wbb iH-.ik::m;=; ip.ius r , wmcu r fntura fit 
Funaio mulriformis ipfius y. Sicfiyex Uc squatiooe perf 
definiatur ; y' — ay^ — b ,• crit utiquc y Funilio trifor- 
mis ipfius j , conrra vcro ; FiiiicLio tantum bifnrmis ipfiits y. 
17. Si fuerinl y & x Funfiittnc irfias L , erit quvque y Ftrne- 

,i#, I ,S,»f.>W. ) jf,,. 

Cum enim ftt v iAuiclio ipliiis j , crir qitoque f Funflio ipfius 
y: fimiliquc modo crir eriam f Fuiitfio i|:(i,:s Hanc ob rem 
Funtfio ipfitis y Squalis erit Fuwflioni ipfius t ; ex qna iquario- 
ne & y per J- & vice vcrfa 3- pcr y dcfu.iri poterit : quocirca 
manifeftum eft cfle y Funcrionem ipfius x, atque s Fuuiltonem 
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IHGEKERE. ,< 
ipfius y. Sipiffime quidcm has Funftiones explicitc exnibcre C 
non licet ob defctfun. Altjebrar ; interim tameu nihilo minus , - 
tj-.i.ili o-iiu^ .r;[Liar:onti p.lnlvi pollcnt , ha?c Func"rionum reci- 
procatio perfpiciiur. Ccterum per methodum in Algebra tra- 
difam , ex datis binis aquationibus , quarum altera conrinct y 
& i , altera vero x & j , pcr eliminationem quantitatis j for- 
mubitur una aiquatio rclationem inter * & y exprimens. 

liSpKUsdtmqutqttadamFunaionttmpccuIiaresfantnatai^ai 
fcFu«aioparipj!usze}i, f<™ cundcm 1<U vabrtm ,fnc p*> z 
potiawrvalordttermimutts + k fm — k. 

Hujufmodi ergo Funclio par ipfius 7 erit tj ; five crtim po- 
natur { = + k , five ; = — k , eundcm valotem prabebit 
exprcfito , ncmpe {{ = + kk. Simili modo Funaiones 
parcs ipfius { crunt ha; ipfius { poteflates j" , 7' , f" , & ge- 
ncrarim omnis poteftas , fi fuerit m numerus par , five 

affirmarivus five negativus. Quin etiam cum 7" mcntiatur 
Funclionem ipfius { uniformem, fin fit numerus impar , perf- 

picuum efl { ~fore Funaionem parcm ipfius 7 , fi m fucrit 
mimcrus par , n vero niimerus impar. Hanc ob rem , expref- 
fiones ex hujufmodi potcftatibus utcunque compolira prabebunt 
Funciiones pares ipfius { ; fic Z erit Funfliopar ipfius j, (i 
firerit Z = a + b?- + c f + d{ + &c. item fi fuerit Z 
= ? ^ ~ ; T . ' ^r^'. ^ & j" i Similique modo cxponentes 

fiaflos ipSus j introducendo , erit Z Fun&io par ipfius 7 fi 
(ueritZ = fl + S E ! + c{' + &c. vel Z = a 
+ fi f~' +_ c 7- 1 + d 7~'' + &c. vel Z = 
, + tf+ a£±43* Cujufmodi expreffiones , cum om- 

-+<!'+ U""' + *l* 

nes fint Funciiooes uniformes ipfius { , appellari poterunt Func- 
liones pares uniformes ipfius {. 
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tin. L ig- Fuaclio muhiformis paripfius l ejl, qux euamft pro quo^ 

' vis valore ipfius z piures exhibtat \atores determinaios , lamtn eof- 

dem vatores pmbei ,Jive ponatur z -= + k ,Jcve z = — k. 

Sic Z ejufmodi Kiinftir) ir.ulii Ti: ;-[: uar ipiius j ; quoniam 
natura FundKonis multifomis exprimitur per ^quutioncm inter 
Z&r, inqua Z toi habe;it dini^i(i(iiics , tpir variiw v;ilorcs 
compkflarur ; manifellum ellZ fore Funflionem mulriibrmem 
parem, fi in a-quatione naturam iplius Z exprimenie i|uanritas 
variabilis f tibiqut putt-. luib^at [iinicnfiouc-s. Sic , fi fuerir 
Z' = a f Z + £{' , erit Z Fmifiio liitb-mis par ipfius f ; fin 
autem fit Z< — af Z' + b? Z — c ? ' = o , erit Z Fuuc- 
rio triformis par iplius aiquc ^euer.itim , li P , Q | , R , S , &c. 
denotenr Fuiiciior.es unifornios i^ares ipfius f , eric Z Funclio 
biformis par ipfius f fi lit Z' ■ — P Z + Q = o. Ac Z erit 
Funcrio triformis par iplius f fi fir Z' — PZ' -\- QZ — R 
= o , & ira porro. 

10. Ftiticlio ergn , five tir-ijrnai.-. fr.e mnhifirmis ,par ipfius z 
erit ejifmodi cxpnjjiu cx i,'::,.:tttti:ic XiiriaUti 7. c cntifttttihtis con- 
jlala , in qua uhiqnc itiiinc rtis d.ii.cnjioiium ipfms ?,fa par. 

Hujufmodi ergo FunClioiicS , pr.vtcr uniftirmcs quarum esem- 
pla ancefunr allara , Ciunt hsc exprefliones a + s/ {bb — ff ) 

« n + t— b < ) iIcm a i' + *(** + v <«' — { - » 

EAufe JUitrt FuttcTiontS pares iia dffiniri pojfc , ut dieantur effe 
Funclionesirfusiz. 

Sic cnim ponacur y — , fueritque Z Funflio qmrcunqne 
ipfius ; ; reiliiuto ubique jf loco y , erit Z ejulmodi Fuuctio 
ipfius 2 , Sn qua j ubiqiic piucm liubear dimcnfiomim nume- 
rum. Escipiendi tamen futir ii cafus , quibus in expref- 
iione ipftus , Z occurunt V y ■ ac hujufmodi alis forma; , qua; , 
fafto y r( , Ii;;u;i r;idif;iii;i amit:iinr. Qnamvis enim fit y + 
V"y Funftio ipfius y, rameti pofiio j = f^, eadem exprcf- 
fio r.on erit Fitnflio par ijjfius f ; ciim liac y + V a y = f j 
+ f V Exdufis ergo his t;dib.is , deliuiiio ulcima Funflio- 



Digilized b/Coogle 



I N G E N E R E. , 3 
nura parium crit bona , atque ad ejufmodi FuncYiones forman- c 
das idonea. — 

ii. FunSio impar ipfius z ejl tjufmodi FtmSio , cujus vabr ,fi 
ioco z ponatur — l,fit quoque ntgalivus. 

Hujufmndi FuncYumcs crgn impares erunt omnes poteflates 
ipfius { , quarum eKponentcs funt numcri impares , ut {' , j 1 , 
;',{'; &c. irem - — ' , - J , j — ' ; &c. tum vcro 

etiam 5" crit Funftio impar , fi ambo numeri , m & n fne- 
rint numeri imparcs. Generarim vcro omnis cxpreflio cx hu- 
jufmodi porellatibus compofita crit Funftio impar ipfius - ; cu- 
jufmodi funt , a - + £-' : -|- a ~ ' ; itcm j 1 + a f ! + 
— *; &c- Harum autem Funelionum natura & inventio 
ex Fuuflionibusparibus faciiius pcrfpitietur, 

aa, i'i FunSio par ipfius i muhipUceiur per ?. vel per ejuf- 

dem Funclientm impartm qutuncunqut , proau3um trit Funcfio 
impar ipf'"* z- 

Su r Fundlio par ipfius j , itlcirco manet eadem fi lo- 
co { ponatur- — f ,- quod li crgo in produclo P j, ponaiur 
— j loco { , prodibil — P \ ; unde P j eril FuncYio impar 
ipf.tis f . Sit jam P Kuiniio o.;r ipiius ; , & Q FuncYio impar 
ipfius - ; aique Diriii.liioiii.- jjjiet li loco 5 ponarur — 7 , 
valorcm ipfius P manere eundem , at valorem ipfius Q abire 
m fui negarivum — Q 5 <-uni produflum P Q , pofito — { 
loco 7 , abibit in — P Q , hoc efi m fui negaiivum ; erit- 
quL- ideo P <2 Funflio impar ipfius { . Sic eum fit a + v" { aa 
+ f { ) funcYio par , & j : Fimflio impcir ipfius ~ , erit produc- 
tum a^' + j' V { ia + jj ) Funfho impar ipfius j ; fimili- 
que modo f X * _^ * — Funclio impar ipfius 

{. Ex his vero etiam intelligitur , fi duarum Funfiionum P Si 
Q , quaium aliera P eft par , altera Q , impar , altera per al- 
tcram dividatur , qnotum forc Funffioncm imparem j erit ergo 
g itemque 2. Funftio impar ipfius { , 
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Lib. I. 19. Funclio muhiformis par ipfius z tft, quz tiiam Ji pro qua- 

' vis valor: ipiiui 7. yidr-:?, ;.Y,';:.' : i'.Ji vdortii Je:cr:riin:loi , lamen cof- 

;::;', .■;■..< jir.ebe: ,fivt ponalur i. — + k ,_/ii'c z = — ■ k. 

Su Z t|ufniudi Funftio mH<tifctmis par ipfius f ; <|unnijm 
naicu Fi;;iOu.iii ithi1iiIoth!i i^prxiur pci .i:i:ir.nn ii.i.r 
Z & r, in (|uj Z ioi lubi.it di;.i: nfnrta . •;.' ■[ laiios ia'orcs 
corryV^tavjr . n;a:nlc;!uir, cf Z furc I Jr.cti:i;;..rn m-jltitiir.iiL-in 
pjicm , !; i;i j.| j:iu:ic i;..T.:rjii; ;,i!:.k Z ..\priir.i';i[t: quaniiias 
(Jiiaiilis f ubique parts hi!icji dimcn^onc:. Sic , fi fuirit 
Z' =z-. a i' 7. -\- £;' , tiii Z Funcnu biliirmis our iplius { , fin 
autcm fir ~ 0 j* Z' + b{ Z — c f * ^ o, ent Z Fudc- 
lio tiifcirrrjs pjr ipfius ; \ Jic.ui gci.cr.iiim . fi J' , Q , K , .V , 6Vt. 
denotcnt Fundi(ii'.i 3 uiiivorrets p.ir;:s ipfius j, erit Z Functio 
biformis par ipfius ; fi iit Z' — P Z + Q = 0. At Z crit 
Functio triformis par iplius ir fi fit Z' — FZ' + Q_Z — R 
= a , &ita porro. 

iq. Funclio ergo^five umjorm: .i jive niubifiirmis ,par ipfius z 
erit tjufmodi expn jjio cx ,y .■.-..•: (•■'.•. ::,- vniinl-iii. 7. i' coitjlantibus con- 
jlata, in qua ubiijtie mnr.t im Jiitiaijionmn ipfms i.fupar. 

Hujufmodi erjro Fl;;'h::lij:i.^ , p:\vitr uuilbrmts qnarum exem- 
pla ante funt ailata , Srunt ha; tnprtiliones a + V ( bb- — {{ ) ,- 
«H + V 1 O* T * — &i ) item a j ; + i/ ( j' + V ( a' — { " )) 

E/nde f^tcr Funclionts pares iia dcfiniri pofft , ut dicantur elfe 
Fu^hn^tu^ ^ ^ ^ ^ ^ ^ * 

fione ipfius , Z occurunt <J y : :ic hiijufmodi alia; formrc , qua.' , 
fucio y = , fi;.;n:i r;L(litai::i jmiiiunt. Quamvis enim fit y + 
V 0 y Functio iplius y , tnmen pofiio y = jj , eadem exprcl- 
fio non erit Fimclio par ipfius { ; cum iiat y + y n y — 
+ f Exclulis crgo his caiibus , defumio ulpma. Funftio- 
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IN G E N E R E. , 3 
mim parium eiit bona , atque ad ejufmodi Functiones forman- Ca?.T. 
das idonca. > 

il, Funclio irr.par :j-<a:s. / fjl tjiifmodi FunSio , cujus valor,Jl 
ioco z ponaiur — z,fic quoqu/ negaihiis. 

Hujufniodi Funciiones ergo imparcs etunt omnes poteltates 
ipfius ; , quarum exponenles funt ntinieri impares , Ut ;' , ;' , 
l" - { i &c - ilem <T~' > E _ 5 ' f _ ' • &c " ,um vero 

etiam ;" erit Funflio impar , fi ambo numcri , m & ij fue- 
rint uumeri impai-L-5. Cuiicrntnn vtro nnmis cxprelTio c* hu- 
jufmodi potcllatibus compofita erit Funifrio impar ipfius ; ; cu- 
jufmodi funt , a -_ + ijf 1 .* ttj + a ; 1 ; item ; 7 + a j' + 
Scc. Harum autem Funcrionum natura. & inventio 
ex Funflionibua paribus facilius pcrfpicietur. 

21. Si Funillli j:ir Ipjii:.' 7. i::uhtpi:cdli:r per 7, vcl per (jllf- 

dem FtmSioncm imparem quamctmque , produaum erii Funaio 
impar ipjius z. 

Sit P Funftio par ipfius ; , qus iilcirco manct cadem fi lo- 
co ; ponaiur — ; ; quod li crgo in ptodudlo P ;, ponatur 
— ; loco ; , prodibit — P ^ ; unde P ; erit Fiuictio impar 
ipfius ;. Sit jam V Fiiiiciio p.:r ipfius ; , & Q Fundlio impar 
iplitis ; i atque tx DL-Jiivitiiiiii: putct (i loco ; ponatur — ?, 
valortm iplins P manere eundem , at valorem ipfius Q abire 
in fui nei_ativum — Q ; quare produclum P Q , pofiio — ; 
Iolo ; , abibit in — - P Q , hoc eft in fui negitivurri ; erit- 
quc idto P Q Fui^lio inipnr ijifius ;. Sic cum fit a + V ( aa 
+ ;; ) fuiiLtio par , & f " Funclio impar ipfius f , crit produc- 
tum + i' V ( oa + \\ ) Fuiictio 'mipar ipfius ; ,- fimili- 
que modo ; x ° * -— ' ^ * J 1 Fuuclio impar ipfius 
;. Ex his vero tiiiini iiiri.liigirur , fi duarum Funclionum P & 
Q , (|uarum altera P elt par , altera Q , impar , altera pcr al- 
teram dividatur , ([uotum fbte Funftionem imparem ; erit crgo 
^ itemque Functio impar ipfms 
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i 4 DE FUNCTTOZriBUS 

I. 2J. Si Fllncliii imiiiir pt:r Fi: ,; l 7.',i;nra tmp.inm vc! multipiict- 
— lur , vei divtddlur - qi:uj r,j.:!:,:l cril 1'uiiiliv par. 

Smc Q & S Funcliones imparcs ipfius j ,- iia ut , pofi- 
to — 1 loco { , Q abeat iu ■ — Q , tk S in • — 5 ; aiqne perf- 
picuum cft tani produftum QS , quam tmorum § eundem 
vatorcm retinere , eriamfi pro 7 ponatur — 7 ; ideoque elTe 
turumqiie Fuuflttmem parem ipiius {. Manifcllnm itaque por- 
ro elPcujufque Funflioois imparis quadratum elle Funcltonem 
pareiu ; tubum vero FnuCiioi^m impitrciii ; likjuadratum iterum 
Fun&ionem parem , atque ita porro. 

14. Sijherit y Furilio impar ipfau z ; trit vicijim z F.mBio 
imparipjius y. 

Cum enim fit y Funflio impar ipfius j ; fi ponatur — j 
loco { , abibit y in — y. Quod fi crgo j per y deHnialur , nc- 
cefle eft ut pofito — y loco y , quoque j abeat in — 7 ; erit- 
que ideo 7 Fun^lio impar iplius y. Sic quia, polito y = {' , 
eft j Funclio impar iplius { ,■ crit quoquc , ex Equatione {' =^y 
feu j = y 1 , j Funclio impar ipfius y. Et quia C fiierit y 
= n f + b f 1 , eft y Fuiicfio impar ipiius j , erit viciilim , ex 
mquattone 6 ^ + 0 j = y , valor ipfius z per y expreifus Func- 
lio impar ipftus y. 

1 j . Si natura Funclionis y jicr cjufmodi aquaiionem definiatur, 
in cujus finguiis ttrminis numerus dimcnjionum , quas y (y z occu~ 
pantconjunciim ,jit vclpar ubiquc , velimpar ; tumerit y Funclio 
impar ipjius z. 

Quod fi enim in ejufmodi squatione ubique loco j fcriba- 
tur — { ; fimulque — -y loco y ; omnes mquationis termini vcl 
manebunt iidem , vel hcnt ncgativi , utroque vero cafu squa- 
tio manebit eadem. Unde patct — y eodem modo per — ^ 
determinatum iri , rjuo + y per + 7 determinarnr ; & hanc 
ob rem , fi loco r poiiatur -— 7 , valor ipfiusy abibii iti — y , 
feuyeritFunclio impar ipiius ,-. Sic fi fuent velyy = nyf 

+ %ii +c vel y +<jyyr =iyrj + «y +rfj . « 

lirraque iijuatione y erit Fondbo impar ipfius f . 



INGENERE. ij 

afi. Si Zfaerit Funclio igfius z.&Y Funclio ipfms y, «. Car r/ 

«trt Y eodem modo dt&nnutr ptr variaUkm y S con/hntrs , qilo . 

Z J<1;i::tur per variabUem z t/ cnfijlanies ; tum ha Funcliones 

Y et L vocantur FanHiones ftmiles tpfaram y & z. 

Si lci!icetfti e ritZ= a +i f +<f',&l =0 +fiy +C y', enlnt 

ZSt riWlior.^ [ im .ksr.[;.r i; n lr &y, fimilique modo in mul- 
ti^rniibus, li nierit Z' = o{> Z + i & F =oyy K+4,- erunt 
2 & F Fundiooea fimites ipfanim r & y. Hinc fequitur , f. 

Y & Z fuerint hujufmotti Funfliones limileS ipfarum y & j, tum 
fi loco 7 fcribatur y , FunfKonem Z abituram elfe in Fuuchonem 
Y. Solet hsc fimilitudo etiam lioc modo verbis exprimi , ut 
Ktalis Fun&io dicatur iplius y , t|ualis Fiinclio fit Z ipfius ?. 
Hs locutiones perinde occurrent , live (juantitates variabiles j 
& y a fe invicem pendeant , five fecus : fic qualis Funclio elt 
ay + by ipfiusy , talis FiintSlio erit a (y + n ) + i (y + n y 
ipfius y + n , exillente fcilicet j = y + n : tum qualis Funclio 

cQ "t ^ 1 ipf* 111 * , . "lis Funflio erit + ^ + f 
* -H + 7W 1 1 .« + c ( +y 

ipfius ; pofito y = y- Atque ex his luculenter perfpU 
citur ratio fimilitutlims Fnnclionum , cujus per univcrfam Analy- 
liu fublimiorem uberrimus ei! ufus. Ceterum Iisc in genere 
de narura Fumftionum unius variabilis fufficere polTunt ; cum 
plenior expofitio in applicarionc fcquente tradatur. 



C A P U T I J. 

Dt transformatione Fttn3t6mint, 

■l-j.F uxctiokes tn aliaiformas tranfmmantur , ytl hca 
quantitatis yanabilU aliam introduando , vel eandcm quantita- 
tem variabiiem retinendo. 

Quod fi eadem quantitas variabilis fcrvatur , Fundlio pro- 
prie mutari non poteli. Scd omnis transformaric. confifUt ia 
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i6 Z>E TRANS FORMATIONE 
lH.L a ''° wodo eandem Fimftioncm exprimendi , quemadmodum 

■ exAlgebratonftatL-iiiuitjisiiiiaiuitiitfinperphiresdiverfasformas 

exprimi palfe. Hujufmodi transformationts funt , fi loco hujus 
Funcliouis i — - 3 i + {{ ponatur 1 1 — ^ ) ( 1 — j ) , vel 
(a + ;)' loco + 3^i E + 3a K + j' , vel ^ + 
loco vel V C i + « ) + 1 loco Vtl ^_ f » 

C|l:t ;\prciIi:)[iiM , ::::i !onii;i ;l;i:ur.ir.t , i;m:!;i rcvi.nl oi:i^:i:i]n:. 
Saspe numero autem harum phirium formarum idem figvufican- 
tium una aptior eft ad propoiitum clliciendum quam rcli^ua; , 
& hanc ob rem formam commodiirimam eligi oportet. 

Alter trausformaiionis modns , quo loco quantitatis variabilis f 
alia quanrit.is variabifis y introducitur , qiiE quidem ad ; datam 
teneatrelationem.per lubftitutioLiem fieri dicitur; hocque modo 
ita uri convenir , ut Funflio propofita fuccinaius & commo- 
dius exprimatur.uti li ifta propofita fuerit iplius ; Functio, a' — 
40'; + 6 aa — 4n{' + ; fi loco a — ; ponatur y , pro- 
dibit ilia multo limplicior ipfius y Functio y' : & , fi habeatur 
ha?c Funffio irrationaiis V ( aa + ) ipfius ; , li ponatur j 
= ■ ■ - J^ , ifta Fundbo per y exprefla. fiet rationalis = 
+ M _ Hunc autem transformationis modum in feqtiens 
Caput difleram , hoc Capite illum , qui fine fubftjtutione pro- 
cedit , expofiturus. 

13. FuncTio inrcgra ipfius z frpenumero commode in fuos fac, 
tores refolvitur , ficquc m produdum transformatur. 

Quando Funflio integra hoc pacto in faflores refolvitur , ejus 
natura multo facilius perfpicitur ; cafus enim ftatim innotefcunt , 
quibus Functionis valor fit = o. Sic \xsz ipfius ; Funfjlio 
6 — 7{ + (' iransformatur in hoc productum { 1 — ; ) ( 1 
— { ) ( 3 + T ) es 1 U0 ftittm liqiiet Funclionem propofitam 
tribus cafibus fieri = o ; fcilicet ii j = 1 , & ; = 1 , & j 
= — 3 , qua proprietatcs cn forma 6 — 7 ; + ;' non tam 
fiicilc intelliguntnr. illiufmodi factores , in quibus variabilis ^ 
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FUNCTIONVM, 17 
nullaoccurricpoteftas quadrara vel altior, vocantuc Factorcs fim- C\r. II. 

plices , ut diftinguanrur a Facloribus compofitis , in quibus ipGus j 

ineft quadratum vel cubus , vel alia poreftas alrior. Erit ergo in 
genere/+^f forma Fa&orum fimplicium ,/+g{ +^;{ torma 
Faclorum duplicium , /+ + h j{ + i 7' forma Faftorum 
triplicium , & ita porro. Perlpicuum autem eft Fattorem dupli- 
cem iluos comple&i valores fimplices , Factorem triplicem tres 
fimplices , & ita porro. Hiuc FunifHo ipfius \ inregra , in qua 
esponens fumma; poteftatis ipfius r eft —- 11 , concinebit n Fac- 
rores fimplices ; ex quo fimul , fi qui Fafrores fiierinr vel dupli- 
ees vel rriplices , &c. numerus Fadorum cognofcerur. 

10. Faclores fimrHccs Fur.cticnis c :/ t.;;ij::c ir.ttgra Z ipfius z 
reperiuntur , fi Funclio Z nihito aqualis ponatur , atque ex futc 
aqttatione omnis ipjins 1. r.i.iices i;i\cjt'<r;ctit;ir : fttigula etiim ipfius 
7. radices dabunt totidem Faclores fimplicts Funclionis Z. 

Quod fi enim ex aquarione Z= o , fiierit quipiam radijt 
£ = /, erit 7 — f dirifor , ac proinde Factor Functionis Z , (ic 
igitur inveftigandis omnibus radicibus a;quationis Z == o , nua: 
fmt z=f, z—g , z — h ; &c. , Funaio Z refolv 
"uos Faaores iimpli 



fuos Factores iimplices , atque transformabirur in productum Z 
== ( t — / ) (f — g) (7 — k) &c. -. ubi quidem notandum 
eft fi lummtE poteftatis ipnus ? in Z non fuerit coefficiens = 
+ I , tiim produdum(f — /J (7 — g) &c. infuper perillum 
coefficienrem mulriplicari debere. Sic fi fiierit Z = A p 

+ Bf ' + C{— * + &c. eritZ^^Cf—ZJCf—g) 

( f — S)&c At fi fuerit Z = A + Bj + C[ + Dj' + E£ 
+ &c. atque a:quationis Z=:o radicesf reperta: fint ; f;g;h;i; 
te.eritZ=^(i— i)<i— Exhisamim 
viciflinwntelligicur , fi Funclionis Z Factor fuerit j — /, fcu 
j—j^i tum valorem FuncHonis in nihilum abice , fi loco 
j ponacur / Fadto enim f =/, unus Faitor ? — /, feu 
! — Funftionis j! , ideoque ipfa Functio Z evanefcere debec, 
Euieri Ituroduct. in Anal, infin. C 



i8 D E TRANSFORMATIONE 

I. 30. Fadorcs fimpliccs crgo erunt vei rtalcs, vc! imaginarii ; 

~ & , Ji Funclia Z habcat FacLores imaginarios , eorum numtrus 
femper erii par. 

Cum enim Faclores fimplices riafcantur es radicibus asqua* 
tionis Z = o , radices reales pra?befaunt Faclores reales , & 
imaginariar imaginarios ; in omni autcm iquarione numerus radi- 
cum imaginariaium femper eft par : quamobrem Funcrio Z ,. 
vel nullos habebit Factores imaginarias , vel duos , vel quatuor, 
vel fex , &c. Quod fi Fundio Z duos tantum habeat Factores 
imaginarios , eorum producrum ent reale , ideoque prabebir 
Faciorem duplicem realem. Sit enim P — _ produflo ex omni- 
busFack-ibus realibus , erit produdtum duorum Fadtorumima- 
ginariorum __ y; hincque reale. Simili modo fi Eunftio Z 
habeat quaruor , vel fcx , vel ofto , &c. Factoresimaginarios.; 
erit eorum produftum femper reale : nempe squale quoto , qui 
oritur , fi Funftio Z dividatur per produftum omnium Faftorum. 
realium. 

3 1. Si fuerit Q produclum reale ex quatitor Faclorihus fimpli- 
cibus imaginariis , ttim idem koc produZlum Q rrfiilvi poterit in 
duos Fadores duplices rialcs.. 

Habcbit enim Q ejufmodi formam f + A{' + Bj" + Cr 
+ D ; qua> fi negetut in duos Faclorcs duplices reales refolvt: 
polfe , refolubilis erit flatuenda in duos Faftores duplices imagi- 
narios.qui hujufmodi formam habcbunt j j — i(j> + {V— 1)? 
+ r+ »V — 1, &„-__(.,,— f y__ i)^ + r — «V~r,v 
ali^ enim forma: imaginaria: conctpi non poflunr , quarum pro- 
duftum fiat rcale , nempe — f + At' + R^ + Cf + D.. 
3-x his autem Facloribus imaginariis duplicibus fequentes emcr- 
gcnt quatuor Faclores fimplices imaginarii ipfius Q ,, 

I. + s y — ,) + y (pp +. m y_ I __ w __ I __ J y_ i: , 

II. {—(p + q</ — 1)— V(fiD + ipqy—i— qa— r— *V — 1) 

III. { O— -q<J 1) + V (pp— ipq qq — r + _/~— 1) 

i v. {— (p— jv— j) — v (rp—^y — »■— <n — r+s^iy 



FUNCTIONUM. 19 
Horum Fa&orom multiplkentur primus ac tcriius 111 fe invicem , Cap. II. 
pofito brevitatis graiia , i=pp~ — qq — r, & H= igj — 1 ; eri t- 1 
quehorum Faflorum producliim = — (y — Vn+jVuM-viSij 
+PP+11 — P V ir+iVU+'"> + V.(« + ~)j- quoduti- 

+ ? V~ lr -f-iVl«+^l 
que eft reale. Simili autem modo proJuclum ex F afloribus fecu n- 
do&quarto erit reale nem pe — » — ( ip + V 11 + f / ,)j 
+ PP+11 + /> V «+^1 + V ( " + )■ 

+ , ; V — i f + iV („+»«) 

<Juocirca produttum propofitum () , quod m duos Faftores 
duplices reales rcfolvi polle negabarur , nihilo miuus a£tu in duos 
Faftores duplicts reales elt refolutum, 

31. Si Funclio inttgra Z ipfius T. quotcunque habeat Faclores 
ftmplices imaginarios , bini Jemper ita conjungi pojfunt , at 
eorum produclum ftat reale, 

Quoniam numerus radicum imaginariarum femper eft par , 
fit is = m ; ac primo quidcm patet produflum harum radicum 
imaginarium omnium elFe rcale. Quod fi ergo dus tantum 
radices imaginaria: habeaniur, crit carum producTum utique rca- 
le ; (in autem qualnor habeantur Factores imaginarii , tum , uti 
^idimus, eorum produtfum refolvi poteft in duos Faclores du- 
plices rcales forma? f{Z+g{ + k. Quanquam autem eundem 
demonftrandi modum ad altiores potelbtes tMendere non licet , 
lamen extra dubium videtur elfe pofi tum eandem jjroprietalem 
in quotcumque Faflores imaginarios competere ; lta ut femper 
loco in Fadorum fimplicium imaginariorum induci queant n 
Faclores duplices realcs. Hinc omnis Functio integra iplius t 
refolvi polerit in Faclores reales vel fimplices vel duplices. QuoJ 
quamvis non fummo rigore lit demonftratum , tamen ejus veri- 
tas in fequentibus magis corroborabitur , ubi hujus gencris Func- 
tiones a + bj" ; a + bf + cf" ; a + bf + cf + df &c, 
ac3u in illiufmodi Fa&ores dupikes reales refolventur. 
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Eib.I. 33. Si Funelio iniegra Z , pofito i = a , iWuar vaiorcm A , 
& pofito I = b , induat vaforcm B ; tum , loco z vatorts medios 
inter a & b ponendo , FunSia Z quojvis valorts medios iruer 
A & B actipere potejl. 

Cum enim Z fir Fuuclio uniformis ipfius ? , quicunque 
valor realis ipfi 7 iribuatur , Fundtio quoque Z hinc valorem 
realem obrinebil. Cum igitur Z , priore cafu ^ = a , nancifcaiur 
valorem A ; pofleriore cafu 7 .= b , autem , valorem B ; ab A 
ad B tranfire non poterit , mfi per omnes valores medios irau- 
feundo. Quod fi ergo a:quatio Z — A =0 habear radicem 
realem, fimuIqueZ — B— o radicem realem fuppeditet ; tum 
iquatio quoque Z — C = o radicem habebit reatem ; 11 qni- 
dem C intra valores A & B conrineatur. Hinc fi expreflionef 
Z — ASiZ — B habeant Factorem fimplicem realem , tum 
eipreflio quaicunque Z — C Faftorem fimplicem habebit rea- 
]em , dummodo C incra valores>4 & B coutinearur. 

34. Si in Fundione integra Z exponens maxima ipjius z pote£- 
ttttis fuerit numerus impar m + I, tum sa FunUio Z unicum 
ad minimum habebit FaSorcm jimplicem realcm. 

Habebit fcilicct Z hujufmodi formam i 1 ""^' + af lB + 
(3r M 1 + yj 1 " 1 + &c. in qna fi ponatur j = 00 , 
qnia valores fingulorum terminorum prz ptimo evanefcunt , fiet 
Z = ( w ) in + ' = co ; ideoqueZ — os Faclorem fimpli- 
cem habebit rcalem ncmpe j — eo . Sin autem ponatur f = 
— 03, fierZ = ( — co >*""*"' = — <a , ideoqiie habe- 
bit Z + co Factorem limplicem realem j + =o , Cum" igitul- 
tam Z — co , quam Z + co habeat Fa&orem limplicem rcalcm ; 
fequirur etiam Z + C habiiurum elFe Faclorem limplicem rea- 
, lem , fiquidem C contineatur inrra limites + 00 & — co ; hoc 
ell (i C iiierit niimerus realis quicunque , five affirmarivns , five 
negariviis. Hanc ob rem , fado C = o , habebit quoque ipla 
JimciioZ Faftorem fimplicem realcm { — c,- atqiie quantitas c 
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FUNCTIONUM. ' ' xi 
conrinebitur intra limiies -+- so & — ta , eritque idcirco TelCAF.IL 
quaoritas affirmariva , vel negativa , vel mhiL ! 

35. Funclio igkur integra Z , in qua exponcns maxima potej- 
tatis ipfius z tfi numerus impar , vcl untim kabebit Fakorcm 
fimplicem realetn , vel tres , vcl quinque , vc! Jeptem , &c. 

Cum enim demonftratum fit FunClionem Z cerra unum fia- 
bere Faflorem fimplicem realem ^ — c; ponamus eam praterea 
unum Faftorem habere f — -d, atque dividatur Funflio Z , in 
cua maxima ipfius £ poteftas fit j 1 ""'" ' , per (j — c) (f — d), 
erir quoti maxima poteftas = \ , cujus exponens , 

cum fit numerus impar , indicat denuo ipfius Z dari Fa&oren) 
fimplicem realem. Si ergo Z plures uno habeat Faftores fim- 
plices reales , habebit vel tres , vel ( quoniam eodem modo 
progredi licet ) quinque , vel feptem , &c. Erit fcilicet nu- 
merus Faclorum fimplicium realium impar , & quia numerus 
omnium Faftorum fimplicium eft = in + 1, erii numerusFac- 
torum imaginariorum par. 

Ponamus ipfius Z conftare Faflorum fimplicium realium nu- 
merum imparem ut + 1 ; fi ergo per horum omnium produc- 
lum dividatur Funclio Z , quoti maxima poreftas erit = 
i ln lm ' , ejufque ideo esponens numerus impar ; habe- 
bit ergo Funflio Z praiterea unnm certo Faftorem fimplicem 
realem , ex quo numerus omnitim FacWum limplicium realium 
ad mioimum erit = in + 1 , ideoque par ; ac numerus Fadto- 
rum imaginariorum parirej par. Omuis ergo FnnCtionis integra 
FaSores fimplices imaginarii funt numero pares ; quemadmo- 
dum quidem jam ante ftatuimus. 

37. Si in FunSione integra Z cxpoaens maximx patefiatis 

tans , figno — affcclus , tum Funclio Z ad mininuim duos habte 
Faclores fimpUtes rcales. 
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ii DE TRANSFOR MA TTONE 
1. Functio crgo Z , dc qua hic fcrmo eft , hujufmodi formam' 

habcbir %" + a.{" ' +_ +_ - ■ ± 

— j4. Si jam ponatur 7 = oa , fiet , uti fupra vidimus , 
= co ; atque , li punatur 7 = o , fiet Z = — A. Habebit 
ergo Z — =o Faclorem rcalem f — cc , & Z + A Facloreni 
f — ■ o ■. undc cum o continearur imra limites — a> & + A , 
lequitur Z + o haberc Faclorem limpliccm rea!em { — e, ita 
tit c contincatiir intra limitcs o & co . Deinde , cum pofuo 
7 = — co , fiat Z == « , ideoquc Z — os Fadorcm ha- 
beat z + co , &Z +A Faflorcm 7 + o, fcquimr quoque Z 
+ o Faclorcm limplicem rcalem habcre j -|- d ; ita ut i intra 

his igitur perfpicitur fi Z talis fuerit Funflio , qualis liic elt def- 
cripta , iquationem Z = o , duas ad minimum habere debere 
radices reales , alteram aftirmativam , nheram negativam. Sic 
ax[uario hzc {• + if l + £ 7' + y{ — aa = o , duas habet 
ladices realcs., alteram affirmativam , alteram negativam. 

38. Si (ii Funclione fmciii . tjiuniiias \t:rii;b:lis 7. totvel plures 
kaSeat dimenftonts in mtmeratttrt , quam ia denominatore ; tum ijla 
Fun&O rejolvi pottrit in duas panes , quarum aliera ejl Fimclio 
iniegra , altera fracla , in cujus niimetatore quaniitai variabilis z 

Si cnim csponens maxima: potefratis ipfius 7 minor fucrit 

jiominatorem dividatur more folito , donec in quoto ad expo- 
ncnres negarivos ipfius { perveniarur ; hoc eigo loco abrupra 
divifionis opetatione quotus conltabit ex pattc integta atque 
fraflione , in cujus numeratore minor crit dimenfionum nume- 
tus ipfius j quam in denominatore ; hic autera quotus Functiom 
propofira elt squalis. Sic , fi ha:c propofita fuetit Fuo&iu 




-, ea pec diviiionem ita icfolvcrur ; 



FUNCTIONUM. 




dimetuiones in numerarore quam in denominatore , ad fimili- 
tudinem Arithntetica vocari poffunt fracriones fpuria: , vel Func- 
tiones fradls fpurii , quo dillingiiaiitur a Funclionibus fraais 



habct dimenfiones quam in denominaiore. Funftio itaque frafra 
fpuria refoM polerir in Fur.dionetn inrcj;r,im , & Funilionem 
fraaam genuinam ; hicque refolutio per vulgarem divifiouis 
opcrarionem abfolvetur.. 

30. Sidenominator Fun3.ionis fra3<z duos hahtat Faclores inter 



pcrtinei arque ad genuinas , ramen eam ad genuinas potifli- 
mum accommodabimus. Refoluto autem denominarore hujuf- 
modi Fun(5tionis fraai in duos Faftores inter fe primos, ipfa 
Junilio refolvetnr in duas alias Funaiones fractas genuinas , 
qiiarum denominatorcs fmt illis binis Factoribus refpeciive aiqua- 
Ics ; hicque rofti] 1 1 lirj , (i quidfiu iVuaii.iiici linr genuina: , miico 
modo fieri poreil \ mjus rci Mjriri.s cx cxur.plo clarius quam 
per raliocinium perfpicielur. Sit ergo propofua lisc Fimclio 
fracla 1. — H + ^ , cujus denominator 1 +4j* cunt fit 
iqualis huic produ&o (i + ii+i») ( 1 — + »fj ) ,. 
iraclio propoGta in duas fraftiones refoiveiur , quarum alterius 
denominaror eiit 1 + ir + ijj, alrerius 1 — zj + i : ad 
quas inveniendas , quia funt jiciiuitiie , fVatuatmir numcrarores 
U!ius = rt + , hujus = y + 5; , erirnue per hyuorhclin 




in quar 




iib's { panciore 
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Numerator Denominator 

+ >+-;,"+\ , ;;,'+.„.| 

Cum ergo denominator icqualis fit denominatori fraclionis pro- 
politai , numerarores quoque squaks reddi debenr : quod , ob 
tor litteras incognitas « , £ , y , S , quqt funt rermiiii equales 
efliciendi , utique fieri , idque unico modo poterit : nancifci- 
mur fcilicet has quatuor squationes 

I. . + *-=! , III.!*— H+Zy+lt^J 

II. — „ + i+l). + J = — 1 IV.lt+W_- — 4. 

Hinc ob a + y = 1 , & £ + £ = — 1; zquationes II. & 
III. dabunt it — y = o & S — S = j j ex quibus fit 

« = v = -i-; £=_^J j S==li ideoque fi-aflb 
propofita ' ' !- ^ jr 4 ^' ~ ^ 1 ■ transformarur in has duas 

i + 1 ^ + ~T~^ j 1 j * 'j Simili aurem modo fiicile perf- 
picietur refolutionem femper iiiccederedebere: quoniam femper 
tot litters incognitat introducuntur , quot opus eft ad numera- 
torem propofituni elicienduirj. Ex doclrina vero fraclionum 
eommuni btelligitur hanc refolutionem fuccedere non poife , 
nifi ifli denominatoris Fa&ores fuerint inrer fe primi. 

40. Funclio igitur fracla ^ in tot fraSiones fimpUces forntit 
' „__„ ffohi potcrit , quot Faclores fttnplkes habel denotninator 
N inrcr fe intequales, 

Reprzfentat 
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FUNCTIONUM. zj 
Repraifentar hic fra&io ~ Fun&ioncm quamcunque fradam ^ 
{jenuinam , ila ut M & N fint Funcliones integra: ipfius 7 , alque 
fumma poteftas ipfius j in M minor fir qt lam in N. Quod fi 
crgo denominator Nin fuos Faflores fimplices refolvatur, hiqiie 
inler fe fuerint inaiquales , espreflio ^ in tol frafliones refol- 
verur , quol Fa&bres fimplices in denominatore N continen- 
tur ; proplerea quod quifque Fac"tor abit in denominalorem frac- 
rionis parlialis. Si ergo p — q ^ fuerit Faflor ipilus N , is 
erit denombator fraiaionis cujufdam patrialis , & , cum in nu- 
meratore hujus fratlionis numetus dimenfionum ipfius ? mi- 
nor efle debear quam in denominaiore p — }{, numerator 
necefiario erit quanritas conftans. Hinc ex unoquoque Faflore 
fimplici p — denominatoris N nafcerur fraftio fimpleic 
- — — — : iia ut fumma omuium haruni fraclionum fit icoualis 
*— « M 1 

fraffioni propofits -^. 



Sit, exempli caufa , propofita ha:c Funclirj fradla i 
quia Faclores fimplices denominatoris fuol , i — { , & 
i + 5 , ifta Funftio refolvetur in has tres fraiiKones fimplices 

~ + ■ B h = — ubi numeratores conftantes 

A , B , & C definire oportet. Reducantur ha; fracliones ad 
communem denominatorem , qui erit ^ — ; atque nume- 
ratorum fumma aquari debebit ipli i + ^ , unde illa squario 

J + B;—, = , +„=,+.,+«. 

+ c { +s r? 
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ifi DE TRANSFORMATIONE 

I. qus totidem comparationes prabet , quot funt littera; incog- 
— oira A, B, C; erit fcilicet f 

P. A=i. 

11°. B+C = o. 

111°.— a-\-b— C=i : 

HincfitB — C™i ; &porroyi=r; fl=iS£C—: 
— i. FuncHo ergo piopofita | [] refolvitur in hanc for- 

mam — + j-1 t J_ Simili aurem modo intelligitur ,. 

quotcunque habucrit dcnominator ?TFaclores fimplices inter fe 
iiiLcquales, fempcr traicionem M - in totidem fraftiones limpli- 
ces refolvi. Sin autem aliquot Fa&ores fuerinr squales inter 
fe , tum alio modo poft-esplicando refolurio irdlitui debet. 

41. Cum igimr quilihet Faclor fmplex denominasoris N fttp— 
peditel fraclionem fimpiiccm pro refoiiltione Fimclionis propoflla- 
jj- ; ojlendcnditm tjl quomodo tx Faclort fimplice deimminaiorisii. 
i-ognito , fraclio jim:>i-. \- r.--;jh>i;J::ns rfj/criaiur. 

Sit p — Faaor fimplex ipfius N, ita ut fit N= (p — f{ )5,- ; 
atque S Funflio integra ipfius j ; ponatur fraflio ex Fa&ore 
p — orta = ^ A * ^ - ,. & fit fractio ex altero Faclore de— 
nominatoris S oriunda = ~ , ita tit , fecundum j. 39. , futurunt; 
j- t M _ A__ _|_ P _ ^ M , ^ erit P _ 

r~- /^f v' l""* ^ rai ^' olu;s cu,n tongruere debeant , necefle 
efl ut Af — AS fit dirifibilc per p — jf ; quoniam Funflio 
integra P ipfi quoto arquatur. Quando vero p- — -j{ Divifor 
esifiit iplius M — AS , ha-c expreflio pofito 3 = £- evanef- 
cit. Ponatur ergo ubirjue loco j hic valor conllans in M 



FUNCTIONUM. vj 
&5j erit U— AS = a , ex quo fietvi= ~ ; hocqiie ergo c * r - 
modo reperitur numerator ^4 fraiftionis quffilitffi — <* ... ; atque fi 
eK fingulis denominatoris N Factoribus fimplicibus , dummodo 
iint inter fe inaiquales , hujnfmodi fradliones limplices formen- 
tur , harum fra&ionum fimplieium omnium fumma erit «quali» 
ftuicrioni propofits 



Sic, fi in Exemplo pncedente J-+-H, uhi eft M—i +fj, 
& Jtf:={ — {' , fumatur { pro i'a£lore (implice , cril i' = 
i — {; , atque fraclionis fimplicis — hinc orta: etit numerator 
_A z= 1 B = I pofito j = o , quem valorem { obtinet fi 
ipfe hic Faftor fimplex f niliiln Kf|i:ui:s |-tji;u ; ir. Simili mado fi 
pro denominatoris Faclore fumatur i — ; , ut fit S = j + jj- 
«1^ = ^, fafto i— E = o , unde erit^=i, & 
ex Faflore i — { nafcitur fraftio - ■ Tertius denique Fac- 
tot i + i , ob 5 = { — , & A = jJl^ . pofito i + { 
= o , feu { = — i, dabit A = — i , & fiaffionem fini- 
plicem = 7^~- Quare per hanc regiilam rcperitur * & 




{p — 1*) ' tranfmutari poiefi in hujufmodi fracltones partialu 
D * 
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^-ir+ 6 7=7+ C . , + ....+-£—- 

(p— q=)" (i>— <lO" !p~qi)'' P_ ^ 

?i ,„™_ roni»»» namemtores f,m quantitates conjlames. 

Quoniam ma„ima poteftas ipfius ^ iti F minor eft quam. 
j" t erit j" , ideoque P hujufmodi habebit formam : 

»+- { +r I '+. ; , + + «f — ' 

ej-illente terminorum numero _ = n , cui iquari debet numern— 
tor fumm__ omnium fhiflionum parrialium , poflquam fingula. ad- 
enndem denominatorem ( p — ?{)" fuermt perducla: : tjti_ 
numeratot propterea erit — A + B (p—gx) + C (_> — J? )' 

+_>o»— + +«(_>— ?rr~'- Hujds n.«i- 

ma ipfiu- { poteftas eft , ur ibi , f 1 , atque tot habentur 

litter- incoguit- A , B , C ,. K ,. ( quarum niimems 

efl __ n , ) quot funt termini congruenres reddendi. Quamo- 
brem )itter_ confhntes A , _ , C, Src. ira definiri potei-nt , 

ut fiat Fimflio fratTta genuina- = — [- 

(p — _.)" \ip — «0° 

*__,+ C „_- + + 

(p— _j)° ' (-—_.)" 1 [p — _.)'' 3 

n\ Ipfa ai " en ' horunl numeratorum imen,, ° _0 * 

facilis Dpeneruj'. 

43. Si Funciionis fracia ^ denominaror N Faciorem habcai 
(p — qz)" rfequenti modo fraeliones pamaics ex hoc FaHort 

C-ujurmodi fraiT.ionts parti..l_.. c\ jingiilis F-cloribiis denc— 
minatoris fimplicibus , qui alios fibi squales non haheant, orian— 
ttir, antt eft ofttnfum : nunt igitur ponamus duos Fa&ares 
hiterfe efft aiquales, feu, iis conjunflis, dcnominatoris A'F_flo- 
rtm clTe (p — ?f )'■ E_ hoc ergo Faftore per prared. 
dus naCcentur fralTliones aartiales ha ^ ■ ; j t +- _[. - -• Sit am-- 



FUNCTIONUM. ij- 
lcm tf — ( P — 9K )S , eritquc = _ _d__ 

+ +■£, deno_te ^omnesfraclionesfimplicesjur!C- 

tim fiunptas esc deuominatoris Faciore 5 ortas. Hinc erit 5 
(p-^lfS »«*- — 

- Fuu-iuni imcgrs. Dubtt crgo Af — ^i.S — B (p — q. j ) £ 
divifibile efTe per (j> — jj)' : fit primuai divifibilc perp — , 
atque tota expreifio M — AS — B(_p — j{) S evanefcet , 
pofito p — jj = o,.feu ^ = "f"' ponaiur ergo ubique 
loco;, eritqiie M — AS=o , ideoque A=~; fcilicet frac- 
tio ~ , fi loco { ubique ponatur £ , dabit valorem ipGus A 
conftantem. Hoc invento quanritas M—AS — B_p — fj) S 
etiam per ( p — gj)" divifibilis clTe dcbet , feu — 
BS denuo per p — f j divifibile elTe debet. Poiiio ergo ubi- 
que , = f _ ^f^BS , ideoquc B = 

— — _■ ( « _ ^ ) r u bi notandum eft , enm itf — AS di- 
vifibile fit per p — jj , hanc divifionem. prius iultitui dcbere , 
quam loco ^ fubfiituatur A Vel ponatur ~E~{ = T, 
eritque. B = y pofito f = > i~*«_ ergo muneratori- 
bus A &L B , erunt fracriones partiales ex deuominatoris N 
Factore (p — q j )' oits h* ^__t n y + J_^- 

EKEMrLUM £ 

Sit hsc ptorjolita Funfiio frafla ..^.^l.j erit ,. ob. de— 



3 o DE TRAXSFORMATIONE 
l. nominaroris Faflorerci quadratum f f ,- S = i -j- & =3 
i — jj. S>nt fraftiones parriaies ex ;; ora ^ + — , erit 
A — y— ' ~ || , pofiro Faciore ; — o ; Hnccjue A = I, 
Tum erit Jtf — _<4iS = — i;; quod diviftlm per FaSorem 
finiplicem j-,dabii Z— : — ij, hincque B= ~ = ~j ^ , po- 
fito ; = o ; uude erit fl = o ; atquc ex Factore denomiiiaioris 
fj orietur unica. ha:c fraclio partialis — . 



Sir lnc propofira Fvui&io fracra ^ > CU J US ' 

olj denominatoris Faftcrem quadrarum ( i — ;)' , frafliones par- 
liales fint — + T~- Erit ergo M=( & 5 — 
i + ;* ; ideoque ^ — ■ ^ = i+~ ' P ofito 1 — { = 0 ■ 
feu ; — i : unde fit -4 — — . Proditit ergo jIJ — ^5 =■ 
i'~ f~ Tt' = — -7 + f' ~f f ' 1 uod I= er ' — i 

divifum ilat r = — -^- i- ; — r!t + 7t' > idso~ 

quc g = — ~ 1= £~ gfa! , pofito l=> ; irn ut fit 
5 — ~-i ; frafliones ergo parriales qusfira: funt ^ j ' 

— T-^ - ir 

44. Si Fmmonisfra^tc ~ denominator N FaBorem hahcat 
(p — qz) 1 fiquenti modo fraiiiones partiales cx hoc FaBore 
oriundte -. — r: + 1 - — - -j - — reveriemur. 
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Ponatur N=(p — q{)'S, fitque fradlio ex Faftore S orta Cap. 
P ■ p M A.S B{p 9?) .1 -C ( p — gj)' S 

= Funflioni integr_e. Numeraror crgo M — -^5 — 
B( p — f j) 5 — C {p — ?{)'■? ame "mnia divifibilis clTe 
debet per (p — j{)' ; unde is, pofiiojj— q { = o, feu j = 
, evanefcere debet , erirque adco M — A S = o , ldcoque 
^ — pofito T = Invento- hoc pifto j4, erit JVf — 
__4,S divifibile per p — q\; ponatur ergo M p ^ =- 7*, at- 
que r— flS — C{>— ff) Sadhuc per (p— n Y erit di- 
vifibile ; fiet ergo = o, pofito i> — ?f = o; ex quo prodit 
S= ~pofito { = y. Sic aurem. invenio B erit T — BS 
divifibile per p — q{. Hanc ob rem , pofiro ^~^' V = V,. 
fupereft ut V — CS divifibile fit per p — ; erirque ergo 
V — CS = o , pofito p — q\ — ° > atque C — y , pofito 
^ ~ £-, Inventis ergo hoe modo numeratoribus A , B , C ,. 
fraclioiies parriales ex denominaioris N Faflore (p — •?{)' 
erunt + j^jr + j^- 

E x E « > l u K, 

Sit propofita hic fracla Funaio { . „_ _ p ! t . - ^___ j . «t cujus: 
denominatoris Faclore cubico (i — j )' oriantur ha. fra<_1.o- - 
nei partiales : ( t ^ tJ . + t . 3 . j. + — C Erit ergo 

iH = & S = i + a ; unde fit primum A = -^r^. 



3*' DE TRANSFOKMATIONE 

pofito i — { = ° feu ■ {=: i ; ex tjuo prodit A^= --. Jam 

— { ,* unile oritur B — 1 '_~ - L- ' > P°firo j = i , ita ut fit 
B = — Ponaturporro K= ^ - ^^ = -y±f g ■ er it 

Tt- ^ 6t ? C-=^=^ll 

pofito f — i , ita ut fit C = — -^. Quo circa frafliones 
partiales cx denominatoris Faflore ( I — { )' ort2 erunt 

4.5. Si Fanctionis firaclie ~ denominalor N FacTo/rni haheat 
( P — I- 5 )" • - fi a &iones parlialts hinc orla - -|- 



Ponatur dcnominator N — (p — yr.)" Z , atque , 
lium ut ante inflitucndo , reperietur ut fcquitur : 

Primo A = ~, poftro { = -. Ponatur F = 
Secundo B = , pofito { = -£-. Ponatur Q = — 
Tertio C = £, pofito I = y. Ponatur R = ^Z^j 
Quarto D = pofito j = — . Ponatur 5 = 
Quinto £ = -| , poilto { = -£. &c. 

Hoc ergo modo fi definiantuT finguli numeratores confian-. 
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FUNCTTONUM. 33 
tes A , B , C , D , fiv. invenientur omnes fra&iones partiales , 
qua; ex denQminatoris-F/Fa&ori: (p — q^)" nafcuntur. 



Sit propofita ifia Functio fraita "^ ■ t^ rj cx cujus deno- 
minatoris Faftore f ' nafcantur ha; fracliones partiales — ■ + ~ 
+ 2- + ^ + y. Ad quarilm numeratores conflanres inve- 
niendos , erit M = 1 + f{ atque Z = 1 + ,- & 

= o, Sequens ergo cakulus ineatur. 

Primum ett.A = g-= ^j^jf , pofito r = o ; ergo.^= 1. 

Ponatnr P = i-=-- = -=-! = { — R. Eritque fe- 
cundo H = = V+^ ; ' P oi > 10 { — 0 i «go "== = o. 

Ponatur Q = ^ — ? z == — — =— ^ =1 — j ,- eritque ter- 
rio C =— ^ — = . pofito j = o : ergo C= 1. 

Ponatur R =— — = Z_p_ = — j — — f er it 
quarto ZJ = j = —7^—- . pofito j = o ; ex quo fit 
D = — 1. 1 

Ponatur S = R ~~ DZ = rra+i' — — y+g f cr it 
quioto I = |= * + |j , pofito { = 0 ; unde fit £ = o, 

Quo circa frafliones partiales quicfitE erunt ha; ; 
7 + P + i-7 + f- 



Euieri IntroduS. in Anal infin. 



j 4 DE TRANS FOR MA TIO NE 

46. Quaiunqttc crgo propoftta fuerit Ftinclto rationalis fracla- 
~ , ea jtqucnti modo in partcs rejbhetur , atquc in formam fim- 
plkijfimam iranfmutabitur. 

Quirantur dcnominatoris N omncs Faclorcs fimplices five 
realcs five imajrinarii ; quorum qui fibi pares non liabcanr , feor- 
fim trailcnrur & c\ i:i'.[U[im;ji:'j i- <j. 41 , fraclio partialis crua- 
tnr. Quod li idcm J'';iitor fini|-.!c\ l:is vl I pluries occurrat , ii 
conjunflim fumanrur atque cx eorum produclo , quod crit po-- 
telias forms (p — ?f )" , qTiserantur fractioncs partialcs con- 
vcnicntcs pcr 45. Hocquc modo cum cx fingulis Faclori- 
bus fimplicibus denominaroris crura fucrint rracliones partiales , 
rum harum omniuni aggrcgatun) squabirur FuncTioni propofira 
~ , 111(1 fiierit fptiria ; fi cnim fuerit fpilria , pars integra in- 
fuper extrahi atque ad iltas fractiones partiales invenras adjici 
debebir , quo prodcat valor Funiflionis ~ m forma fimpticilTima 
cxprefTiis. Pcrinde antcm cfl five fracTiones partiales ante ex- 
tracVmnem parris inregra: , fivc poft qua;rantur. Eaidem enim 
ex lingulis deuomiiiatoris A' FacToribus prodeunt fracTiones par- 
liales , five adliibeatur ipfe uumeraror M , five idcm quociin- 
que denominatoris N multiplo vel aucTus vel mintitus ; id ^uod. 
regulas daras conremplami facile patebit.. 

E x e m p 1 u (t. 

Quairatur valor Fundionis 1 ; ) ' [ 1 | Q ™ *" orma 

fimplicifTima expreffus. Sumatur primitm Faflor denominatoris 
folirarius 1 + j , qui dat 2- = — . t , erit M = 1 & Z = 

— if' + {'. Hinc ad fracTioneni 'nveniendam , erit 
A = -, , -|— f , poftto 1= — l j ideoque Ct A^z. 



Lli 1 ::■:■: L 1 .■ C 



F U N C T I O N U M, . \ ' 3 f 
i — -1 , atque et Faiiore i + f oritur hae fraclio parcialis 
^~p^. Jam fumaiur Faflot quadralus (1- — f)' qui dac 
f-=l, M= i , & Z = f ' + j\ Poiitis ergo frailioni- 
bus parrialibus hinc orcis + , ~ - . erit = 

M — \Z 

rr j" , pofito j=i; ergo A = ^\ fiat P = { 
,'_J..._J. I - ■ . 

= ,_. =-i + c + t{+-ft'i«i t q neJ — 

i + r + T j + \ i r 

. z = — j— 1 . P°Iito l = ' i ergo B — 

& frafliancs pariiales quifitE - p ' _ y + ^, 7 .^ . 
Denique tectius Faftor cubicus f ' dat — 6 i AT=f= i ; & 
Z = i — { — TJ + Pofitis ecgo fraaionibus partialibus 
hU ^ + f + f i erit primum ^ = ^= 7— — ~f~ . 
pcfito t = o; ergo^_i. Ponatur P = — =— — 1 + 
; — jj , erit B — , pofito { = 0 i ergo flssl. Pona- 

6 — ^T^ — »— Hi"itC = |. poli»t = = ; 

ergo C= 1. Hancob rcm Funfcio propofica \ ^ ^ -p^ 
in hanc fbrmam refolvicur i + ~ + y + — f_—i 

+ ^7_^) — 4 ' ("+ - . : nu " a en ' m P 315 inte 8 ra ' nfu P et 
accedit , quia fraftio propofit.. non eft fpuria. 
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C A P U T III. 

De Fi:::i~tioimm per fubjliimionem. 

4:1 bis. S' fuerk^FuncVa qaaeunque ipfius z *j"J?"f zdefiniatur 

Cum crgo antea y fuuTet FuncKo ipfras 5 , minc nova quan- 
titas variabilis j: inducirur , per quam utraque priorum y & j 
dcriniatur. Sic, fi fuerit / — arqueponatur T" - x' 

Iioc valore loco j fubftituto , erit y = - - - . Sumpto 
crgo pro jt valorc quocunque dcrerminato , ex eo reperien- 
tur valores determinati pro f & y , ficque invenitur valor 
ipfius y rcfpondens illi valori ipGus j qui (imul prodiit. Uti (i 
fit j: = ~ , fict f — y , & y = i reperitur autcm quoque 
y = ~, fi in )^T^ i cu i exprelfioni y sequatur, ponatur f=-^-- 

Adhibetur autem l.sc novi variabilts introdudtio ad duplicem 
finem : vel enim hoc modo irrationaliras ., qua expelTio ipfius 
y per { data laborar , tollitur ; vel quando ob aiquationem altio- 
ris gradus , qua relatio inter y & t exprimitur , non licet Func- 
tionem GXpIicitam ipfius f ipli yiqiialcm exhibcre , nova va- 
riabilis x introducimr , cn qua uiraque y & f commode dufiniri 
queat : unde infignis fubllitutionum ufus jam fatis elucet , ex 
feqitentibus vero nutlto ctarhis perfpiciemr. 

47. Sifuerit y = V(u+rjz) ; mrva variaSUis x pir quam 
utraque z & y rationaliter exprimatur , fequtnti modo invenieiur. 

Quoniam tam j quam y deber elTe Funcrio rationalis ipfius Xf 
perfpicuum eft boc obrineri li ponatur <J{a + br } = bx : Fiet 
enim primo y = bx; & a -\-b\—bbxx; hincque f=6avr — ~, 
Quocirca utraque quantitas y & ; per Func>ionem rarionalem 
ipfius x exprimitur ; fcilicet cum fit y=—i/(a + b[) fiat _ = bxx 
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48. Si fuerit y = (a + bz) ra:n ; wn variaiiSi x , per C__nl 
juam Mm y ^uitm z rationalitcr exprimatur , fic reptrittur. 

Ponalur y = x" , fietque (a + i;)" 11 " = x m ideoqiie 
(« + £{)' : " = *: ergo a + br = x" & r = £-~ f. Sic 
ergo utraque quantitasy & ; rationaliter per 1 dcfinietur , ope 
fcilicet fubftitutionis ;— - — j— - , quc prabet y=x m . Quam- 
vis igitur neque y per ; , neque vicifiim f per y rationaliter 
exprimi poffit ; tamen utraque icddua cft Funftio mionalis 
novs quantitatis variabilis x pet fubftitutionem introduita;, fcopo 
fubftitutionis omnino convenienter. 

49. Si fuerit y = (f£jf ) S reqttiritur nova guantitaS 
variabilis x per quam utraquc y & z raiionaUter cxprimatur. 

Manifeftum primo eft li ponatur vhssj^ , qusfito fatisfieri j 
erit enim(^3) = *"', idcoque = *" j cx qua 

«quatione elicitur ;— £zz£l j qm fubfljtutio prabet y=x m . 

Hinc quorrue intelligitur fi fucrit (£±i-p = C yj^ ) , 
tam y quam f rationaliter pcr je exprdTumiri, fi utraque rbrmula 
ponatur =x m "; repcrietur enimy= ° ~ 7 * & " ; 
qui cafus nil habent difficultarij. 

jo. «/«rit y — + b 0 ( C + d«» ; fubfiuurio tdonca 

Ponarur V« fl + &f ) (e+«ff )) = (fl + 6; ) * . &dle enim 
perfpicitur hinc valorem rationalem pro ; elfe proditurum ; 
quia valor ipfius ; per aiquatiunem Cmplicem determinatur. Erit 
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; 8 DE TRANSFORMATIONE FUNCTIONUM 
£ ergo e + <f{ = {u + £{) xx , hincque ? = ^ ~ Quare 
porro fiet « + i; = *-=^; & ob y=V((a + &{)(c + i;)) 
= ( a + 1 [ ) x habebitur y = —^J ^. Fundtio ergo 
irrationalis y = V(( « + i; ) ( c +j/{ )) ad rationalilatem per- 
dodtur ope fubirituriunis ; = ~ — > quippe qua: dabit 
y = l »Sr =j ffl: . Sc , fi faerit y = V <aa— g) = V((fl +0 
(o — j )) ; ob ( = + i , c=a, d= — i ; ponarur ; = 
■ " ■ , eritqtie y = Quoties ergo quantitas poft 

fignum V liabuerit duos Factores (implices reales , hoc modo 
rcdtiftio ad rationnliratcm abfolverur ; lln aurem Factores bini 
Jimpliccs fuerint iiii;i.J:mrii , £ c- 1 ^ l i l-i i : t roo.Io u:i p.-.i\b)x;. 

; i. Sil y = V{ p + q z + rzz ) ; atque nquiritur fubjlitutio 
iJoiu:a pro i.jac^nJa . ut vcJor ipjius ;/;.;; rudonalis. 

Pluribus modis jtoc fieri potefl , prout p & q fuerinr quan- 
rirates vel aflirmarivie vel negarivs:. Sit primo p quantiias 
allirmativa , ac ponatur aa pro p ; etiamfi euim p non lit qua- 
dratum , tanien irrurit>ii;:!ii;is i|i::imuatum conttanrium prafens 
ncgoriuni non turbat. Sit igitur 

I. y = V(^ + i{+c fi );ac ponatur V ("*+&; + c;;) 
= a + xj ,- erit b + c; = l ax + xx ; ; unde lit { = 

"x~T—? '• tum rero erit y = a + xr = — -^zzrr^ i ubi f 
& y funt FuncYiones rarionales ipfiua x. Sit jam 

II. y = V(flfl{; + ij + c); ac ponarur V(^{{ + i{ + t) 
= o; + x ; erit i{ + c = i/ir; + jor , & { = T " m 
autem fit y = fl ; + * = ~^t^- fl " . 

III. Si fuerint p Si. r quniiiitiites inii-utivffi ; tum , nifi fit 
qq > 4/"", valor ipfius y femper erit imaginarius. Quod li au- 
tem ruerii qq ^ 4jjr; expreffio^j + ^{ + r;{ in duos Fadores 
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refolvi poteric , qui cafus ad g. prsced, reducitur. Sipemimero C\ 
autem commodius ad hanc formam reducitur , y = V ( oa — 
+ ( 6 + c { ) ( d + t { ) ) ; pro qua ad rationalitarem perdu- 
cenda ponatur y = a + (6 + c;)j:, eritque d + f{ = la* 
+ t« + ewfi unde fit f = ' & y = 

— n f + ( t rf — Interdum commodius fieri 
poteft reductio ad hanc formam , y = V(aa{{ + (i + cr) 
( fl 1 + t { ) ). Tum ponatur y = a\ + (.£ + c{ ) x / eritJ + «j 
-n*«x{ + bxx+cxx S & y^ — i|g=— - , atque, 

a./+ ( fe nQ t 

^ ( Ul ilt 

ExEMFEUH.. 

Si h.ihcatur ifta ipftus { Funclio irrationalisy = V( — >-+3{.' 

— {{ ) ; qua; cum reduci queat ad hanc formam y:=V ( I — %■ 
+ — n)=V(i — («— {) (2 — {)); ponatury = 
1 — ( 1 — T ) * » erit- I + ! = -u+ I <-«;& 
, _ i — + If . Deinde eft 1 — ; = . V^v* & 



T+^; 

y=i — Cr — J>' = - 

cafus , qiios ^l^-jbrj i nckicniii ti.it :i. fea mcthodus Diophant&a , 
fuppedit.it ; nccjiic alios cafus ir. liis cractatis nc:i comprehen- 
fos per fubllitutioiicm ratinnaUm ad ratiuTialiutem reducere 
Jicet. Quocirca ad"'alterum fubftitutionis ufum monlhandum 
progredior. 

fz,SiyejufmoilifacritFanclioipfttis7.atft:ay° + hi +cy T i 
= o , invenire novam variahilem x , pcr qaam valorts ipfarum 
y S 7. (xphi-iis i:f ::■;:::!■" «urmn, 

Quoniam refoiutio scquationum gencralis non habetnr , ex 
stquatione propofita ay* + b£ + cy" jf =0 neque y per {. 



4 o DE TKANSFOKMA tions functionum 

„. J. neque viciffim j per y exhiberi poteft. Quo igitur huic in- 
commodo remedium afFerntur ; ponatur y = x"* {" , eritque 
o.T am f + b i + c x >m f =o. Determinetur nunc ex- 
ponens n iia ut ex hac aiquatione valor iplius ^ definiri queat; 
quod tribus modis pra;Ihri poteft. 

I. Sit «n = £ ,■ ideoque n = — ; erit , sequarione per 
= j s divifa , ax' m + b + cx"" ~ c + f = o ; unde 
oritur { = ( ' * ) ?■> — ■ + * , five 




II. Sit € = y b + S feu. " =~~ > er it , squatione per 
£ divifa , ax"" z"" - " +b + cx ym = o ; unde orirnr 




atque y = x m ( — * )«« — «* — fj* 

III. Sit an = yn + J, feu n = - f - - ; erit , aquatione 
per {*" divifa , ax"" + 6{ C *" + c» vn = o ; unde oritui 
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_ « M , m ' 1 ClM[l 

( ££_ -t — c r — a j> . at(iue 

,,,.( -,--„- )„-,',-„. 

Tribus igitur diverfis modis eruta; funt Funftiones inlius x , 
quai iptis f & y Aint nquiiles. Pra:terea vero pro m numcrum 
pro lubiiu fubrUrucre lieer eyphra excepra ; ficque formula: ad 
tommodiflimam expreflionem rcduci potemnr. 

Exemfium. 

Exprimatur natura Funflionis y per hanc aquationem y' 
— cy;=a; atque qusrannir Funfliohes iplius x ipfisy & j 
aquales. Erit ergo a = — 1 ; b ==s — '1 1 «. = 3 ; £ = 3,- 
y = I ,- ScS= 1. Hinc primus modus dabit , pofno m = 1 , 

t = r ' * j = ' < r ' , »v= t = & 

y = y^jt; quarum expreflionum utraque adeo eft ratio, 

Secundus modus vero dabit hos valores : 
r = (££J=p-*)" 3 , _ y __ je( «i^)"\ five 
f = i * (c* — 1), &y = i ^(c* — t) 1 . 

Tertius modus ita rem expediet ut lit 
t = (cx — x' )"\ &y = x ' CX — x')"\ 

53. Hinc a pofleriori intflligiuir cujufmodi aquaiioncs , qui&ut . 

Ponamus enlm rc-folutione jam inftiruta prodiiiTe has detcr- 
Eukri IntroAuB. in Attal, injin, F 
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■ + t / + ,_>• + h , r-r 

A + B^ + CJ + ltc 1 

( "- ** + -h r . J . + _ & _. ) ; eritque yf = x p ; ? : & liinc 

„■ + _■_" + cV + flx. 

*=TT s: '. Qim isiturfit 7 r!J ' -"^' 1 ' c + fI * + &c * 
J1 . A+B^+Cj + te. 

]oco jr ejus valorem yi q,p fiibHiruamus ; pro.dibir ifla wqua- 
f, 0 .«J" __ g v* - ~ ' __ + j v C _Z e + ' S ' ^ + fa- . 

qua reducitur ad hanc v*Jj-'' p + By M f ' r + Cy" 

{ (r— -e)'9 + &Ci __„ y . .— tjr,- + ty « .— (jip 

+ cy f -/S ' P + &c. qux muliiplicaia per j"' 1 ' 1 rranfibic 
in hne.; ^frr— + . fa— rfifcr 

+ &c. = a/ + */ t { ' ! ~ J,l¥ + ey* jt-*— W)* + &c . 
Ponatur _ m _ £* - _: . *? = n : fiet [*] p = <t — £ ; 

j=rc , & r=an) — -Cm — in : arque naiteiur ifta icquaiio : 
Af + By" T »— i**r-fl + Cy' f— ™t— " + &c.= 

+ 5/t"'+ r 1 " - *'" !t >— /j) + &c . qu _ 

propterea ita refolverur ut fii : 



, _ ( >* + _ + _^+_&c. . — __ r, 

* i + Sr"+C + _c 

7 = *(- 

. Vel ponamr £3±-_ m , & ~ " ' + f = n, er 



__ 
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= &i=^=5, atque = m — "" + «« . Hinc Cit.m. 

f F K J> K — 

fit [*] = / ^ = /n — n ; = fuji — sm + x'i ; atquc 
h^c Equatio relultabir : 

Af + V?" + C y'{" - ' 1 '"'~° 1: ''+ &c. = fly* 
+ j/ ( U-<) («— -W + cf f (— r) 

+ &c. qua: ita refolvetur ut fit ; 



^ + j.e+C^ + ta.' 

^ + B^ + tV + + 

54. Si y ifn /jenoW uzi/ljtrayy + byfc + czz + dy 
+ e z = o , Jiqueaii modo tam y quam z rationatiier per novam 
rariabitem x exprimetur. 

Ponatur y = x £ , erit divifiotie per f facra : 
axx\ + Sij + cj + dx + e = o , ex qua reperitur 

i^ .^+'.7+'. ' — St+tt+H- 

At vero ad rbrmam propofitam rcduci poreft hic squatio 
intery & 1: ayy + b y ^ + c ^ + dy + e j +/=0 dimi- 
nuendo vel augendo utramivjf wirusbiU-iu g:h quadam quan- 
rirate conftante , unde & hiec XquaUO per novam variabilem 
s rationaliter explicari poteft. 

55. Si y ila pendeat az , ut ftt a y' + by'z + c y l'. + dz' 
+ e yy + f y z + g zz = 0 ; feqvem modo tam y f uo/n z 
r:i!2n<i!iter per aovam yariabilem x exprimi poterit. 

Ponatur y = xz , & fafla fubftitutione tota squatio per 
dividi poterit : prodibit autem a x' { + b xx { + c x )• + rff 
+ «, + /, + ( = o. D«fc qrin, , = =™g=j^=J 



[' J Ejdcm cmfj quj fupra 
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44 DE TRANSFORMATIONE FUNCTIONUM 



56. Siy ita pcndeat a z uf_/7i a yy + b y z + czz = df 
hoc modo utmque quantitas y & z per novam variabikm x ur- 
primelur. 

Ponatur y = x^, eritque ( axx + bx + c) ff = d, ideoquc 

i = V ; ^ + fa + t & y = * V fa+ ? 

Simili modo fi fuerit, ay' + %'f + ty f ' + Jf ' = < y + /f ,- 
pofito y^jf , toia aqiiiitio |itr 5 divifa dabit (ai 1 + ijrjr 

,+ « + d) H = u +// oritur f = V ^+^ fepy 
6c y = * V jj/+ " "/jj"+ cl + ~5 i ^ autem cafus aliiqus 
fimiles refolutioues admittentes compiohcnduntur io fequcntc; 
paragrapho. 

57. Si y ita pendcat azutftt ay" + by m— r z + cy m — 1 z' 
+ dy m 3 z' + &c — ay n + £y n 1 z + yy" 1 z" 
+ Sy n - z' + &tc. , feqticnli modo tam i quam y commade 
pcr novam rariabilem x txprimttiir. 

Sit y = rf , atque faila fubllitutione tota aiquatio divitii 
poterit per f" , fiquidem exponens m fit major quam n,- eritque 
iax m + + (V - 1 + &C.) = *x" 

+ £1" 1 + yx" 1 + Stc. unde obtinebitnt 



PER SUSSTITUTIONE M. a.% 

t = r: +ft ~+KT,+'C> te o' :t "~' > &- 

Hrcc fcilket lefolurin locum habet , fi in Equatione naturarni 
Functionis y per f exprimente , dtiplex tatttum nbiqtie occurrit 
dimenfiontim sb y & f fumptarum mimerus ; uti in cafu trac- 
tato in iingulis termims raimerus dimenfionum vel ell m vel «. 

58. Si in aquatione inter y 6 z triplids generis dimenfiones 
occurrant, qtiarum fumma taniiim fuperet mediam, quantum hac 
media infimam , ope afoludonis aqvationis quadrata variahiles 
y & z pfr noxam x exprimi poiermit. 

Si enim ponarur y = if , divifione per minimam ipfitts j 
poteftatem rafTta , valor ipfius f pcr x , opc extraclionts radi- 
cis quadrata: esliibebitur , id quod ex fequentibus exemplis- 
erit manifeftuin. 



Stay' + £y'f +^ + 4'=io , y+^.+ i m + '0' + '{.' 
ac ponatur y=:Tf ; ent , dmuone per r facra , (ar +o*jt 
+ cx + </ jf TI == % (exx +fx + g ) { + hx + i; es qua fe- 
qttcns ipfius 

^uo invento crit y = x f . 

ExEMFLDH' II. 

Sit y'=:i(rf ' + iy+cf ; ac, pofito y=j-f 
+ £x + c ; ex qua reperitur ff = ' - ^ ^ — 
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4 5 DE TRA NSFOR MA TIONE FJNC. PER SU3S. 

; Enxitu III 

Sit y" = iflyi* + tyf' + c{* > qua cum dimenlioncs fmt 
10 , 7 , & 4 , ponatitr y = *{ ; atque requatio per {* divifa abibit 



harjc ! *'* {*= %axf + bx + c fe» j' = 




+ t*' + t: 



; ideoque 
) exemplis ufus hujuf- 

niodi fubftitutionum abur 



C A P U T I V. 

De cxpliealione Funcliomim per firies infinhai. 

59 C UM Functiones fVjcrr at<;ti3 ircstiunalcs iplius ? oon 
in fotma btegra A + S { + C( + Oj' + &c. contuwo- 
tur , ita ur tcrmsssorum numerus fit linitus , quairi folcnt 
hujufmoii exfiftftunL-s :i mfinii.im ncuiienlo , t\.ix lalnitm 
cucufvu Fuuclionis five fracia five irrationalis exhibeanr. Quin 
eriam narura Fur.chnnum tr.iiifn-n.-li-utium meliits mtelligi cen. 
fetut , fi pcc cjufmodi foimam , eifi intinitam , e*prim,iotiir. 
Cum enim natuta FondKonis iniepc* opiime perfpiciatur , ft 
fecundum diicifds po:;.!!iu 5 iplus ; cvolicctur , atque adeo ad 
fnrmam A -I- Sj -+- C"f' + Di' + &c. reducatui , ita eadem 
forma ap;ilTsm:t nJeii t a-J cel:q.ia:i:ni Fcnclionuio omnium 
indolem ir.enti cC|>rJ-l'cn;jndj:n , i-r;am!i icinunnrum numerus 
fic teveca ssifinitcs. Peif^icuum auicm tlt nullam Funitsonem 
poo ujtegrain iplius ( pci mimcrum hujufmodi tcrmusorum 
j4 + S; + C; + &c. (ini:jir. cvpom polfe - t ca ipfo enim 
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PER SERIES INFINITAS. 4/ 
Fimfiio foret integra; num vero per hujufmodi rerminorum CafIV*. 
feriem infinitam exhibcri poffit , fi quis dubitet , hoc diibium 

tem hac explicatio lauus pateat , prster poteftates ipfius t 
exponentes integros iillirrostivrjs haljcnies , atimitti di-bent po- 
tL-llnii:s fiiTifiiiK.ii;'. S'.\i i"i .1 )j 11 iii c-rit |-,uli-.i|]i tjiiiri omnis Funclio 
iplins jj in liujuliiu;;!. i:.\pi<-!iiijr,em iiifiniiam tranfmutari pollit ; 
Af + Bj C + Cj> + D{ + &c. denotamibus esponen- 
tibus s , £ , y , S , &c. numeros ijuoft-iinque. 

60. Ptr divifionnn aaiem contiituam imeUigitar fraclionem 
— refiivi in hanc firiem infinitam — + 3 
— — + ^-^t^ 6c. , qax , euns quilibct terminiis ad 

geometrica. 

Potefl vero qttoqtie Iisc fcrics ita inveniri , ut ipfa initio 
pro mcognita habeatur : ponatur enim - ' — = A + Bj + 
t Cj + D j' + Ej' + &c. atque ad (equalitatcm producendam 
^uirantur coeflicicntcs A , B , C , D , &c. Erit ereo a = 
( « + € { ) ( A + Bi + Cj + Dj' + &c. ) , & multiplica, 
tione actu perafla fier 

* = <x.A + *Bz +«-C/+ *D? + -f.&c- 

+ za\ + zb 1 - + zc\< + <zd\- + &c. 

Quamobrem elTc dcbet a = aA , ideoque A =. — , & coet- 
ficientium uniufcujufque potcflatis ipfius j fnmma nihilo squalis 
eft ponenda : unde pFodibutit ha; Kquatioues , 

K B + 6 A = 0 cognito ergo tiuovis cotfficiente 
n C + Q, B = o fiicik reperitur fequcns ; fi enim 
« D + £ C = 0 fuerit coiiflitiens termini cujuft|ue = P 
u.E + £D= 0 & fcquens = Q erit «.Q + ZP = c- 
&c. five Q=*f. 
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4 8 DE~^EXP VICA TIONE FUNCTIONVM. 
^ib- i- Cum igitur terminus pnmus A (it determinatus = — ex eo 
fequentes lirtera B , C, D, &c. definiuntur eodem modo, 
(juo cx divilione funi orii. Ceterum c\ infpedione perfpicimr 
in feric infinita pro - _^ ^ bventa potcftatis j" coellicientem 

forc = + ^^rj , ubi fignum + locum habct fi n fit numerus 
par , fignum — autem fi n fit numerus impar : feu coefficiens 

6t. Simili moJo ope tliv:f:;m i-o::'i:uijr.r /i.ri' Funclia fratfa 

Cum autem divifio fit tadiofa , neque ram farile nantram 
feriei infinitz olkndat , commo;li'.is L-iit fjinjm <|u,dl;:ii'.i iln — 
gere , aique modo aure tradiro deiernib.irc. Sit igitur 
7 +%t+ — =^ + »J + C f ' + 73,' + + &c. 
nr.ilti|iliL'e:iii' utriiiqiie pcr a + £f + yff , atqvte fiet 
fl + A i = a ^ + a - f + «C f ' + -,/J;' + K £ { - + &c. 

+s^,+£i; r , + ec r ' + eo f - + &c 

+ yA { ' + yBf + yC-;' + &c. 
Hinc erit a. A = a ; a.B + Z A = b ; unde rcpetitur 

A = — & = ? - ; reliquat vero littera: ex fequen- 

tibtis aiquationibus dctermbabtinrtir : 

it C + £ 5 + yj4= o liiiiL' L'n^i e\ bbis qnibllfque coefii- 
ctD + £ C + y if = o cicntilms «liiti^eis [i-qiiLins reperU 
ii!+C n +yC=:o tllt. Sit li dilu LOL : fIiLEL'iit(J,' Cmitigb 

e.F + GE + y D= o fuerbt- P , Q & fequeus it , erit ct ii 
&c. +£^+ Y P=ofeu-.= —-g— ig . 

Ctim igittir duat KirertE prinw A az B jam fiot invenra: fe- 
quentes C , J" , Z; , F &c. oinues fuccelfive ex iis bveben- 
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PER SERTES INFTtflTAS. 49 

tur , ficque reperictur Series infinita A + flf + C_' + D^ + &c. Cjf.IV. 
Fundioni frafla: propofita: a f £+ ; ~ rcqualis. 



Si fiierir propofira hac fraclio —- ^" - , huicque a-qualij 
laruatur Series A + B^ + Cf + Dj ! + & c . ob a= i ; 



C = fl + j4 qtiilibet ergo CoSffidens xqtmlii eft fiim- 

D = C + 11 m;i: tliiorinii pM.ijdjniiiL^i ; quare li co<*- 

E = D + C niti fuerint duo coJlTicictites con.;i-ui 

F= £' + fl P & Q , erit fequens R = P + Q. 

Cum igitur duo cotfficientes primi A Sc B fiut cogniti , fraclio 
propofita ~ '""t " ai| C Seriem infinttam tranfniutatur 

1 + 31 + 4l' + 7j' + 1 '{* + «B{' + &c. , quE oullo nego- 
tio quoufque libuerit continuari poteft, 

6i. Ex his jam faris intelligitur indolcs Surierum infinitamm, 
in quas Funftiones fracfcc tranfmurantur ; tcnent enim ejufmodi 
Jegem , ut quilibet lerminus cx aliquot pracedentibus decermi- 
nari poffit. Scihtet , d i.lcn(,niir.a:or rniaionis propofit<c fuerit 
« + , a:;;ue Surit; intiniia ilaruatur 

A+B t + C(+ +Ff+C L f+ , +Rf**+Sf*1+& c . s 

quilibet coellicicns (J c:; prx_-ixk::itc /' folo ita definietur ut 
lit aQ + CP — a. Sin denominator fitcrir trinoniium a+4j + 
y-f , quilibet fierici co.-liiauiis /( ex diiobus prarccdciiti- 
bus y & i'ita dcfinietur ut iit aR + £ Q + y f = 0 : fi m [|i 
modo li dcnonmiator ki.rit quadi inoinium , ut a + £j + y f{ +■ 
Sf' , quilibct feriti coeiliciuns S cx tribus aatcced.-iirihis 
R, Q&Pna dctermbabitur , ut fit aS+CR+y Q+sl'— 0 , 
Euleri Ituroducl. in Antd. infin. Q 
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KE FUNCTIONUM 

> Seriebus quilibet tcrminus tle- 



omncs fcqucntcs iicrjnr ir.limt! . (i diijt * = o. Hoc crgo cafu 
cxclufo , (incm dcinceps cvolvam , Funilio ficfia in Scriein 
iiiiiiiitmn rcciirraiT-.Mi ri'.L!i!':i]:!r.::iJ;: , h'.:;i:i';m.di !-.:i :)c!;i: forniam 



. Quod fi c 
erminabimtur " 



B = «.A + b 

C = a fl + £A + c 

D=*. C + &B + y A + d 

li = u.D + CC + y B + S 
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Funaionem fra&im genuinara adliibc-re : fi c-nim fraflio fpuria c, 
accipiatur , tuni pars intc^ra in eii coutuua ad SVricm acccdct , — 
atque in illis termim; , qiii.>s v-J ju^t \ d mii;i'.:t , lcgcm pro- 
grdlioms intcrrumpct. lixcnipli yruti.! Ii.tc Iraclio Ipuria 

;_y p rsbcbit ha » c s - riem 1 + 3t + 4« + 

+ iof' + ifJ^' + i6i[* + 41 j' + &c. tilii a [ege , qiaa qums 

coelficiens elt iumma duoriun pr^-vJcncium , termiuus qu.irtus 
6f excipitur. 

64. Peculiarem contemplntioiiem S-rics rcctirrenres meren- 
tur , fi denominaror fr.iJtiuuis , iuule oriuntur , fitcrit potcll.is. 
Sic , fi illa fracYio ^ ■ - ~ r - ] — iti Seriem refolvatur , prodit 

+ i + i«i + 3 «'S 

■■1 crua cncfiiciens pnreflritis j" erir (ri + 1 )r>,"a +110," 'i.Erir 
tamen Iimc Scrics recurrens , quia quiSibet termimis ex duobus 
pracedeniitus dctcrminatur , cujus dctcrmi.iatiunis lcx pcrf|>i- 
citur cx deiwminatore evoluto 1 — i = f + Si ponaiur 

0. = I & f = I , abit S^ries in progrellionem arilhmeticam 

generalem a + (ia + fi) + { 312 + ii ) + (44+36) + &c. 

cujus difftrentij; iiir.r co'ii'.;:iucs. Cmms tr^o progrellio aikli- 

meiica elt Series recurrens i li enim lit 

A + B + C + D + E+F+Stc progrciTio arithmetica , erit 

C=iB — A } D=iC — B ,■ E = iD — C, ftc. 

6j. Deinde rurc frafi io ^j+/ ~ ~ ob p_— ; ==s(i— 3 
= 1 + 3«j + 6Vj' + ioi'j' + 15 + &c. tranfmuta- 
bitur in hanc Seriem iufimram : 

+ic«' a +M.-d + fcc 
+ * + }.*{• +i -' i,< + ,.„.<*;• 

+ ■ + 3 . T +. 6 > ( 



ja DE EXPLICATIONE FUNCTIONUM 
r -' "■ in qua potcllas f coefficieniem habcbit )i " + * ) a + 

"< [ " + " -. n— 1 _> + i n ~l a""™ 1 c- Qnod ii auterri 
ponam r( t=i & f = i , ' Series hzc ahibit in progreffio- 
. nem gcncralem fecundi orSm^ , citjti . diiR-rtn ti» fecunda: funr 
con.tantcs. Deligiiet A+B+C+D+E+ &c. hujuf- 
modi progreffioiicm , erit ea fimul Series recurrens , cujus qui- 

D=jC— $B+A; E-^iD — ;C+.. ; _•'_ -.3E — 3D+C&C. 
Cnm igitur tciTifiioMim in proj.ciiitinc amhmetica proceden- 
tium feaiiiil.T dill civiui.u qtn>cj;nj lint j.qiuL'* , nempe = o , 
Iric proprietas quoque ad progrefliones arithmeticas exten- 

66, Simili modo hzc frailio ? .. + ^+J^ + ^' dabit 

Seriem infinitam , in qua potellaa ipfius f quscunque f" 
hunc habebit coefficientem ^"^ .'.I S ^ +EXf -JL +j A „" a + 
a ( B + 0(«+tj _ ; + U — . >M,.+ Q i g .,— 1 e + 

-t-g^pA-K "— 3 d .. pofito ergo tt = 1 & f = 1 , 
hac Series in fe com[.lc.T_ritr Oiiutc. p. o;,'.c.tione5 algebraicas 
icrrii ordinis , (jnariim di.I_r.-iir:..- ktii.i- ft.;i: toii-lantes : omne; 
etgo hujus ordinis progr_-!it ;>ii . s , cujuf.nodi (it A+B+C+D 
+E+F+ &c. eruni fimul .ecuiT.-u.e_ ev .It_.iomina.ore 1 — 4f 
+. 6{f — 4f ' +7* orti ; unde erit £ = 4D — 6C + 
48 — ^f,- F-^^i.- — 6D + aC — .B&c., cjua. proprietas 
fimul iu omnes progre.iion,.-. ii-.krrinrLui. ordinum. compctir. 

67. Hoc modo odaidetur omnes progrefTioi.es algebraicas 
cujufcunqne ordinis , qna: tandcm ad differcntias conftantes 
deducuni , eiTe Series recurrenics, quarnm ler. defiuiatur ex 
detiomioatore ( 1 — f)" , exiftente 11 numero majore quamis , 
qui ordiuem progreiiioui. iutiicar. Cum igitura™ + (" + u)' ? '+ 
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( a + 1 h f + ( a + 3 6 f + &c. exhibear progreflio- Ca»- 
nem ordinis m ; erit ob naruram Serieru 



o = a — -i ( a + S ) + < _ + - A > 

— c * + 3 * )" + ± 

£ ( a + ( n — 1 )£)"■ + (<J + nfi )"; ubi figna fuperiora valent 
fi n fir numerus par, inferiora autem fi n fir numerus impar. 
Hic etgo ajquatio fcmper eft vera fi fuerit n numerus inreger 
major quam m. Hinc ergo inrellijrirur quam lare pateat doc- 

68. Si Jenominaror fucrit potcflas non binomii fed muliinomii, 
natura Seriei quoque alio modo expiicari poteft. Sit nempe h„c 
fnuStio 3— prooo- 



ira ninc naru 

, fa+O tt . | j (-+0(m+t)f m + 1 V,^ 



Ad naturam (nijus Scrici pcnitus infpiciendam , exponarur h_c 
Series per litteras generales hoc modo ; 
, + _f { + fl { - + C t ' + . . . + Kj — J + If 1 + itfj"— ' + 
JVj" + &c. , ac quilibet coeindens N cx rot procedentibus , 
qnor funt littera; a, £, y, S, &c. iia determinabi tur ut iit : iV 

qu_ lex continuationis etfi non eft conftans , fcd ab cxponence 
potcflatis f pendet , tamen eidem Seriei alia Conyecit lex 
progrsffionis conftans , quam dcnomiuator evolutus przbec , 



54 DF. EXPUCATIO. 



ans ; fi enim quoque aliquot poteflates 
■a illa lex multo magis Geret complicata , 
calculi difFerenrialis ptiucipia fccilius 



oiorisFaaore^ 



m ^ + B{ + Cj' + + &c. atque, fa<2a divifione 
per j, manifeflum eft foe^+ ^Jl+^ - 4+fl + 
C { + + Ef 1 + &c. Simili modo erit J^fcjl+^+J^ 
= — + — + c + /J { + E l + &c - - at q UE generatim erit 

, . + i t + f f+fa. _ A_ + _____ + _C_ + 

{'[l — «I C;' — ti' Sid. ) i™ i"' -1 1 

— (~ + &c. quicuuque uumerus fiierit exponens m. 



tes cxplicari potctit. Sit ftilitet prop<jf;Ki h.vc fra<aio y = 
& pcr Sericm recurrcntcm y = t + i ; + 
3 l' + H + ^ i* + : ponatur j = — erit y 
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— ^fl+l, •= zz^liil. j am 1 + Camv. 
ox + xx ■ — x' + x.r* — 3«' + 5*' — &c. ; unde 

erit y = — x + ox — >■ + x' — ix' + 3*' — 5 x' + 
Bx. Vel ponaiur j — '~ • , erir y = ^ -1 ~ ,- utde 

fit y — — 1 — 10 j: — 41.W — 178*' — 7i4 J ' — &c - 
cujufmodi Scrics rucmTLiito ;iru y iiii^ir.n.^.ihiiii imcniri polTunr. 

71. Fumftiones irrationales ex hoc theoremate univerfali 

in Series. inlinitas transformari folcnr , quod lit (P + Q)" 

— pT + £ p n Q + ^Z=£3 P « Q' + 

"i" — "i n ~~ ~ 1 " ' > p " *3' + &c : lli enim 

termini , nifi fuerit — numeros intcgcr aflirmativus , in infi- 
nitum excurrunr. Sic crit pro ni fir n numcros dcfinitos fcri- 

(p + Q) s = p ! +4 p— ; g— ^ p - 1 e + 

P-' Q' - &c. 
(P + Q)— i = p— p— » Q+Iiip— !<2'_ 

ri4 p ~ ! *2' + 

( P + Q )* = P* + | P— i Q — P-1 Q' + 
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i+| y— ? <y + te . 

(f + C) t _ pl + i p-t Q _ ±_£ p-« + 

&c. 

71. Hujufmodi ergo Serierum rermini ira progrediuntur ut 
quilibct ex anr^ccJ^T.ti; rormari polfit : fit cnim Seriei , qua; ex 

f P + Q nafciuir , tenninus quilibet = M P » C* 
„ — tttl)n 

erit fequcns — ^y.'? ATP n <T + '. Notan- 

dunj autern ell in quovis tcrmino fequentc exponentem ipfius 
P unitate dccrcfcerc , contra vcro cxponentem ipfius Q unitate 
crefcere. Quo aurem ha;c fiicilius ad quemvis cafum accom- 

modentur, forma generalis ( P + Q )« ita exponi poteft 

P ~" { 1 + §■ V" : evoluta eaim formula { 1 + 2 )» Serieque 

rcfultante per P " mulriplicjta , prodibit ipfa Series ante data. 
Tum vero fi m non foluni numeios intcgros denoret , fed 
etiam frafros , pto 11 tuto unitas collocari potcrit. Quibus fec- 
tis , fi pto 5. f q UE e (i Funclio ipiius f , ponatur Z , habebitur 
(i+Z)" , = i + "Z + J l ^zrj j 2" + ^j=-*fe=-J Z' 
+ &c. Ad fequcntes progrelfioiium leges autcm obfervandas 
convenict hanc formule generalis in Seriem converfionem no- 
taffc 



PER SERIES INFINITA S. j 7 

tafie(l +Z)*' - ' = i +I ?TT il Z + '"^ -0 C, "T- Z' + — — 



_ I 1 i 1 "' — 1 112 . *> a! f ' 4. & c . Scribatur pro Iiac 
Serie ifta forma geucralis 

i + „ f + flj' + C f ' + + M f "— , +jV i " + & C . 

alqne quilibcr coeflkiens N ex prscedente M ira derermina- 
birur ut fit W — k M. Sic , pofito n — I , cum fic 

M= i , erir N= A — «. ,- tum fadto n == i , ob 

Af = A = t , crit N = fl — 21=1 a Af — 

i '" ~ 1 i f M — 1 j a ' ; finillique modo porro C — : a fl 

__ <m — i) »1 ' w ~ ^ ct' , _ Seties ante invenw 

lieclarar. 

74. Sir Z = uf + £ ff , critque { 1 + a f + G ff ) 

_ , + (_p0 (a f + c H ) +Ja=_fe=_(«[ + e i{ y+&c. 

Qtiod ii ergo tetmini fecundum potelbtes ipfius f difponantur , 
eri.(i + Ei +e fr )'° — ' — 

, « ( + fctai-^ a - ( . + '--o^o^ a . { . + &, 
-le^ + _=_2=_ ife g ( '+_, 

Euleri IntroduS. in Anal. infia, H 
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tm. I. Scribaiiir prri luit Sli-Is: ilia forma gL-ncralis : 

I + Aj + B{ + Cf ' + . . . + Lf~* + M(— ' +Nf - 




7;. Si fucrir 2 = aj + 6 t ' + yj 1 , erie ( i + » { + 
+ y? = 1 + ^=I> t> { + e { ' + y { ') + 

(»— o («— ») Co , ( + e t ' + Yr .y +&Ci> quiexpre r. 

Iii> , fi omncs rennuii i"_;i;tidum poteftates irjlius j ordinentur , 
abibit in haitc Seriem : 



+ 1 j 1 y i' 
cujus lex progrcllkmis ut mclius patcfcar, ponatur ejus loco 
i +^+B( + C( + ... +Kf J +Xj" ^+Mf ' +Ar { " ) 
cujus Serici quilibct tnL llici^ns cx tribus anttctjcntibtis iln ilc.er- 
tninarur ut Ct N= ^~-) 3.M+ ( lM "1 gL + 1 - yg. 
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Cum igitur primus termhus fit = i , & anreccdcntcs iv 



A = "- 



, A + ^ C 
t £ + <i2=i) g A - 



76. Gencriiliier crgo II ponatur (1 + af + £^' + y {' + 
S ^ + &c. )"'— ' = 1 + ^ { + B( + C ? ' + Z> ? * + £ { ' + 
&c. , liujus Seriui fiiii;iili itrinini ita is pra.'Ci.-di:iitibus (lelinieii- 



h !i^c:c + ( i^yii+t3 



qnilibet fcilicet 1 
tiuoi habentur Mt 

cujus poteflas in 
gis convenit 



ninus per tot pralccJentes derermmatur , 
e « , t , y , S, &c. in Funfrione ipfius j. 



Ceterum raiio hujus lc- 
tjuam fupra 5. 6S. ubi funilem formam 
Cf' — yj' — &c.) ^ 71 ™ 1 j n Seriem inCni- 



DE FUNCTIONinuS DUARUM 
efolvimus ; fi eninHoco m fcribatur — m . atque litterx 



ergo fuflicict verita 
exempla comprobafi 



C A P U T 



77-Qu. 



atque a 


te. Difcrimen 








s, & non pende 




utprioricafu, fi 






nliquat determinentt 


t ; poftei iori vero 




atio unins rignifi 




iticime rc-ftringar. 



78. Fnnclio rrgn ih«n:m rbnnmvc qiw.titaiam variabilium ,. 
x,y, z, eft exjinjji.i j.-.v :noJt,c:t:iqne ex his qimntitaiiliis totn- 

pofta. 

Ita erit x' + yy{ + Funflio quanritatum variabiliura 
trium x , y, j. Hzc ergo Futiftio , fi uaa deteaniuetur 
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PLURIUMVE VARIABILIUM. 
riabilis , puta 7 , hoc eft ejus loco «mftans nuraerus fub 
tur, mancbir ...l^c quaiuiras u^bUis , fVilic-,t IWi.: 
rumx&y. Atquefi, prarerr, enwqitt y determinetiu- 
crit adliuc Funitio ipfius *. Hiijufmotii ergo plurium 
bilium Funffio nnn aute vali.iLm dttiTininatiim obtli 



:o mirms nr.n I chhIl-jis clt putanda , 
inetur, fiipcHit Fu.^io alydmska 
■n txpt.lit luijuiimjJi iii!>:hvi:i<.i'.ibiii 



biliiiin y & ; ha-c crir forma generalis : « + £y + yf + Sy - +- 

*n + + + fl ** . + + h' + &c - <i iioi 
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I. II tr:;o P £_ d_::rj:t.it !ii.j\i!.-,!:iJi ..■'.mirrii.i.ts iuicgras , (ivc 
~ dnarum fiva pluriian variabilium , erit ^ forma geueratis Fudc- 
rionum fraiSjruni. Fuiiollo tl-iiique irriirio::a]is ell vel e^pli- 
ciia , vel ini|ilicira ; i!h pcr li^-iu ritrlici!:.! pni pc:iiti:s cfl c. o- 
!ura , hsc aiirem p-.r arrj-.::ir:i>:-t.ii irrcl :.i:::;i!um cxliibctur : [ic 
Kerit Kii!)di> inipliriu Lr:-:i rio.i.iSis ipf.iMtii y & j, (i fucrir 

f^CByf + r 1 } ^■ + Cj'- + 1 , )K + y' + i^-i'+ r '. 
8 1. MMformiiai itiait w fcj Fu*aiomlm a q„ e nouridebet. 



iri!>i 1; u,tur, Functio ,,or, .,i,i,m fcJ .lnplictm pcrpiruo 
bebic valorem de.erm_i.arum. Simili motlo erir K Fumftio 
triformis li foerit V — PV+QV — Jl=o: atquaFuncKo 
quadriformis G fiierit V — PV + QV — RV+S^ o: 
hocque modo ratio Funtfliomim mdtifonnium ultetiorum crit 
ccmparata. 

Si. Qutniadmodtmi li Fiu:->i:i liiiius v:iri;iiii!is j niliilo tvqua- 
lis pooitur, quantitas variabilis ^ valorem confequitur dcrer- 
mi-istum vcl Jimpl !'_':...: vel nt^ti^liccm ; ita li Fifnftio dujrum 
variabtlium y & ^ nihilo rnqiiislis poniuir . nim aliera varia- 



iae, qiiotcunqus v,_.i:il.i!c'; iiivolvjt , femper una variabilis 
r rdiqtias dt-initt-r ear-mnrc tit r.:n<-.:o ; dur an.em ajqua- 
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PLURIUMVE VARIARILIUM. 63 
s diverfe inrer ca!'.lc-m varuiiilcs orti binas pcr reliquas C.\r.V. 



S4. ApniiCt-mus 1'riiiUir.i hanc chfliriclicncm atl Funcliocts: 
inte^rcs , arque duas tantum variabiles inefle ponamus , quo- 

Fi;n:::u igitstr inrcpra frif homogctsca in cujus jingtilis tcrminis 

Subcliviclentur uvo hujiilinc-Ji !■"•.; ;-.c>!::iils comniodilfime fc- 
cundum numerum dimenfionum , quem variabiles in ipfis ubi- 
gue conitiruunr. Sic erit ay + €,» forma generalis Funflio- 
num integranim ur.ius c!imciififi:i;s : li.tc vcro csprelfio ay' 
+ + yf crii f'(ii-iiia gcucr:i!:s l'::i d;m'.::m duarum climcn- 
(ioiuim , tum lormn :;i-n-.-i :ilss Kuuijlifiiiiiii trium dimenfionum 
erit : E y' + + yy£ + S f 1 ,- quaiuor dimeniionum vero 
harc : sy' + £.y'j- + yj'{' + Syi' + f{" ; & ita porro. Ad 
analogiam isrirur crir cjuaniitas coufians fttla a Fuuelio nullius 
dimenfionis. 

85. Funclio porro frncla crh homogtnca , ft cjns Numcrmor 
cc Dtnominalar fucrtnt FunSiones hornoeenea. 

Sic harc Fraclin ^ c ™ Funclio homogcnea ipfa- 
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rum y & r ,- numerus dimenfionum autera habebirur , fi a 
numero dimenfionum Numeratotis fubtrahatur numcriis di- 
menfioitum Denominatoris : atqtie ob hanc rationem Fraflio 
allata etit Funftio unius diroenfionis. Hsc vero Fraflio 
J ' ^ ' - erit Funflio trium dimenfiomim. Quan.lo ergo in Nu- 
meratore ac Dsnominatore idcnl dimcnrionum numerus iiie!r , 
nim Fra3io erit Funflio nullius dimeitfionis , uti cvenit in 
hac Fraflione -^±4- , vel etiam in his y - ; '-^ ; Quud 

fi igirur iu Denoiv.iiiiitore plurcs liivt cl^v.rnlinncs quiim in 
Numeiatore , numerus dimenfionuni Fi -■liniiis crit negativus : 
fic f erit Fuuftio — i dimenfionis : erit FuncTio — 3 



.erit Funftio r.uilius dimenfionis. 

85. Natura Funflionum bompgenearum quoque ad expref- 
fioncs irrationales exeenditur. Si enim fuerit P Funftio qu*- 
cunque homogenca , puta n dimenfionum , mm \> P crit Func- 
tio ~ n dimcnfionum ; y 1 P crit Funflio ~ n dimenfionum , 

8; gencrarim P' erit Funflio — n diiuciiiionum, Sc V(yj'+f;0 

crit Funflio unins dimenilonis ; V (y' + f) crit Funclio trium 
dimerifiooum : ( Jf + {f ) ! crit Funclio -| dimcnlionum : 
ntquc 
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PLURIUMVE VARIABILIUM. 65 
a*que yp^-^y erit Fun&io nullius dimenfionis. His ergo 
cum prscedenribus conjuncKs intelligitur hsc expreffio y 

+ xlL>z±jil _ ^,/_ t ., + „,,+•&.+,) «»i 

Fuuclio homogenea — 1 dimenfionis. 

87. Utrum Fun&lo irrationalis implicita fit liomogenca nec- 
ne , ex his facilc colligi poteft. Sit V hujufmodi Funftio im- 
plictta ac V + P V + QV + R = o , exiftentibus P , QSc 
R Funclionibus ipfarum Y Primum igiwr patet V Fuuc- 
tionem homogeneam efie ncra polTe , nili P , Q, Sc R fiiit 
Funftiones homogenes. Praiterea vcro fi ponamus V efie 
Fun&ionem n dimeiifiomim , erit V Funftio 111, & V Func- 
tio 30 dimenfionum ; cum igiiur ubique idem debeat effe nu- 
merus dimenfionum , oportet , ut P fit Funilio n dimenfionum , 
Q Functio in dimenlionum , & R Funclio 3/1 dimenfionum. Sint 
ergo viciffim litters; P , Q , R Funfliones homogenea: ref- 
pcflive n, i" , 3/1 dimenfionum , hinc concluderur fore V 
Fun&ionem n dimenfionum. Ita fi fuerit V + (y' + f ' ) V 
+ ay° V — j'°= o erit V Funilio homogcnca duarum 
dimcnfionum , ipfarum y & j. 

88. Si fuerit V FunSio homogenea n dimenfionum ipfarum y 
& z , in eaque ponatur ubiqut y == u i , Funclio V flJifo in />ro- 
duclum ex potefiate z" in Fundionem quandam variabilis u. 

Per hanc enim fubftitutionem .y==i; j , in fingulos termi- 
nos tanta: inducentur poteftates iplius { , quanta: ante inerant 
ipfius y. Cum igiiur in fingulis tcrminis dimenfiones ipfarum 
y Sc l conjunftim aiquaficnr numerum n , nunc fola variabilis 
j ubique habebit n dimenfioiics , ideoque ubique inerit ejus 
poteflas Per lianc ergo potellatem Funclio V liet. divi- 
fibilis & quotus etit Funclio variabilem ramum u involvens. 
Hoc primnm patebit in Funftionibus integris ; fi enim fit V= 

?-y' + + yyi + Sj' , pofito y = -j, fiec v=?' 

F.uleri Iniroducl. in Anal. infin. I 



66 DE FUNCTIONTBUS DUJRUAT 
Llrfl. (au' + £u' + yu + S). Deiude vero idem manifeftum efi 
in frafHs : iit enira f= j y+~w ' oem P e Fun,a i 0 — 1 d '- 
irienfionis , fa£lo y = u f fiet ^ =5 1 (^7^ )■ Neque 
etiam- Funftiones irrationalcs liinc exdpiunrur , fi enim fit 




hi&um y & z ; 
y + € z , quot 

n Fuil&fc) fit homogenea , pofitoy==«j, tranfibit 
in proih:<£ium ex ? n in Fimctionem quandam ipfius 11 integram , 
quc FuncYio profJti-rra 111 FacluR-^ fuupliii:? formi n u + € 
refoki porerit. Mulriplicentur fintruli Factores hi per j , erit- 
que Imiufcujufque fornia^iiif + £j = «y + ob "l=J- 
Propter multiplicatorcm autctn , tot hujufmodi Facrores 
nafcentut quot exponens n contbcat unitares ; Fa<3ores autenv 
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PLURIUMVE VJRIABILIUM. 6 7 
K fimplices erunt vel reales vel imnginarii ; hoc eft , coefii- Caf. V. 

ciemes n S~ € erunt vel reales veUiaiaginarii, 

Ex hoc iMqae lcqciit:: Fimclioiiem duiirum dimcnliomim 
ayy + iyj + c {{ ^ L,os habere Faflores fimplicefl formic «y 
■f S{ ; Funflio autcm ay' + + ey*' + rfj' habebit tres 
Faflores firoplices forma: K y + €j ; fitque porro Functionum 
Iionio;;uiiciiri!in i-i:u:,: aium , tpoc plu:-cs habcnr dimoiilioucs- , 

Ot. Qvicmritlmndum c:;o lixc cxpreilio ny + £f continct 
formam gencrjleui rimJckiiium intc ,i-.Lti!i;i unius dimeiillonis , 
ita ( sty + £r ) ( yy + -Jf ) erit fin ii-.:i t;encralis FunJlioniim 
integraium du.-mmi ilsiiieuliosnirn : suque iu Imc lorma (ay + Sj ) 
{ y_v +Sf ) ( f y + , c f ) cominebuntur omnes Fun&ioues iu- 
"tegrs trium dimuifionum , ficqiie omncs Fimolioncs inrejjr.B 
homogenesperproduflaeK tot hujufmodi Facloribus a.y + £j 
exhiberi potenmt , quot Funftiones ilb coatineant dimeniio- 
nes. lili autem Fatrores crit!o:u liiodu per rcftiluiiuiiem aiqua- 
tionum reperiuntur , cjuo fupra Fatflores finiplices Funffionum 
inteLTfiirum mrii'; v;Lii;.b:lis inveiiire docuimus. Ceterum hffic 
propriems Fundioiv.iiii lujiii';;,oijo;iri!nt duarum variabilium non 
estenclitur ad Ftindioiir. 5 htimijgcneiis trium plimumvc- varia- 
bilium : forma ciiim «ciior.iIiM h::;i:l nuirls Vv .:iionvtm dusrum 
taurum dimcnfionum , qus eft ayy + Aj-f + cyx + dxy + 
exx +f~ ? yciioriiiirer nun reduci pti:.'.' ad hujufmodi pro- 
dutfum («y _ + £{ + yx) (Sy + t j + Pxj ; multoque 
mimis Fiinctioiies p--.i riuiti dim-.iiiioiivint ad hujufmodi pro- 



FuncYio bifida erit , in qua duplex dimenfiomu 
occurrir , eritqtie lidco :,:, l;lc:; jluili dviarum Funclio' 
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68 DE FUNCTIONIBUS DUARUM 
Lib. I. genearum , quarum numcri dimenfionum diffcrunt; ita y' + 

iy' j' + yy + {{ erit Fouflio bifida , qtiia partim quinque , 

partim duas cominet dimeiifioiies. Funflio aurem trilida eft , 
ln qua tres divcrfi dimenlionum numeri infunt , feu quat iu 
tres Funfliones homogeneas diilribui potcft , uti y' + y' j' + 
j< +y — r . 

Pra:rerea aurem dantur Fun&iones heterogcnea: frafll vd 
irrationales tantopere permixtc , qua iu Funfliones homo- 
gencas refolvi nou poffunt , cujufmodi funt * b ^~^^ * 
a + y f + 
yy — b i 

93. Intcrdum Funflio heterogenea ope fubftitutionis ido— 
t\cs , vel loco unius vel uuiufque variabilis fafla; , ad bomo-. 
geneam rcduci porefi \ quod quibus cafibus ficrt queat , non tam 
facile indicare licct. Sufficiet ergo exempla m_dam attulille , 
qtiibus ejufmodi redu&Jo locum habet Si fcilicer hie propo- 
fita fit Functio y' + j{y + y' j + -L ; poft leveni attenrio- 
oem apparebit , eam ad liomogeneitatem perduci , pofito { = 
xx : prodibit enim y' + x'y + y' xx + y , Funflio homogenea 

5 dimenfiouum iplarum x _ y. Deinde hac Funflio y + 
y* x + y' xx + y' x' + ^ai homogeneitatem reducitur po^ 
nendo x = — , prodit enim Funflio unius dimenfionis y + 

6 + ^ +^ + of. Multo difficiliores autem funt cafus ,. 
quibus non per tam fimplicem fubftirurionem ad homogcnci— 

s iicet. 



g4- Tandem inprimis notari meretur Funflionum integra- 
rum feCiiedum ordines divifio fatis ufitata , fecundum cuam 
ordo definitur ex maximo dimenftonum numero qui in Funflione 
ineft. Slc xx + yy + + ay — aa eft Funflio fecundi ordt- 
ais , quia duat dunenlioriea occuriunr, Et y* + y( — a y' j + 
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PLURIUMVE VA R 1A B IL IUM, 6$ 
cjyj — aayy + b" perrinet ad Funftiones quarri ordinis. Ad Cap. V. 

hanc divifionetn potiflimum in doflrina de lineis curvis refpici 

folet ; unde adhuc una FunSionum integrarum divifio com- 

95. Superelt fcilicet divifio Funaionum inrcgratum in com- 
plexas aique incomplexas. Funftio autem complexa eft , qua: 
tn Faclorcs rationales refolvi poteft , feu <jua? efl: productum 
ex duabus Pluiibufvc funflionibus rarionalibns i cujufmodi efi 
y* — f + lar' — iij'77 — aa^ + lab^y — bbyy , qua: elt 
productum ex his duabus Funcrmnibus ( yy + £f~ "l + by ) 
(_yy — « + or — by). Ira vidinuis omnem Funclionem in- 
tegram homogelieara , qua: tantiim duas variabilc-s complccla- 
rar, efle Functiouem complexam , quoniam tot Factores fim- 
pltces forma: n.y + £j habct, quot conrinet dimenfiones. Func- 
tio igirur integra cnt incomplcxa , fi in Fa&ores rarionales 
refolvi omnino nequeat ; uti yy + — aa , cujus nullos dari 
Factores rationales facile intelligitur. Ex inquifitione Divi- 
forum patebit , utrum Funclio propofita ijt complena an in- 



C A P U T VI. 

De QaOnw:\hat ftf;ir.e«t.el;li.s a: U^aritlimis. 

jfi. "Qtt*N(ju»M nut;o V'iiiif!ionum tranfccndenrium in cal- 
culo mtegrali dcmum perpende-i r , timra antetjuam co per- 
venian.ui , qu.-ilJam fpecics magn ohvias , atquc ad pluie» 
inveftigaiw.es aditun aperientei , cvolvcrc conveniet. Primura 
etgo ioi:fidcrand.r funt r.ianntaii '. ' ■vjn:re;;ti;!e* , feJ Poief- 
tates , quarum Exponens ipfe cft f;uar.t;ras v.iriabilis. Pcrfpi- 
cuum enim eft hujulVnoJi quar.tiratts ;d Fnncliooej algehraicas 
ictrn- uon polTe , cnm in his Evponentes non mfi cooftaotej 
locum habeajit, Multiplices autem iunt guantitates exponen- 
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jB DE QU ANTITATIBUS 

n. I, tiales , prout vel folus Exponens eft quantiras variabilis, vcl 
prsterea etiam ipfa quantitas clcrata ; prioris generis c(t a' , 
Iiujus rcro y* ; quin ctiani ipfe Exponens potefl elTe quan- 

ritas exponentialis nti iti his formis a / a ; y ; x . 
Hujufmodi autem quantitfltiim non plura conflituemns genera , 
cum earum natura fiitis d.irc iiirell^i qiieat , fi primam tantum 



tis a , Expo 
Exponens T 

primum p;-.i t r 
.cf^liuilllLL: 



ac , fi fiierit i= o , habebitiir femper o' = i. Quod ii loco 
T «wm«i ponaniur , ut {- ; j'; |; i,- | ; &c 

orientur ifti valorcs v''! ; V " ! V°"i V a 'i i &C- , qui in 
fe fpechti geminos plurefre indiumt valores ,. cum.radicum 
cxrraiflio fcmpcr valorcs multiformcs producar. Interim tamcn 
lioc ioco valores tautum primarii , "reales fcilicer atque afrir, 
matiri admitti folent ; quia quantiras a' tanquam Fun&io uni- 
formis ipfius £ fpeclatur. Sic u' medium quemilam tcnchit 



nvolLitorurn eoacj- 
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EXPONENTULIBUS AC LOGS.RITIWIS, 7 i 
pere, unicus tantum realis confideratur. Sic a^ 7 erii valoi Of.VX 
detcrminarus intra limilcs a & a' comprchenfus. 

mtudineniimeri conflamis a pcndcbnnr. Si'cnim fiicrit a~f 
femper crit o' = i , quicunque valores Exponenii ; tribuantut i 
fin autem fiterit o ! > i , tum valor ipfiits a* eo erit major , 
quo major numtrus loco { fubftiluatur , atquc adeo , polito 
{ = t», o ! in infinitum c-xcrcfi.it ; fi fucrit { = o, fiet o ! = i 
& , fi fit { < o valores o* fient unitate nunores , guoad pofito 
f = — co fiat o ! = o. Conrrsrium evcnir fi fit a < i , ic. 
ram tamen quantitas aditn-aiiva ; ram enim valores ipfius a' 
deciefcent , crefcenic { fupra o ; crefccnt veto , fi pro j uu,. 
meii negaiivi ful;llnuantur. Cum cnun fit u < i , erit -'->!• 
pofuo ergo 7=5,* eiit o' = , unJ B pofinrior cafus c* 
pnon di|udicari potciit. 

99. Si fit 0 = 0, ingens falics in v.iloril<us ipfius o' dcprc- 
Iiendiliir , qnamdiu enim fuerit { mimerus affirmativus feu ma- 
jor niltilo , crit pcrpeuo o ! — o : fi fit { = o erir o° = 1 ■ 
fin autcm fiicrit ; numerus negativus , tum £ obtinebit valo- 
rem infinite magnum. Sit enim f sz= — 3 ; erit c' = o — 3 = 
jr = "5" t ideoque infimtum. Mulro majores autem faltus 
occurrent , fi quantitas conflans a habeat valorcm negarivum , 
puta — i ; lum enim ponendts loco { oumeris integtis valores 
ipfiua o 1 alternaiim erunt aflirmaiivi & negativi , ut ex hac 
Serie intelligitur 
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7 t DE QUANTITATIBUS 

LjB '■ + ^; — \; + ji — i ; — i; ++; — 8; + 16. 
Prcterea vero fi Exponenti j valores tribuantur fracli , Potef- 
tas = ( — l )' mos reales mox imaginarios induet valo- 
res : erit enim a' = V — i ima-inarium ; at erit a' = 
'V' — -l = — yi reale : utrum autem , fi Exponcnti 5 iri- 
buantur valorcs irrationales , Potelbs a ! exliibcat quancicatcs 
reales an imaginarias , ne qu dem de.i.iiri licet. 

100. His igitur incommodis numerorum negativorum loco 
a fubllitiiendorum commemoratis , ftatuamus a etTe numerum 
nmrmativum , & unitate quidem majorem , quia huc f|uoque 
ilti cafus , quibus a eft pumetus aiKi-maiivus unitate minor , 
facile reducuntur. Si ergo ponatur u' —y , foco f fuMituendo 
omnes numeros rc-alcs , qui intra limites + co & — cx> 
conrinentur , y adipifcetur omries va'ores aflirmarivos intra 
limites + os & o contenios. Si enim (it r — co crit y = co ; 
fi { = o erit y = 1 , & fl r = — co fiet y = o. Viciffim 
ergo quicunque valor affirmativus pro y accipiatur , dabirur quo- 
que valor realis refpondens pro f ita ut fita' = y,- fm autem 
ipli y ttibueretur valor negativus, lisponens { valorem realum 
liabere non poterit. 

joi. Si igitur fuerit y = a % , erity Funftio qua-dam ipiius 
j , & , quemadmodum y a f pcndeat , cx natura Poteftattim fa- 
ciie intelligiiur ; hinc enim quicunque valor ipfi j tribuatur , 
valor ipfius y determinatur. Erit auccm yy = a lf ; y' = o'' : 
& geneialiter erit y" = fl" 1 ; imde fequitut fore V y = a ; 

rj y yy ' Vy ' 

& ita porro. Pnterea , fi fueri; v = a* erit vy = a z ^ s & 
-- = a*~~ l , quorum fubfidiorum btneficio eo facilius.yalor 
ipfiusy ex daco valore ipfius j iiiveniri potcfl. 

. ■ ExtMPLUM, 



EXPONENTIALIBUS AC LOGABSTHMIS, 73 

E X E M P L V U. 

Si fiierit a = 10 , e:; Arirhmetica , qua utimur , dcnaria in 
promtu erit v.lor.:; ipiius V eMhibeie , li £;-,:i:!L:n pro j iiumeri 

integri ponantur. Erit enim '10' = 10 j io'=ioo; 10' — 

pro f Fraclioncs ponantur , ope radicum exrraclioms valores 
ipfius y indicari polTuot : fic erit i°' = V 1° = 3 , 1(11177 < 
&c. 

ioi, Quemadmodum autem , dato nutnero 0 , ex quovis 
valore iplius j reperiri poteii valor ipfius y , ita vicilTim , daio 
■valore quocuiHjut :!!lini] ativo ijiliiis y , conveniens dabitur valor 
ipfius ^ , ut fit a' = y ,■ ifie aurem valor ipfius J , quatenus 
tanquum Funffio ipiii:; y IpcaJiiir , vocari folct Lochitg-. 
f.us ::■.!":'.;- r. S-.:;i;;i;lil: l:l;o liocirnlL! Lo'_Llrit':!TiOL-L:n-. r.umo- 
rum certum conftantem loco a fubftituendum , qui propterea vo- 
catur bafis Log^r'::!'.morum ; qua atTumta erir Logarithmus cujuf- 
que numeri y Exponenj Poteftatis , ita ur ipfa Porcllas a> 
rqtialis fit numero illi y ; indicari autem Logarirhmus numeri 
y folct hoc modo ly. Quod fi ergo fiierit = y , erit ; = ly ; 
tx quo iutelligirur , bafin Logarirhmorum , etiamfi ab arbirrio 
uoftro ptndear , tamen eiie debere mimerum unitatc majorem . 
hincque nnnnifi numerorum alfirmarivorum Logarilhmos reali- 
ter eshiberi pofTe, 

103. Quicunque crgo numerus pro bafi Logarirhmica a acci- 
piatur , erit femper ii = o ; fi enim in ^quatione a' x = y, qua: 
convenitcum liac{ = /y, ponatury = 1 , erit f = o. Deinde 
numerorum unitatt [.ikjoiuiu I.o^imlimi erunt atlirmativi, pen- 
jientes a valore baiis a , fic erit la = 1 ; laa = % ; la' = 3 ; 
Jiuleri Introducl. in Anal. injin. K 
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74 DE QUA NTITA TIB US 

Lib. I. /o* = 4 i &c. , unde a pofteriori btelligi potefl , n,uanrus na- 

merus pro bafi fit anumtus , ib.i^t illc numerus , cujtis l.oga- 

rithmus eft = i , erit bafis Logartthuiica. Numerorum ausem 
unhate minorum , affirmativcrum tamen , Logarirhmi erunt 
negativi ; erit enim !~ = — 1 = — *> ("5 — — 3' 
&C. ; numcrornm aurem ncg^rivorum Logaiiti.nii non crunt 
reales , fed imagmarii , uti jam notavimus. 

104. Simili modo fi fiierit ly = f ,- erit tyy = 1 j ; 
( y' = 3 f ,- & generaliter I y" = n j , feu /y" = n /y , 
ob j = (j-. Logarithmus igirar cujufqua Poteflatis ipfius y 
squatur Logarithmo ipfuis y pet Exponentem Potellaiis mul- 
tiplicato ; fic erit l^y = ~ { — ~ ly i l-^ = ly~'' 
= — Y ly ; &itaporro: unde cx dnro Logarithmo cujuf- 
que aumeri inveniri poifiint Logarithmi quarumcunque iplius 
Fotelratum. Sin autem jam inventi fint duo Logarithmi , nempe 
ly = j & !v = cum fit y = a* & v = a x erit Ivy —. 
r + { = /v + ly ; hinc Logarirhmus Producti duorum nu- 
merorum Equaiur fununa! Logaiithmorum Factorum ; finiili vero 
modo crit / J- — f — - jc — - ly — — lv ; hincque Loga- 
rithrr.us Ftactionis aquatur Logarithmo Numeratoris dempto 
Logarithmo Denominaroris : que reguhe bferviunt Logarith- 
mis phirium numerurum inveuiendis , ex cogniris jam atiquot 
Logarithmis. 

ioj. Ex his autem patet aliorum numerorura non dari Lo— 
garithmos rationalcs , nifi Poteftarum bafeos a ; nifi s euim nu- 
merus alius 6 fijurit Poteftas bafis a , ejus Logarithmus numero 
rationali exprimi non poterit. Neque vero eriam Logarithmus 
tpfius b erit numctus itratioualis ; fi enim foret /6= i/n , tuni 
eflet a^" — b ; id quod fieri nequit , fi quidcm numeri a & b 
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EXPONENTIMJBUS AC LOGAKITUMIS. 7; 
rationales Itatuaniur ; folent aurem imprimis numerorum ratio- Cap.VT. 

nalium & integrorum Lo.;,irii!iEni ddidceiiri , i,ni;i Iiis Loga- 

rithmi Fractioiium ac numerorum furdorum inveniri poffunr. 
Cum igirur Logarirhmi numerorum , qui aou funr Poreltates 
bafis a , neque rationjhtci- nuijiie irr;;:io:ii!!i ttr uxhiberi queant , 
rneriro ad quanritates tranfcendentes referuntnr , hincque Loga- 

ximc per Fra&ioucs dccimalcs esprimi folent , qui eo minus i 
veritate difcrepabunt , quod ad plures figuras fucrint exacti. 
Atque hoc modo pcr folam radicis quadrata: cxtra&ionijm 
cujufque numeri Logarithmus vero proxime determinari potcrit. 
Cum enim , pofito / y = j- & Iv = x , ilt / V vy = ,- 
fi numerus propofitus 6 contincatur intra limites a & d , quo- 
rum Logarithmi funt 1 & 3 , qucrarur valor ipfius a' feu 
d Va, atque 6 vel intra limites a' & a l ' s vel a 1 ' 1 & a' 
canrinebitur , utrumvis accidat , fumcndo medio proportionali , 
denuo limites propiores prodibunt , hocque modo ad limites 
pervcnirc licebit , quorum intervallum data quantitate minus 
evadat , & quibufcum numerus propofirus b fine errore con- 
fimdi poffit. Quoniam vero horum fingulorum hmirum Loga- 
rithmi dantur , tandem Logarithmus numeri b reperietur. 

Ponatur baf;s Logarithmica a — id , q-.iod in tabulii ufu 
reeepus ficri foleti & quatraru/ vero tanrum proxrmu Loga- 
rirhmus numeri 5 j quia hiL coonneiur intra limites 1 & 10 
quoruir. Lugariihrm funt a & 1 , fequenti modo radicum ex- 
tTih-u cnntinua iiilliruatur , quoad ad limites a nuraero pro- 
pjJiM s i!ui: anrihui ■< .sanr.s y.\. n iiiurcr. 
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qunriiijiii.rii jwi!L-;i u\imi:i invcnt:! liint ci >:ni 1 , quorum ope 
jnulro e\ptnliiiiib l..( ;;:irirhmi i"nppu:ari pollunr. 

107. Danrur trjn to: div-rf;i 1 .?>■.:::- tt.iT.im fyHemata quot 
varii numeri pro bafi a accipi poffiint , atquc idco numerus fyf— 



EXF ONENTIA LXB US AC LOGJRITBMIS. 7-7 
rcmatum Logarirhmicorr.m erit infinirDs. Perpetuo aurem in CAP.vr. 
cluobus fyitcm;;ri:i LoiiSrii i: ini c; , :!i:;un numcri eandem ititer 
fe fervant rarionem. Sir !;;>!■; mv.w: f\ ii_!-.-,.:::j; - — : a , alterius 
= b , atquc numeri n Lo^arirhmUM iii pr.ori fy!bmaie - - p , 
in polteriori = q ; erit a p = n 5; b 1 = n ,■ unde a p 
= fi ? ; idcoque a = t". Oportct ergo ut Fradtio 3- etmf- 
taiircm obtiiicat 'jlorcm , oiau-im^ue nimiiTus pro 11 fuerir 
a.Iumitis. Quod fi er-o pro 11110 I .ot-.iritiimi omiiU-m 

numerorum fuerliit compiitati , hin: fadli iit»otio pcr re-.ru. am 
anream Logarithmi pro quovis alio fyfleiTiate repcriri pafTunr. 
Sic , cum dcnt.tr Logaritfirni pro bafi 10 , hinc LogaritU P ro 
rjuavis alia b.tfi , putit 1 , mvciiiri poifm-t ; <!,:..r;mir euln. I,o_-a- 
rithmus mimcri n pro bafi 1 , qui fit = g , cum ejnfdem numeri n 
Logarirhmus fit = p pro bafi io. Quoniam pro baft 10 
ell /1 = 0, 3010300 , & pro bafi 1 , eft /1 = 1, erit 
o , 3010500 : 1 = p : q i-Jcoque q = — = 3 , 
3119177. ^ ; fi crgo oimcs Lc^aritiiiiii c.>i;;ni.:ncs mul.ipli- 
cciiiui* pcr numerum 3 , 3119177 , ptodibit tabula Logn- 
rithmorum pro bafi i. 

10S. Hinc fiqttiittr dtKtritm niiittctoniTn Lo^iiriclinios in qiij- 
.c::rq:te fr'}i-:".i:c enadem tenere raiiunem. 

Sint enim duo numeri M& W, quorum pro bali 11 Lo;ja- 
rithmi ltiit m & . - , erit M = a m & N = n" : hinc rlet 

a ™=M"—N' a , ideoque j1I=j"V"; i,i qua trquarione 
cum baf.s a non amplius inlit , jn.rfjr.ai.im eil Frailionem 
— habere valorem a baft 0 ncn pcnclcntem. Sint cnim pro 
atia bali h numerornm eorundem M & N Logarithmi fc & r , ■ 

pari modo colligctur forc M = N' . Erit crgo N n = iV' r 
tlncque ~ = , feii m : a = ft : 1, lta jam vidimusJ 



1 



7 8 DE QUANTITATIIIUS 

I. m omni Logarithmorum fyilemate Log.irithmos divcrraram 
cjvifdem muneri Poreflatum ut y m & y* tcncre rationcm Expo- 

109. Ad canonem ergo Logarithmoram pro bafi quacun- 
que a condcndum filf&cic numerorum cancum priniorum Lo^ja- 
rirhmos methodoante iradita , vel alia conimodiori , fupputafle. 
Cum crtim Logarithmi numtroram compnfitonini fint a;c|uales 
fummis Lojrariiliiiiiiiim: I; .i;..i 'i>:\:;u Facloruin , Logarithmi nu- 

fi habcantur logarithmi mimerorum 3 & 5 , erit / 1 5 = / 3 -f- 
/ j i / 4 J = 1 1 3 + / 5. Arque , ci.m fupra P ro bafi a = 10 , 
inventusfic (j =0, 6389700 , pricterca autem Ilc /io = r , 
erir l~ sss 1 1 = 1 10 — /j , ideoque orietur / 2=1 — 
o , 6980700 = o , 3010300 ; ex his autem numerorum pri- 
moram -l & 5 Logariihmis inventis reperienlur Logariihmi 
omnium numcrarum cx his 1 & 5 compofirorum ; cujufmodi 
funt iili 4, 8 , 16, 31, 64, &c ; io , 40 , 80 , ij , 50, &c. 

110. Tabularum autem Logarithmicaram ampliffimus eft 
ufus in co!itr;i!i^:i:!is cjiicuIis u-.mi.TiL-is . propterea quod ex ejuf. 
modi tabulis non foliiin <lati cujnfque iiunieri Lngarirhmus , fecl 
etiam cujufque Li),-::ritli:iii prfipoi::; niniuras conveniens repe- 
riri poiell. Sic , fi c , d , e ,f, g , h , denotent numeros quof- 
Cunque , citra muliiplicjrionem reperiri puterit valor iltius est- 
preflionis yy^ > eril emn > kujus expreffionis Logarichmus 

= -l!c + Id + j- lc — If~j Ig ~ lh, cui Lo- 

garithmo fi quiratur numcrus refiiondctts, habebitur valor qii.-t- 
fitus. Inprimis aurem inferviunt tabulx Logarithmicie digni- 
tatibus atque radicibus intricatiflniis invenicndis , qtiaram ope. 
rationum loco in Logarithmis cancum mulclplicatio auc divifio 
adhibecur. 
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■ Cap.VI. 



Quiratur valor hujus PotefSatis i' 1 : quoniam ejus Loga- 
rirhmus cfl = — / 1 , mulriplicetllr Logariihmus binarii ex 
rsbulis qui crt o , 3010300 pcr ^ hoc efl per ~ -J- — crit- 

/i ,l = o, 1756008, cui Logarithmo rcfpondcr numcrus 
1 , 498307 , qui ergo proxime exhiber valotem %'\ 
Esemslum II. 

Si numcrus incotarum cujufpiam provincis quornnr.is fui parrc 
trigcfimaaugeaiur , inirio aurem in provinda habitaverinr iooooo 
homiuum , qusrilur poil 100 annos incolarum numerus. Sit 
hroitaris graria ir.irio incolarum numerus = n , ita ut fit n = 
100000 , anno elapro uno crit incolarum numerusa— (i + ^)n 
= jj n : poft duos annos = ( )'» : pofl ires annos 
= n , hincque poft cectum anncs = n =— ■ 

{3i) l °° IO oooo ; cujus Logarithmus eft = 100 /31 + 
/ 100000. At eft i = / 31 — /30 = o, 0141404.30 , 
undc 100 / -'' = 1 , 414=439 , ad qoera (i addaiur / loooco 
= 5,erit Logamhmus nurr.cn incolarora qu*Cri_=i ^4*439. 
cui rtTpondet oumcrus =— : 1654874, Poft cemuci ergo araics 
numenis incolarum rit plus e_uam \;(ics fcsics cum femuTc. 



DE QU ANTITATIBU S 

EXBMTLUM .II L 



Cum po^ diluvium a fc\ hri-.unibiin ^sulh humasutm fir pro- 
pagaruni , fi ponamus ducentis annis pofl , numerum hominum 
jam sid 1000000 excreville, qirarirur quanta fui parte nume- 
rus hominum qui>s.i:u; : s a::^evi dcbucrit. Ponamus hoc tcin- 
porc nunterum hominum parte fua — quotaunis iticrevilTe , 
atque poll duiscntos si iiiiis prvJicrit ii'_-ici]ij uft luimcrus homi- 
num = ( iti 6 = ioooooo , unde fir — = 

5 , 1118487 = 0, 0161091, ideoque Ljtl£ — if gigj j , & 
looaooa = (SicjSj j: , unde fir x = 16 circiter. Adiantam 
crgo honiinusn nmitiplii.ii.iuiii.-m lujilvillL-r , fi qiiutannis deci- 
msi fexta fui parre increvilfenr ; qusc multiplicario ob longsvam 
viram 11011 nimis m i:;is:t ccm'jri potislh Qnod li autem eadem 
ratione per interralluri) 402 annorum numerus hominum crefccre 
perrevUTet , tum numcrus hominum ad 1000000. — g — s 
166666666666 afcendcre debialTet , quibus fultenrandis uni- 
vcrfus orbis terrarum ncquaquam par fuuTcr. 

Esehpim IV, 

Si jingulis fecuUs ntimcrus hominum duplicetur , nuaritur in- 
trememum annuum. Si qsiotaniiis hominum numerum parte fua 
-i crefcere ponamus , & initio numcrus liotninum fuerit = n , 

frit ij pofl centum annos = ( '-—-^ ) " > <£ui cum elTe de- 
beat 
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J ggggg __ circiier i fufficir ergo fi numcrus hominum 

tjuotanuis pnrre fua augeatur. Quam ob caufam maxime 
ridicuta; funr eorum incredulorum hominum objectioncs , qui 
negant tam fareii temporis fpatio ab uno honiine univerfam 
terram incolis impleri potviifle. 

III. PotifTimum autem Logarithmorum ufus requiritur ad 
ejufmotli aquariones refolvendas , in quibus quamitas incog- 
nita in Exponcntem ingreditur. Sic, fi ad hujufmodi perveniatur 
a;quationcm a x = b , ex qua incognira; x valorem ertii opor- 
teat , hoc non nifi per Logarithmos effici poterir. Cum enim 
fit a x » b erit la x = xU = Ib , ideoque x = £ , 
ubi quidem perindc eft , quonam fyftemate Logarithmtco uta- 
tur, cum in omni fyftcmate Logaritbnii numerorum a & 6 
eantlem inter fc teneanr rationem. 

Si numerus hominum quotannis centefima fui parte augea- 
tur ; quEritur poft quot annos numerus hominum fiat decuplo 
major. Ponamus hoc evenire poft x annos , & initio homi- 
num numerum fuiffe = n , erit is ergo elapfis x annis = 
( -j^ ) n , qui cum iqualis fit 10 n , fiet ( jjj ) =s 10 ; 
ideoque xl™ o = lio & x = )[0 ,?_^ 77^;- Prodibit itaque 
x == = ^3'- Poft annos ergo 231 fier hominum 

Euleri IntrodaH, in Anal, infin. L 



Bi D E QUANTITATIBUS 

tn, I, numerus , quorum increraentum aonuum tantum centdimarri 
' psrtem effidt , decuplo major ; hinc poft 461 anncs f.c; ccn— 

ties , & pof, Cjj :in;io3 rc.ilits major. 

E - X M _P L . M II. 

Qnidam deber 400000 florenos hac condinone uc quotan> 
nis ufuram 5 de ce:ireiiis folvere rciieatur ; escfolvit autcm fin- 
gitlis annb 15000 Horenos : (ju_ritur poft quot annos debirum 
peninis e_tingiiatur. Scribamus a pro dcbita fumma 4.00000 fl. 
& b pro fumma 15000 fl. quotannis foiuta ; debcbit ergcf 
elcpfo uno anno ^ a — b ; elapfis tluobus annis ( ~- y a — 

SS * — 1 1 "V» ■*(§)'«— <S)'* — 

j£9 b — b ; hinc , polito brevit.nis caufa , n pro^, claplis r 
— >_«*_« — ! (1 +» + «• + .... + »—'), 

Cumigitur fn cx 11:1 ru:,! u : .;;;:■(. i.iouum geometricarum , i + fi-[- 

n - + + n 1 ' = " ' , poft x annos dcbi- 

tor adhuc dcbcbit n z a — "* flor. , quod debitum nilii!» 
_qua!e poficum dabit bf.nc „quaiionem n'a = " ' * , fcn 
f , ) «'a^n 1 * — £, iJeoque (S — n_ + -) n'=& 

i__ ( „__| ):] - und e fit X = 'i — l(i—{n—l)c) _ i 

Cum jam fit a = 4^0030 , t = 15000 , n = eric 
( r — 1 ) o = looop & b — ( n — 1 ) a = 5000 , acque 
annoium , cjuibus debitum penitus cxiiiiiriiiiur , numerus x = 
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IHca. — f,co = t£ = gjggp . ^ ____ _ a ,; qMflt0 m ;_ Caf.VL 

nor quam 33 ; fcilicet elapfis annis 33 r.on folum debitum ex- 
tinguetur , fed crcdiror debitori redde-re tenebitur f — 111 
a — f £ _., ■ 't°°» IO0O0O (_« j.i jooooo 

flor. Quia vero eft l~ = 0,011 1891991 , erit f(^)"_- 
o , 69914637 , & / [ 00000 ( ~ )" — = 5 , 6991489 , cui tefpon- 
det liic mimerus 500318, B ; unde creditor debitori poft 
33 annos reltttuere deber 318 florenos. 

1 11. Logarithr.-.i autcm vul^fi-, fiiper bafi =10 inftrufti , 
pri-ter bunc uiiim . q;i,:in Lo;.;:! <;\: iiun in gonere prrrEiant , in 
Aiitli ir.oi :ca deciuviii nlii rofc;n,i (iugnbri giinJtnt ttimmodo , 
atcme n!j hanc csufam pri' ahis fydeuiatibus uiligiicm affc-runt 

utilitatem. Cum enim Logarithmi omnium numerorum , pr.-c- 

tor denarh* Potoliatcs , .ia l'V;i;l]oii;biis tk-ciuuilibus eshibeantur, 
numerorum inter 1 & 10 cuiitentortim Logarithmi inrra limi- 
tes o & 1 , nurr.croriim autem inter 10 & 100 contentotum 
■Logarithmi inter limites 1 & 1 , & ita porro , conrinebuntui*. 
■Conlkt ci-go I .ir-:ii-ir!inr,:n t:Liiit;u: cx niimcro inrc^rn £: Frac- 
tione decimali; & illc numerus integcr vocari folct Cha- 
K act er istica ; Fraftio decimalb autcm Mantissa. 
.Characleriitica ir::tnic iiiiifare tlcncier a numcro notarum , t[ui- 
Jjns numerus coniliir ; ii,- Loyinrliiui numcri 78509 Cliaracte- 
rillica etir 4 , <|iiia is cx tjuintiue r.tuis fou %,i:ris conilat, 
Hinc ex Logarithroo ctijufvis mimoii l';;i;iiii iiiiclligiiiir , ex 
quot fi^nris niimerus fit compofirus. Sic numertis Logiritlimo 
7,5804631 rcfpondens cm 3 figuris conftubit. 

113. Si ergo duorum Logaritlimorum MamifTa: conveniant,' 
Charaflerifticre vero tantum difcrepeht , tum numeri his Loga,- 
L i 
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[. ritlimis rerpondcntfs ratlonem habebunt , ut Potcllas denarii ai 
, ideoqne ratione figurarum , quibus conllant , conve- 
horumLogarithniorum,4,9i3oi87 & 6, 9130187 ni 



, & Loe 



|, 9130187 



Si htec pmgreffio 1 , 4, 16, 156, &c, cufus quifque tcrminus efi 
quadraittm praceJi niis , cv::iin:tf!i;r i.!qne tfrir.inum vigejimtnnt 
qiiinttim ; quarhur miigti::;u!n lnijnt icrmitti nhimi. Termini Iiu- 
jus progrcfiioiiis pcr Exponentcs ira commodius expramuntuf 
2', 1', 1', i', &c. ubi patet Exponentes ptogreffionem geo- 
metricp.m cnnliituerc , atqut termini vigefimi tjuinti exponen- 
tem fore i 1 * = 167,77116' , ita ut ipfe terminus qua?fmis fit 
_ ft i<777" t hujus ergo Logarithmus erit = 167773.16". /i. 
Cum ergo fir /1 = o, 301013995665981195 , erit numeri. 
ijuaifiti Logarithmus = 5050445 ,15973367, es cujus Charac- 
tcriltjca paietnumerumtuiicfLtum increfoliio expreiTum conflarc. 
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EXPONENTTALTBUS AC LOGARITHMIS. 9* 
cx 5050446 figuris. Mantifta autem 159733675931 in ta- Cap.^ 
bula Logarirhmorum tjd^fita dabit fitjiiras iuiriales niimeri qua;. 
fiti , qus erunt 181858. Qtianquam ergo ille numerns nullo 
modo exhibcri qtieat , tamL-n afftrmari potcft etim omnino cx 
5050446 figurisconll.ire, artjue (i;. :1 ;r.is initialns fex effe 181858, 
quas dextrorfum adhuc 7050440 figurse fequantur, qnarum- 
iufuper nonnulb cx majori Logarithmoram canone defiuiri pof- 
fent , undeeim fcilicet figun iifuiales eruut 18185851986. 



C A P U T VII. 

Dc quanxiiatum exponcntialiiim ac LogflriAmorum per Series 

114. Ou'* eft a* = 1 , atque crefcente Exponente ipfius a 
fimul valor Poreftatis augctur , fi qnidcm a eft numerus unitatc 
major; fequitur fi Exponens infinite parum cyphram cxcedat , 
Poteftatem ipfam quoque infinite panim unitatem efle fuperatu- 
ram. Sit w numerus infinitc parvus r feu Fraclio tam cxigua , ut 
tantum non nibilo fit squalis , erit a" = 1 -f- -J, , exiftente ^ 
quoquc numero infinite parvo. Zx prsccdente enim capite conf- 
tat nifi 4 elfet numerus infinite parvus , neque 0. talem e(Te 
pofte. Eiit ergo vel = w , vel -j, > « , vel ^ ■< « , qua: 
rat'10 utique a quantitate littera; a pendcbir , qua; cum adliuc 
fit incegnita , ponatur -\,=. ka , ita ut fit a"= r k * ; 
& , fumta-a pro bafi Logariihmica , erit a> = / ( j + ka). 

Exemplum. 
Quo clarius appareat , quemadmodum numcrus k pendcat a^ 
bafi a , ponamus elfe a = 10 ; atque ex tabulis vulgaribus 
tniaramus Logarithnium numeri quam minime unitatcm fupe;. 



SS DE QUJNTITJTUM EXP ONENTIJ IXU M. 
r - rantis , puta i + ^..^^ , ita ut fit k a = — gg— g \ erit 
'( 1 + p-... 1 .,..- ) — t £,.~.~.'.'. ~°, "00004,34.19 — <». Hinc, 
ob jU — o, oooooiooooo , erit £ = J3g2 & Jc = 
i — 1,30158 : unde patet £ cfle numerum finitum pcn- 
dentcm a valore b:ifis a, Si enira :iiius numerus pro bafi a 
ftatuatur , tuni Lfjjarirlimus fjiiftlcm numcri 1 + k a ai pric- 
rem datam, teutbit raBpnem, undc limul atius valor Iirtcri £ 

115. Cum fit a*= 1 + ka , erit n" = ( 1 + t ffl )' , quj- 
cuntjuc numerus loco i fubftituatur. Erit crgo a'" = 1 + 

t + ■•<;— + '" [ ''~' V'7 11 *V + &c. 

Quod fi crgo ftaruatur 1 = - , - , & j denoret numcnini quem- 
cunque finitum , ob u numerum infinire parvum , fier i r.umcrus 
infinite magnus , hincque a> = -\- , ita ut fit « FraiKo dc.-io- 
minatorem habens infiaituni , adeoque infmitc parva , qualis eft 
affiimta. Subfliruatur crgo -V loco a , eritque n ? = ( 1 + 

V)' - ■ + t '« + f=r? »■ i + 1 M £ = a k 'i + 

" j~ " ~ a/'7'^ ^ "£7~~ t' "J 7 " c ' ■ r i ll5! ^l" 3 "" erit 
veta fi pro i n:i;:iL.'nij L:iii:ii:c i:i:i;j.i-.is f:i!>i!i:ii:itiir. Tnm vero 
elt k numerus definitus ab a pendens , uti modo vidimus. 

1 16. Cuni autem i firnumerus infinite rra— uSjcrit 1- P^s=i ; 
patet enim quo major numerus loco i fubflituatur, eo propius 
valorcm, Fra&ionis ad uuitatem clTe accefiurum , hiuc fi 
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AC LOGARITHM, PER SERIES EXPLICAT. 87 
t fit numerus omui aflignabili maior , Fraflio nuoque ' ~ ' C, 
ipfam uuitaiem adcequabit. Ob fimilem autcm raiionem erir 
= 1 i - — — 1 ; & ita porro ; hinc fequitur fbre 

,J Tr — 7 ; '-fr = 7 s ^r 1 = 7 ; & ira F orro - Ks 

igitur valoribus fubflirutis, eritit' — 1 + ^i + ^ + + 
'J-^ + &c. in infimrum. Hic aUtem iquatio fimul rela- 
tioncm intcr numcrcs n & h oflendit , pofito cnim j = 1 , 
crit «_i + f +^ + 7X3 +7XT^ + — " ~ uc 
tit a fit = 10 , neceife ctt ut Gt rirciter t — 1,30158 , uti 

117. Ponamus efie h — a" , erlt, fumto numero d pro b_ 
Logarithmica , lli — n. Hinc , cum fit S' — a"* , erit per Se- 
ficm infinitam P = . + *f + %i + + i^X. + 
&c. , pofito vcro /6 pro n , erit = 1 + ^ « + f-i (tf )' + 
((*)'' + 7-77-5 < ' + &c - ' Co S l,,co ^rgo valore 
littcra: k es daro valore bafis a , quantiias evponentialis qu^- 
cunque i 1 pcr i,unern itilinitnm eNtuirni por-rit , cujus tcrmini 
fccuiiduni Poteftatcs ipfius { protcdant. His eNpofuis olien— 
damus quoquo quomodo Logarithmi pct Series infinitas expli* 
cari poflint, 

1 1 S. Cum fit a" — 1 + k a , exiftente « Fraiflione iniinite 
parva , aique ratio inier a & k dcfiniatur pcr hanc squatio- 
nem a = I + + ~ + j~ + &c. , fi a fumatur pro 
bafi Logarithmica , crir« = ((i +*<■) kiu — l(.i +£»)'• 



88 DE Q UANTYTA TU M EXPONENTIAUUM. 
I. Ma_ifel_m autem eft , quo major numerus pro i f-matur , eo 
~ magis Potcftatem ( I + k& )' unkatem eff. fuperaturam ; atque 
llarucndoi__numeroiiiriitiro, valorem Potellaiis(i + fc«)'ad 
quemvis numerum unir_t_ m„j__m ai-t.-ndcrii. Quod ii ergo 
ponatur ( i + k » )'== i + x, erit /( i +i) = i», unde, cum 
(it iu numcrusfinitus.Log.iritlmmsfcilicet numeri i +_,petf- 
picuum ell , i eife dcberc numsrum infinitc magnum , alioquin 
enim i« valorem finirum habere non poflet. 

ng. Cum aurem pofmim fit-(t + fc»)' = i + x, er't i +] 

*« = (i + _)"& *- = ( i +j-)"^~ i , undj fit i» = 

j-«_+ J .)7__). Quia vero eft *_=/(. +»), erit 



7(i + _)_t=~(i + *)< j-, pofito i numero infinite 




3 -i=I = -1 , &c. ; hinc crit ,•(,+.,)..= _ + i. _£_+. 
~ : — + &c , & ronfequenter / (i + *) = -y (-j- — ■ 
" + -y — + &c. ) , pofita bafi Logarithmica =' a ac 
denorante k numerum huic baft convementem , ut fcilicet fit 



a = i + 4 + £ + + &c. 

110. Cum ifprur habeamus Seriem Logarithmo numeri t + x 
jcgualem , e;us ope ex data bafi a delinire poterimus valorem 
numeri 
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numeri k. Si enim ponamus i + .v = a , ob ta = i , erit 

^■'~' ) ' + £;c. , cnjiis i.leo Seiiei infmifce valor, fi ponatur 
o= 10 , circirer cflc dcbcbir = i, 30158 ; quanquam diiTI- 
culter intelligi potcft cfle 1,. 30158 = f — £ + y' — 
— -}- &c. , quoniam hujus Serici termini continuo fiunl majo- 
res , ncquc adeo aliquot terminis fiimendis fumnia veio propin- 
qua Iiaberi poteil : cui incommodo mox remedium afferetur. 

111. Quoniam igitur eft/(l+r) = -^(-f — 5l + 

-j — &c. ) , erit , pofito x negativo , / ( 1 — * ) = j- 

{ y- + -~ + + — + &c. ). SubtraKaiur Scries pofte- 
rior a priori , erit l ( . + x ) — /( . — *) = £ X 

( + + y + y + &c. ). Nunc ponatur ~~ = n , 
ut fit x = "TjT/ > ob = [ erit k = i ( + 

^ 1 7+ 1 )' + 5(a + i V + &c - ) . q ua mquatione valor 
numeri k ex bafi a inveniri poterir. Si ergo bafis a ponatur 
= ,0 =m i = , (i + -IL.+ ^SL + ij+fc),' 
cujus Serioi tcrniini fenlibiliter decrcfcunt , idcoque mox valorem 
pro k fafis propinquum esiiibent. 

111. Quoniam ad fyflema Logarithmoruni condendum ba- 
fin a pro lubitu accipere licct , ea ita afTumi poterit ut fiat 
i = 1. Ponamus etgo eiTe k — 1 , eritque per Seriem fupra 

Euleri hitrcducl. in Anal. infm, M 



9 o DE QUANTITATUM EXP ONENTIA LIUM 
( 1 16) invcntam , a = 1 + -L + i + jij + -i- + &c. , 
qui termini , fi in fracliones dccimales convcnantur atque 
acru addantut , prabebunt hunc valorem pro a = 
a, 7i8irTi8i8459045i353Soi8 , cujus ultima adhuc nota ve- 
rirati c(t confcnr:ii;c:). Qiiod ii j.im i:n liac bali Logarithmi 
conllnianrur , ii votari liilcnr Lrv;:',ri tlinii r.r.lurc.ks fcu hyper- 
holici, quotiiam quadratura hyperbola; per iftiufmodi Logart- 
tlimos exprimi potelt. riiiviniiii ;l ; 1 i <_ 1 n lireviratis graria pro 
numero lioc 1, 7 1 K18 1 Siriiijn i;c. cor.lhinvr lirreram t , qui 
ergo denorabit kilin Lo^arirlii-.uirisrii iitirnrttlitim feu hyperbo- 
licorum , cui relpondet valor litrera: k = 1 ; Gve inc lirtera. e 
quoque exprimet fummam liujus Seriet I + ~ + + 



iij. Logarirruni ergo hyperbotici hanc habcbunt proptic- 
ratem , ut numeri 1 + a Logarithmus fit = a , denorante u 
quanritatcm infinite parvam , aique cum ex hac proprictatc va. 



boliti exliiheri poterunt. Etit ergo , pofita e pro numcro fupra 



ipfi vero Logariihmi hyperbolici ex his Seiiebus invenien lur , 
quibus eft /( 1 + *)==*■ — £ + j + ^ — 

~ + &c. , & / = ±f- + ~ + z -f + ~ + i^l + &c. , 



^-L- -+- ■ J- - -j- g;c. in infinirum. 



lor k = 1 innotefcat , 



Logarithmi hyper- 




valde parva 




Scris poft ( 
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AC LOGARTTHM. PER SERTES EXPLICAT. 91 
^ + &c , fedo x=i, erit /| = i + JL, + -i. + 
— ^ + &c. . Es Logarithmis vero harum fraitionum reperien- 
lur Logarithmi numerorum integrorum , erit cnim cx natura 
Logarithmorum /J- + /-i =/4 ; mm /^- + /1 = /3 ; & 
ifi = ?4.;porro(-l+/4 = /f ; /i + f 3 = /6 ; 3/1= /8 ; 
a/ 3 = /9i&/i + /S=/io. 



/1 = o, 69314 7180; ,994, 30941 7*3« 

/3 =1, 09861 11886 68J09 69139 51454 

/4 = 1, 38619 43611 19890 61883 44641 

=1, 60943 79114 34100 37460 07593 

16 = 1, 79175 94691 18055 °°°8r »4773 

/7=1, 94591 01490 i53'3 3°V° 14639 

!B =i, 079« 15416 7°8jf 02 -Sit 16964 

/9 = i, 19711 45773 36119 38179 04905 

/10 = 1, 30158 50919 94045 68401 799:4 

Hi fcilicet Logarithmi omnes ex fuperior.'bus tribus Seriebus 
fuat liedufti , prceter /7 , quem hoc compendio fiim alTecurus. 
Pofui nimirum iu Serie pofteriori x = ^ ficque obrinui =: 
/^ = 0, 0101017073175194484078130, qui fubtraftus a. 
/50=1/5 +/1=3,9110130054181460586187508 , relinquit 
/49 , cujus fcmiiTis dat /7. 

M 1 



9 % DS Q_ UANTITA TUM EXPONE N TIA LIUM 

I. 114. Fo!i:it:ir Lr^.;!-it'!iv.'i; iiyjurboliais ipfius 1 + jr ? ea 

~ l(i + .v)=y,- C riiy = -f-^-y +-y— £-+&c..Sumto 

autcm r.umcro n pro bafi Lo^miiliriiicj , fit mimeri e-jufdem 
1 + x Lojjarithmus = v,- erit, utvidimus, v = -i- (a- — ™ + 
V — f + &c.) = £ ; hincmie * = £ ; « qno com- 

modilTimc valor ipfnis it bafi .7 rcfjiondciis ii:i dcliuitiir ut fit 
Efjiiidis cujufvis mimL-ri Lf>;;,::ri!!imo U\ pi-rbuliLO divifo per 
Lo;;;;ri;hmum ejuliL-m iii::i]::ri cf. b:iii a iornutiini. Pofiro ti°o 
numero hoc = a , erit v = 1 , hincque tit k — Logaritrurto 
hypcrbolico b:ili; 0. \\\ i'vl;ji;:;iri; l-i"l,o Loj.:iriilimorum Commit- 
niutn , ubi ell a = io , erit k = Logarithmo hyperbolico 
ipfius 10 , unde fit i = i f 30158 jogigj^o^jes+oijt^i^, 
qucm valorcm jam firpra lans pr:i;-,c cuiijir-.rir.::;. Si ergo fin- 
guli Logariilimi hypcrboli.i ccr Imnc numenim k divicbntur , 
vel , quod coJcin r-jd-r , mitl!!;;I;ccn:ur por hatic fracHoncm 
dccimalem o, j 14-94 ]'.i\<j- ji-j s ;!:.t6 j 1 1 iS j , prodibuut Lo- 
garirhmi vulgarcs bati fl = 10 convementes. 

nj. Cum lit t~ =: 1 + y +7^-7 + Ti~i ~^~ ' P onntur 
rP' = e\ erit , fumris Logarirhmis hyperboiicis , yla = j , quia 
cfl U = i , quo valore loco 7 fubftituto , crit a r = 1 +-^ + 
■ ^— | ; ° * + J t ^ a ^ + &c. , unde quxlibet quantitas eKpo— 
ncntialis opc Lo^ririrhmorum hypcibolicoriim pcr Suricm infi- 
nitani explicari jiotell. Tum vero , denorante i nutnerum in— 
finite magnum, ram quantituijs o--:ofinsnti;iU-s qnam Logarirhmi 
per poteftates exponi poflunt. Erit cnim £ = ( 1 + -*-)', 
hincque aj = ( 1 + *M )' , dcinde pro Logarithmis hyper- 

holicis haberur f ( I + *) = i (( I -|- Jf ]~ — 1 ). De cetero 
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AC LOGARITIIM. PER SERIES EXPUCAT. 93 
Logai-itlirnorum hypeibolicorum ufus in calculo iniegiali fufius C \ ». 
demonftrabitur. vl1- 



C A P U T VIII. 

quantumihus trmfctndtmibus tx Cin 

fuluro aliut) t[uuntir:ititi.i trai;i'i:;:iidcuiii 
ed etiam ex ipfis Lugaritlimis & e: 
aji] iiuiriis tjUiintitatibus iiwolvuntui, 
j darius patebir. 

us crgo Radium Circuli feit Sir.um ttt 



cllc = - 
f & 93993 



'remia: Grculi , cujus Radins = i , feu ir erir longiludo Arcus 
1B0 graduum. 

117. Denorante j Arcum lnijns Circuli nuemcunquc , cu- 
jus Rndmm pcrpetuo afliimo = 1 ; hnjus Arcus { conlide- 
rari potiHimuin fnlent Siniis & Cnfiiii:s. Kiiuim autcm Arcus 
5- in pofterum fioc modo indlcabo fui. A. j- , feti tancum jin. {. 
Cofinuni vero hnc modo cof. A. f , feu rantum cof. j. Ira , 
cum 7r ftt Arcus i3o" , erit/H. o *- = <>, caf OTr=l; & 
f l n.±Tr = 1 ,cof.\Tr = o;f,n, lr ^o, C of.Tr^ — x ; 
fl,.±„— r 3 cof.l x=o!jS n .iT = o & atf.mu 
Omoes ergo Sinus & Cofmus intra limites + 1 & — 1 coa- 
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94. DE QUjnTTTATTBUS TRANS CENDENT. 
Lla ' L tinentur. Erit autcm porro cof. f =fui. { j- ~ f ) -, & 
fin.i = tof. (-1 — ^ ) . atque {fm. f )' + C »A )' — 
Prster has dcnciniinjiioi-.ti nrj.r;:[-.;l.L- ftict qtioque ': fttng. f , 
qux denotat Tauguntum Arcus f ; cot. f Cotangcnietn Ar- 
cus j ,• conflatque efle atig. f = 'fj^ & cot. f = _J^ = 

^ — ,- qus omnia ex Trigonometria funt nota. 

118. Hinc vero ctiam conftat fi habeantur duo Arcus y & f , 
for t /,,.(y + ,)=/o.y.co/, + co/y./,.,<kco/(y + ,) = 
co/y.co/,— J&i.y.y; n . { ,itemqueJ»i.(j— ,)=/„.y.co/,— 
oo/ >./„. , & „/(y — , ) = oo/ y. «f { +/». y./.. ;. 

Hinc loco y fubftituendo Arcus ~ tt , w , -~ tt , &c. , erit 



/».(r^ + i) = + o./; 
«/({■»- + ,) = -/»-, 



/«< 
oo/( 



+ I>- 
+ (). 



-oo/, 



^(f» + ()= — f/! 
coA-i^ + i) = +/»., 



>.( + ,) = +/,,., 
,of(» T + ,) = + „/, 



/»-(i 

"/(4 

/»•< 
»/( 



-,) = + c/, 

-:) = + /»•! 
-,) = +/■., 

-,)=-.o/, 



/».<i--l) — oo/, 
oo/(l^-,)=-/».. 



.-/»■, 
+ .,/, 
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E X C IRC U LO 0 RTJS. 
Si ergo n denotet numerum inteerum qucmcuntjuc 

»/(-J-»+, )=-/.., eo/:(-±!,r-,)_-/, 



/„.< 



+!)—>■! 



r + , )=_„/, 
r+, >=+/«., 



/«■(^ 
">/(= 

Qu* fc 
negativi 



s_+ l )=+js»( 

l,r + ,)= + ,o/, 

miikt vera func five 
i inccgcr. 



,/(_±! -_,,__ „ 



-,, = _„/, 



»/(**= -—!) = —> 



l/(-±»»-i)=+ec/, 
i fic numerus affirmativus five 



119. Sitjwi. j s-ij. &eo/Tr == J, erit + ?f -=s i i & 
Jin. y = = rn & cojl y = » , uc fic quoque mm + nn = l ; 
Arcuum ex his compofitorum Siuus & Cofinus iia fc habebunt. 

fin. ; = P 
Jk. {j+i)=mq + np 
firu by+d^tmnq + U*—™ 
Jin. (_+[) = ( jmn' m-)q 



''f-{j+<i~ "1 np 

o / {fi +0 = {o' — ]»*-)■ — 



Arcus ifVi ^ , y + £ , _ y + f , 3 y + j , &c. , in arillimeticil 
progreffione progrediunlur ; __r_m vera ram Sirois quam Co- 
fmus progrelTionem recurrciitcm coiitlitiiunt , qualis cx dcno- 
minatore 1 — inx + {mm + nn) xx oriiur ; eft enim 



oS DE QUANTTTATIBUS TRANSCENDENT. 
I. /«.<!)•+()="■■ /!»■ (j+(>— <"'« + •»»■■( • » 

/ n .(iy+[)=lw/y./My+[) — (/».(); arque furuli morlo 

eo/(iy+()=i™/j.c(ir.(y+() — cofc Eoderomodoerirporro 
>- 0,+[!=«o/.j/o.(»;.+[)— >. ( J + [ ) , & 
tof(3y+ t )=icq&.toA»r+[)— »/ < J + i> ■ "™"i™ 
f,. ( W+! )=,eoP,M W +[)— (., + [ ) , & 

„/( tf +[)==»fW.(3r+()-»/( *>' + 1 >.■ tte 

Cujus legis beneficio Arcuum in progrdrione arithmerica pro- 
gredientium 12111 Simis quani Cofinus quoufque libucrit cxper- 
dire formari poliiinr. 

130. Cum fit fin, (y + 0 + ^fy.fn. t , atque 

jMy— ?) y- ™/ r — «jfy- r ■ crit '» s «p«^°- 

nibus vel addendis vcl fubtrnliendis : 

fm y „f , _*.(> + P +/Ml— i> 

eo^.r^^-d^to^l) 
QHkporroeftcq/:(y+i)=co/:y.oo/:j— fm.y.ft.j, arque 
co/.'(,— () = e°/,,w/.'( +>..,.>..[, etitpitimodo 
eo/,. ,0/ (. = !?/-'l='l + "<<, + <' 
/0.,. /0. ,. = g£i? — i>^— tk±i>, 
Sit y = [ = ± v , crit ex his pollremis formulis : 

( t „/ ± v )' = >+f^ , & »/ 1 v = V i+j* 

(jie. i v )■ = >=z!i, &f,. 4 v = 

unde , ex dato Cofinu cujufque anguli reperiuntur cjvis I LT.ii.Tis 
Sinus & Cofinus. 

131. Ponatur Arcusy + j = o , & y — f = £, erit y = 
& g = a - T^ A ; quibns in fuperioribus formulis fubfti- 

* tutis 
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E X C 1 R C U L O O R T 1 S. 



f.,.. + f„.b = if„.'-±±„f.!=i 
f,..-f,.i = i «f!±tfl,.<=> 
cf.. + ,.f.b = l c.f!±>„f=* 



c.f.t - ,.f. 



En his porro nafcunfjr, opc divifionis , lnc Trieoremars 



E>: his dcniquc dcducuntur ifia Theoremata 



tltl 



. Faflori! 



■ 3 >. Cum lit + (»/,)' = ' F" 

f.mpi. , (mf, + V— I../I..,) (.'./,— V— 
qui Faflores , etli imaginarii , tamen iiigentem prxiiant ulum m 
Arcubus combinandis & multiplicandis. Qusrarur cnim produc- 
tum horum Factonim (co/.j+v' — i.fm.tf){coj'.y + ^ — i.fn.y) 
ac reperieturro/y.co/j-- fin.y.fio^ + ^ofy.fta.^+fitt.y.coj^) 
Euleri IutrodaS. m AnaL infin. N 



o3 DE QVAKTITATIDUS TRylNSCEKBFKT. 
Lir t V—. Cam.u. a nr.i m / J .»&— >.j-./«., = «f(y+,) 
&e»/j./«.,+/«.j.re/ f =/«.(j-+ f )eric hoc «rosVtun. 

(ap, + v— ../;». j) («■/, +v— ../«. f )=»/(j+,)+ 

V_../„.(j + ;) 

S: f.m.ll inotlo 

(ojCj — V— ../«■y)(ce/ i — V— ../«.,)— o/(y+ f )— 

V— ,.J!«.(y + f ) 

( «,/: » + v — ../«.») ( »/: r + V — ■■/»• r >(«/ f +. 

V— ../«.,) — 10/. («+J + f ) + V — >•/«■ < * + J + ()- 

.... Hinc itrrque fcnuitur fo.e ( ro/ f + V — '■/'■()' — 

c„/: H +v — ../«.. j,st( t «/: f± v— ../«. f )'=»/ 3f ± 

v — i./n.j,,- 

idooque generaiiter erit (co/ f ±V — l./n. f > = ro/ « f + 
V -../«.»,: 

UnJc , o!) iigiiOi-sini ai!i!)ij:;:t;ttcm , crit 

cc./«;-( "A + V— - t-, f + *,■«■<— 

/,.. « f = '"''+.'-'■ »■; J— t rfi— V— ■■«■■. )* 
.»/:„, = <«/,)•— :iJ=ii <c„/,)™ (/». , )' + 

•':-"}- '"t:"7" ( »a >" ' 



„(„^. ) ( „— .) 



(/„., )• + £.„., St 
/«.«, = f <«■/,)" '/"-t- 

<"/:,)•-' (/«.;)■ + "-7',»-—;'"t'.'" r t) 

(ro/,)' '(/«.,)' — Stc. 
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F. X C I R C U L O 0 R T I S. 



!t fit ArCUS 717 



u( iTi ad n , feu efle v = S 
tonflat, fi is ubique fubtliru 



>. a. s 9on= 

i, 57079 631679489661 9 15 131 169 16 
o, 6459640975061461536557565636 
o, 07969161614616704511050554BS 
o, 0046317541353186881006854631 
o, 000160441 18478735381 j 8716605 
o, 0000035988431351110853404130 
4- ^-r r o, 0000000569117191196791681171 
, 0000000006688035109811467114 
, 0000000000060669357311061950 



N 1 
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"ITATIBUS TRANS CENDENT. 
°^°°°ooao<,oo^ 377c 6^ 7 3 1 370 
000000000000000157 1411 892856 
1538555403 
00051564550 



13370055013^1698173543113745 
15366950790104801 363656336 59 
0108634807633519608730516.364 
0009 j 9160174839416580141 7158 
0000151010413730606054810516 

oooooo^^^a^^^^saiB^osees 

000000006386603083791 8 511408 
000000000065659631 1497947130 
0000000000005194400100734610 
000000000000003437739 i 79098 1 
□000000000000000183599165111. 
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C I B. C U L O 0 8. T I S. i 

»8106*7^31.7 



Cum igitur fufikiat Sous & Cofmus anguiorum ufque ad .^" 
riolTe , fraflio — ■ fenvper minor erit qunm — , hincque etiaiii 
ob Poteilates fradHonis — , Series t"\liibit:c maxime conver*- 
genr , ira ut plernmque aliquot tantum termini fufliciant, prsci- 
pue, fi Sintis & Cofiuus ncii :ul 101 ii;;u::n ;)L'rduifti deliderentur. 

135. Inventis Sinibus & CoCoibus inveniri ciuidem polfuiit 
Tanrjentcs & Cotangentes , pcr analogias confnetas , ar quia in 
hujufmodi ingenribiis numeris multiplicatio & divilio vehe- 
mcnter til moleib , p::aiiiLin modo eris expriniere conveuit. 
Erit ergo 



ioi DE Q UA NTITA TIE US TR ANS CF.NDE NT. . 

I- fi jam fit Arcus y = — go u crit eodtm modo quo anre 



taig. 


A. ^ 90" = 




cot? 


A. f 90" = 


_j lnj_ 




6361)197713675 


+ 


i. 0 


fi^fi 19771367 5 


+ ~. 




1975567810597 






3185098351857 






018688S501773 







1051S8S894145 






0018414751034 







0065510747881 










< 0 


00034501915 54 






0000I16977I4- 












00000140 1.1 370 


_ 


I- ° 


00000 njifi^i? 






ooooooifii^iji 


__ 


■*co 


0000000764959 


+ 




OOO00O01J,8«4 


— 




0000000047597 


+ 








0 


ooooooooo»j«o 


+ 5» 












+ 1F- 




0000000000405 






000000000001 t 


+ TP* 




0000000000045 








+ 5-'- 




0000000000005 








t{uarum I 











136. Ex fuperioribus quidcm conftat , fi cogniti fuerint 
omnium angulorum fcmirciilo minorum Sinus & CoGnus , in- 
de fimul omnium angulorum majorum Si:ius & Cofinus ha- 
beri. Verum fi tantum angulorum 30" minorum habeantur 
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EX CJRCULO ORTIS. toj 
Sinus 5: Cofinus , ex iis , per folam addiiionem & fubtradKo- c a p 
rsem , omnium angulnrum majorum Sinus & Cofinus inveniri V'"- 
poiTunl. Cum_mflt/n.3o°_i,erit,pofitoy = 30 0 (ex 

•$. i 3 o ) ™/: t =f, a . ( 3 o + t ) + ( 30 — f ) ,- &>. i = 

,,./.■( ;o _ f) _ t - 0 y.-(3 0 + f)j ideoque « Sinibus & Co- 
fir.ibus angutomim t &jo — j , reperiunrur^B. { 30 + t ) = 
, (30— ,) & af. (30 + !)=">/■ (3— ?)— /»-r . 

unde Siuus & Cofinus angulonun a 30" ad fio° , hincque omnes 
m.:j(j:'cs ddiniuntur. 

117. lii Tangtntibus & CotangL-ntibus fimile fnbfidium ufu 
venit. Cnm enim fit tang. (a + 6) = -— Pfr L t 



Cotangentibus Arcuum 30 0 1 
iiivtjiiuii-ur Cotiin L ;i.'ivt-_'S uiVjnt ad 1J0 0 . 

Sit j:im a _ 30 — 6 erir ac = 60 — 16 & cor. ia = 
tflny. ( 30 + ib) ; erit ergo tmg. ( 30 + 26 ) = 

■w . ( ;o — b ) — t*ng. ( p — M _ undc etiam Tan ^ enICS 

Arcunm 30 0 majorum obrinentur, 

Secanlcs autL-m S: CofttiiniL-s (.■?. Tangi-mi!ji:s per foiam fub- 
rrafiionem bvenitinrur ; el! enim cofec. t = cof. y j — cot. f , 

& liinc _/ec. r = cof. (45° j f) — tdng. f. Ex his ergo. 

luculenter perfpiciiur , guomodo eanoues Sinuum couflnii P o- 

ijS. Ponatur dL-nuo in fbrmulis £. 133, Areus f infinire 
parvus , & fit 11 numerus infinite maguus i, ut ij obri- 
ncar valorem finitum r. Erit ergo n{ = v ,- & j = 4- , 
unde Jin. ; — 4- & co/ j = 1 ; iiis fubfluutis fit co/T -v = 
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104 DE QUANTITATIBUS TR ANSCE NDENT. 
" i ' — atq«c>. v = 



" -_ 3 , 1 — " ■ ' n Capite aute.Ti 

pnecedente vidimus efle ( i + 4- ) = e' , denotaine e bafm 
Lojprirhmorum hyperbolicotum : lcripio ergo pro j parrim 

+ r y — , _J — ,,y — , — , — ,y — , 

X — &/&..*= Tv^T— '■ 

Ex quibus inrelliiritur quomodo quaqtitates expunemiales ima- 
ginari- ad Sinus & Cofinus Arcuum realiiim redueantur. Erit 
veroe +l,V— ' = ccjCr + V — &V"~'' 1 '~'-= 



.1 jam in iifdem formulis $. 133 , 



<iilcntc i numero iflfinite magno 



co/T n { = eo/: = 1 & fin.ni= fm. -)- = -V ; Arcns 
enim evanefccnris 4- Sinus eft ipfi squalis , Cofmus vcro = 1. 
I-Jis poiitis habcljitur 

j __ ( e»T. t + V — j -fa. j ) ' + ( __ 1 — V — ' ■ £_ jj ' & 

^ __ f^ T +y— y— ,.^,.,)^ Su _ 

mendis autem Logarirlimis liV|nr: !::)!■■::., i'.i[jr:i (125) oiifindi- 

mus efle l(i + x)=i(i + x)' — (, feuy 1 =j +4-/j, 
pofito 
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EX CIRCULO O R T I S. i o; 
pofiroyloco t + ;r.Nuncigitur, pofito loco y , parrim co/j + Cji. 
V — l.fitt. i pnrtim — V — i. fm. { , prodibit i = v1 "- ' 

I+f /(cr^ + y'— ■ >.;) + l + ff(^ r — y— i.jf,.^ 

= i , ob Logarithmos cvaiicfccmcs , ita ui liinc nii fequa- 
tur. Alrcra vero icqiiatio pro Sinu fuppeditat : 

. ' f f(«/: f +v— t .^„. T )— V— ■->'-?) 

« — T7=ri 

ideoque f =^r!=7 ; 1" ; ' Ul " le P 3tet *I" el "- 

admodum Logarirlimi iniaginarii ad Arcus circulares rcvo- 

140. Cum fit = tang. ; , Arcus { pcr fuam Tangen- 

tcm ita exprimetLir ut fit { = ^~ f ' + V~ '- "-r?. ; 

Supra vero (j. 113) vidimus elTe / i+- r = H + l£ + i£l. + 
y>-+ &c. . Pofito ergo x = V— I. ran». { , fiet f = SKJ 

mus wn ff . { = * , «t fit | Arcus J cujus Tangeus ell t , quem 
ita bdicabimus A. tmg. t , iduoque erit ; tant. t Cog- 

nita ergo Tangente ; erit Arcus rcfpondens { = — — — + 
J — 7 + 7 — &c -' Cum 'BMr„ 11 Tangens < trque- 
tur Radio i , fiat Arcus f = Arcui 45 0 , ftu j = X t er ; r 

~f = 1 r + 7 — 7 + &c - ' f J Lla: efl Seri =s a Leid- 

witzio primum producla , ad valorem Peripheria! Circuli 
exprimendum. 

141. Quo autem ex hujufmodi Scrie longitudo Arcus Cir- 
Euleri IturoduS. in AnaL iafai. Q 
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i«S DE QUANTITATIBUS TRANSCENDENT. 
culi expedite definiri pollic , perfpicuum eft pro Taogente c 
frsCiicnem fatis purvam !i:!)i':;i;:i tk-btri;. Sii; oik hujus SerieL 
facile reperietur longiiudo Arcus cii|iis Tang.-ns r zquetur 
j^, foret enim ifte Arcus J==^ — ijSo + "50^3 — ficC- ' 
cujus Scriti valor pcr approsimarionem non diliicultcr in frac- 
rione dscimali exhtberetur. At vero ex tali Arcu cognito. 
oihil pro longitudtoe lorius Circumferentis condudere licebit ,. 
cum rario , quam Arcus , cujus Tangens eft = ~ , ad totam. 
Peripheriam tencE , non fit afngnabtlis. Hanc ob rem ad Fe- 
ripheriam Indagandam , ejufmodt Arcus quam debet , qui fit 
finv.il pars aliquora Petipheti» , & cujus Tangens fatis cxigua 
commode exprimi qucat. Ad hoc erj;u inltiturum fumi (blet 
Arcus 30° cujus Tangens eft — ^ , quia mir.orum Arcuum 
cum Peripheria commcnfurabilium Tangentes nirais fiunt irra- 
tionales, Quare , ob Arcum 30 0 = , erir -J- = — -. 

t-=t; +— T — «=«■= ^ — tt+t^ — 



r?J. _j- & c _ t cujus Seriei ope valor ipfius ir ante exhibitus 
ir.credibili labore fuit determinatusv. 

141. Hic atitem labor eo mnjor eft , quod' primum ITn- 
gull rerrnini fint irraiior.ales , tum vcro quifque tantum , circi- 
ter, triplo iit iv.ir.or mii-m prcttdefis. Hiik iiaqnc iucommodu 
tta occurri poierit : fiimaiur Arctls 45° fc-u cnjus valor , etfi. 

per Seriem lix convcrgeiitem 1 + + &c. , 

cxpriraiinr , taniLii is retineatur , atqi:e in chios Arcus n & b 
difperriatur ut fit a + fi = ~ = 45 0 . Cum igitur fit tang* 
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E X C I R C V L O 0 R TT S. 107 
tang.a + tang.b &. iwig.b— Sit nunc tang.a-= C 

-i- , erit tang. i = — , Ifmc uterque Arcus a & & per Se- — 
riem rationalem mulro magis , quain fuperior, convergcntcm 
exprimetur , eorumqne fumma tlabit valorem Arctis — hinc 

hoc crgo modo multo cxpcditius lonjjitudo femicircumforen- 
lis 7r inventri potuiflet , quam quidem fa£tum eft ope Seriei 
ante comiucniorars. 



C A P U T IX. 

De invcfii r.i! : i>':c F.-„~'.'>r:;!n iriiiom:c,!'.!,m. 

hoc iieri per refoSiitiniiem i-:-;ii.>honuin. Si enim propnfita fit 
FuncVto truatctinque integra k -f- + yj' + Sf' + + 5«:.. 
liujufquc quKrantur Faflores fimplices forinje p — f^, ma- 
nifcCum eft , fi p — fuerit Faittjt Funoiionis a. + C^ + 
y^" +&c. , tum , pofito { = quo cafu Faflor p- — 
iit = o, etiam ipfam Fun&ioncm propofiram evanefcerc ■ 
debere. Hinc (1 p — — q ^ c-!t FaQor vel divifor Futnfbionis 
+ + y {' + S{' 4- t + Scc. , fequitur fore hnnc 



io8 DE INVESTIGATIONE 
l exprdlionem tt + ££ + 2£ + ^ + i4- + S:c. : =c, Unde 
viciffim i fi omnes radices l~ hujus Kijuationis eruantur, fin- 
gula; dahunr toilJ-vni F:;florcs (i:T, [:!!■.- 1'iisj Jrinnis intejrrs pro- 
pofitai a + C{ + yf" + S f ' + &c, ncmpe f— jf. Patet 
outeni fimul numerum Faflorum hujufinodi limplicium ex 
maxima Poteftate ipfius j dcrlniri. 

144. Hoc autem moclo plerumqne difficulter Faflorcs ima- 
giiurii eruuntur, m„br,„, |,„c (.>iie meriwdum peci.lfc.reni 
«iara, cjus o P e l'. ip ,,u:mvn, F-c-.ores fin.plices imaginarii 
tnveniri queant. Quouiam vero Faflores fimplices imaginarii 



145. Trinomium autem p — qr + r^ Faclores fimplices 
habebii imaginarios , (i fuerir $pr>qq feu ■< t. Cum 

igitur Sinus & Cofmus Angulorum iinc unirate minores, for- 
mula p — 5; + Fa&ores Gmpfices habebit imaginarios li 
fuerit = Sinui vel Colinui cujufpiam Anguli. Sit ergo 
cof. A rp , fcu q = ii/pr. cof. tp , atque trinomtum 
p — q^ +rff conrinebit Faclores fimplices imaginarios. Ne 
au.cm irratioiialiws nmluili.tni Snciiiit . alTumo hanc formam 
pp — ipq^.cof.tp + qqtf, cujus Faflores Gmplices imi^i- 
narii erunr hi, ft~p{etf.f + V — r.J&I.g) & ?(- — p 

{cof.y — v 1 — i-.A"- 7) )■ Obi quidem patet fi fuent wf.<p = 
+ 1 , tum ambos Faflores , ob fin. $=■ 0 , fieri zeuiales & 
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FACTORVM TRIKOMIALIUM. 109 
i46.PtDp< J lltacr ! ;r>Fiiraioi]ei[itL'gra !i + ei;+-xf'+5'^-j- Caf.IX; 

&c. , ejus Faiikii-L-s (iii.plii LS ioi3;. : .i,;itii ti licnnsr , li ck-rermi- 

neniur littera: p & q cum Anj;ulo 0 , ut hoc trinomium 

pp— »«r-™/-> + t?n <=' »w« F„.a;a„i,. t™ ™m 

r»:ull iiiL-niiu ilii 1'i.Li, :.l liirvliLL* iiiiiiLluiiiii ,;j /,(<,■/.? + 

<t—'-Mr) 81 it— f (»/f— v— ■.>.?). Q»m 

ob rem Funccio propofita evanefeet , fi ponatui tam ^^--X 
(cn/ta + V— l.>.tp)quain -=-£ (cof.tp— V— l.Jfa.p). 
Hinc , facla fubiiirutione utraqtie , duplex nafcetur aiqtiatio , ex 
cjuibus tam fraccio — quam Arciis tp definiri poterunt: 



147. 



■. Hl a 



ii Cui.llir.ilioft^ locfi j liiL-ifU; 1 ^ , Lti.mili pri- 



u rjifr.dk"> \itli.i:iii;lr ^ tilimn per L-il , qtiic i;i C;ipito 
priCedente funt tradita , fiitis txpeditE abfolvenrur. Cum enim 
■ fiierii oflenfum tife (cnf<p J = v' — i.Jiii.<p)" = cof.ti<p+y — 1 x 
fin.na, fet|iiL-ineFi fbrir.ula.' l<ico iingularum ipfius j Potelta- 
tum niibebnnlur fubllitueudi : 



pro priori Factore 

t— j(."f-r+V— f> 
t'= £(<°frp+v— ■ji".»?) 

t '=|l(co/3y +vi— 1^-3<!) 
t=£(«Al>+V— i/Mf» 



pro altero Faclore 
T'=|jC^3? — V — t-f>».3<P) 



Pon.aturbrevir.atis gratia = faftaque fubfliti 
tes dua: nafcentur squationes : 



-..>. 3! +tVc.i 
-I.j&.Jt — 8icJ 
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ixo DE INVESTIGATION S 
Xib. T. 14S. Quod fi lis dua; Kquariones invicem addantur & fub- 
trahamtir, £: poilcriori caiu per 1 V — -i dividantur , prodibunt 
hs dua: a:quaiiones teales : 

o = « + C r. ro/Tp + y r. cof.l 9 + S r'. 3 <p + &C 
g = C r->. 9 + y r\j&. 1 p + S r\>. 3 • + &C. 

qua: [totim e* forma FuncKonis propofira 

* + C{ + yi + + ff ' + &c. 
formnri poffunt , poncndo primum pro imaquaquc ipfius f po- 

ob fin. o)i=o E: cof.of = 1 ,.pro fen 1 in termino conf- 
tanti priori cafn ponitur 1 , pofieriori autem o. Si ergo ex 
■ his duabus a:cniario;i:i:i:s Jdiniaiinir imxynira: r&p , ob r=—, 
habebilur Factor Fimuiiinis trinnmiatis^p — iptfi.cof.f + jiirj, 
duos Factores fimplitus imnLjiuarios involvens. 

145. Si requario prior multiplicctur per fm. m p , pofterior 
per cofimp, atqite produchi vcl aJJjntur vd ii]|)tr;il:,tiirur , 

prodibunt 5b du« a-quatices : 

0 = t >. ra p + Cr.^(> n + l)p + yr\>.( ra +i) 9 + 

Sr'./ n .( m + 3 )p + &c, 
o = »./*.M ? + Cr.Jffl.(w — i) ? + T ^(«-t)» + 

SAjHLtm — 3)?+&c, 

Sin autcm a;quatio prsur multiplicelur per cof. m 9 & poffo, 
rior ptr Jin, iji 55 , pcr addilioncm ac fubtraci.iur.cn) (Iqiiciircs 
cmergent equariones. 

o =I .™/«p + er.™/(«— ,), + ,,,'.»/(,„_ ,) f + 

Sr-. r? f(r, — 3 ) f + fc 
■=..n(:.f + <r.^(. + ■>? + y,'.raC(»,+i) 9 + 

S,'.«/(», + 3 ) f +fc. 
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FACTORUM TRINOMIALIUM. rir 
Hujufmodi ergo dus squationM quaxunque coujuncla: deter- Cap.IX.' 

miiv.buni iiittsjviiHas r £, ; ijuuJ cum plerumiiiiid pluribus 

modis ficri pollit , fimul plures Factorts trmor.ii :;!;:-, obiinon- 
tur , iique adeo omaes , quos Funftio propoliia in fe com- 
pleflitur. 

i Quo ufus Iiarutn regul.irnni clarius appareat , quarum- 
dam Fun&ionum fopius occurrtntiitm F.^loius trinomiales liic 
jndagabimus , ut. eos , quotie.i ccvniio poudrtrerit , hinc dapro- 
mere iiceat. Sit itaque propofila hsc Functio o" + £ , cujus 
Faftores rrinomiales fotms pp — ipq^.cof^ +g?{{ determinari 
oporteat ; polito ergo r= — , lniL^!:uiiti»t dus squationes : 
o = + A tQf n 9 & o = r". fm. n <? , quarum polle- 
rior dat>. » 9 =o ; «d» erit « p Arcus vd ht.jus W 
(it + OvrvoUA^.denotanteAuumerum integrum. Cafus 
hos ideo diftmguo , quod eorum Cofinus fint diftirentes ; priori 
cnim cafu erit cof.( r k + = — i pofteriori cnfu autem 
eef.xknss+t. Paret aurem priorein formam n <p=(zk+ ,)■*■ 
fumi tlcbere , qmjjps qus dai ,:<'/.' » ^ = — i ,". unde iit o = a" 



numenis impar, pofito »A + i=h, erit FacWquadiati 
aa + inj + ^ neque vero huic fequitut quadratum ( a + ^ 
effu FaiSorcm Fuiiclionis + f , ruouit.m ( iu <;. 148 ) un 
oa a-quatio refultat , qua raatum patet a + j tflt: Divifure 
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iii DE INVESTIGATIONE 
^ 10, formulat a" + ,- qua regula fem^ier cft [encncla quolies coff 
fit vel + i vel — i. 



Evolvamus aliquot cafus , quo ifti F:titores clarius ob ocu- 
los ponatur , arque hoi cafns in duas tjla(ll;s dillribuainus , 
prour n fiierit numsrus vel par vel impar. 



Formula; 

" + 1 

Factor elt 



' + I 



Si„ = j 
Formula: 

«' + >' 
Fa&ores funt 

«I — i fl f . CO/ J - + f { 

» + r 



Fatfor ell 
«+!' 



Formulie 

i+c 

Facrores lunt 



Si n = 6 
Formuls 

Faflorcs funt 

*-r aflf. cof. | T + Tf 
»—,*<■■■;■ ro / T » + {J 



Fx quibus examplis paict onincs Fafiores obritieri , fi loco 
it + I omnes minuri iwp.ircs 11011 m.ijurcs , qunm iixjioiiens 
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n, fufoltituantr.r , iis v=ro eifibi:? qnibus T^Viot tjnadt 31 :n prodit, Cjii'-IX. 
tantum ejus radicem Faflorifjus anmnnerari deberc. 

Efi, Si propofira fit hxc FurjfHo a" — j™ , ejus Fafror 
trinomialis crit jj/i — V?;- tt^f ~t~ 9? ff » G pofito r — 
fuerit 0 = fl" — r".m/.' n f & e=r".fin.ti<p. Erit ergo 
iterum J111. n p = o , ideoque np = (i£ + i):r vcl np = 
aitir. Hoc autem calu valor pofterior fumi dcbct , ut dfcof.n^ 
= + j , qui dat 0 = 0" — r" & r— = a. Habe- 
Litur itaque ^ = tr , j = 1 & y = - — - ,- unde Fafior 
trinomialis formula: propofirs erit = aa — u;. cof.^T + 

; quarforma, fi loco %k omnes numeri pares non majo- 
rcs quam n ponantur , fimul dabit omncs Factores ; tibi de 
PnJluiit: ! .!S (iimJi.uis iibm el! ti/nciujum qtiod antu monuimus. 
Ac primo quidem , pofito k = a, prodit FaSor aa — anj + fj, 
pro qno vero radix o — f capi debet. Similiter , fi n fucrir 
jiumerus par & ponarur-^A =n , prodit aa + 10 ?_ + jj , unde 
pater 12 + ;£ effe diviforem formi ii" — j". 



Cafus Exponentis n ut anre traclati ita fe habebunt , prout 
fi ftierit nunierus vel impar vel par. 



Euleri TncroduS. in Anal. mfia. 



P 
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Formula 

ipfa orit Fador 
a — i 


Si B = 1 

Formulffl 
Faclor;s erunt 

: + i 


& n — 3 

Factores erunt 
a — T 

«« — a ° t- ro / f f + n 


Formula: 

Fadtores erunt 
" — f 

fl °— ia t- «tff * + rr 
« + r 


Fadtores erant 
° — T 
*t — 10f . I0 /| *■ + H 

« — *- t . c/fvr + rr 


Si n = 6 

Formulas 
a* — j-' 
Faiftores eiuot 
a — i 

™ — ^i^ + it' 

• + { 



i ji. His igimr confirmanrr id , quod [iipra jam innuimus , 
omnem Fundiohem integram , fi non in Fa<flore= fimplices rcalcs, 
tamen in Faflores duplices reales refolvi pcrTe. Vidimus enim 
Iianc Fuucriouern ir.dLjmii:,-? dimei-fionis a" + (Vrtijier in 
Faflorcs dtip'ices reaies , priter limplices rcalcs, refolvi pofTc. 
Progrediamur ergo ad FunfHones magis compofitas , nri : a + 
+ y j , cujus quidem , f: duos liibcat FadTotcs forma; 
» + 6 1 . refolutio es pracedentibus abunde paiet, FIoc 
crgo tanrum crit efficiendum , ut forma; a. + + y^ ! " ,. 
eo cafu , <]uo non babet duos Fadtorcs realcs forma: » + flj" , 



FACTORUM TRWOMTALIUM. uj 
refoiurioiiem tn FaQores rcalcs , vel fimpliccs vcl duplices , C 

153. Confideremus ergo hanc Funclioncm : a — ia" 
cof. g + 1" , qux in duos Faclores forara » — 6 f reaies 
reibhi nequit. Quod fi ergo ponaraus hujus Functionis Fnc~ 
torem dupiicem rtalem elTe pp — 1 p q j. cof. p + qq f[ , 
pofito r=: , dua: fequentcs atquationcs crunt refolvendfe : 
o = c" — zn" r". co/ £. co/ n <p + r". cof. 1 n p & o = — 
7. n" /'. cof, g.Jia. n f + ".fn. 1 11 rp. Vel , loco prioris xqua- 
tiotiis fumatur , e* g. 149, ( ponendo m = xn) hic o = 
11". fn.inf — ifi" r". cn£ g.JTn. n p , <pix cum pofieriori 

£ efl Jk £7/:='"^! ^.«J^V^dT fit"<$^V= 
tof At efi ftmper tu/. (tsx + f) = cof. g , ex quo ha- 

bctur n p = 1 1 -jt + g & 9 = Hinc ergo Fac- 

tor gcneralis dnplex forma: propofira erit = na — xaj.cof 
1 1 * f + r { f atque omncs Faftores prodibnnt , fi pro % k 
©mncs numeri parcs non tnnjorcs quam n fueccflivc fubfliruan- 
iur , uti e<£ applicarione ad caliis videre liccbit. 



Confideremiij lt:;/> tafua qujbus ;j ell 1 , 1 , 3 , 4 , & c - > 
tir ratio Facloniiu apparear. Emnt ergo 

Formulx 
a' — u r. cof. g + 11 

Umcus Faflor 
aa — iii f , oo/Tg + g 

Formula 
«' — «Y- «f-B + i' 



D E INVESTIGATIONE 

Fafloccs cluo 
«» _ . « »/. f + ,■ 

.» — ..,../^ + ,,fa..+.,,,c;/..;-+, ; 

. Focmcl.t. 
«• _ .«';'. c/' i + f 
F_occs cccs 
„/ j + ,■ 
.._..,„ / H= ! +,. 

Formuls 

FaJlores quatnor » 

« — *«r- f + n 

aa -- ifl ..„_/;--=-+ {{ 

aa — za^.cof.i^ + {{ _ 

aa — ra^.cnf.^^ + ^h^aa + ^.caf^ + ^ 

Fortnula 
lfl 'i'- ™/ S + {" 
Faflorcs cguinquc 
aa — i fl ; . ro / £ + {f 

— Ifl{ . C o/;__±_- + {f 
o« — x« t . + ff 
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FACTORUM TRINOMlALIujt. 117 
Confirmamr ergo criam his exemplis omnem Funftioiiem in- Cap.IX. 
tegram in Faelores rcales , ilve liii:(;'ii;;os li\c dVjSkts , refolvi 
pofTe. 

154. Hinc ulterius ptogredi licebit ad Funclioticm hatic 
. + + yi" + S{ 1B , quz certo habebit uuum Fafto- 

iimplkes vel Ju^lici/s , ij:>iiii;Lii pofruut ; alter vero multipli- 
cator fornis 1 + 4-Xj , utcnmque fiterit' comparatus , 
per g, prsced. paii modo in Facrorea retolvi poterit.. DeinJe 
hxc Fnndtio « + + y j 1 " + + tf , cuffl perpetuo 
habeat Juos Faclores realcs- fornis hujus v + fl;" + 1 j ln , 
iiniUitti' in Facbotxs , vtl fiiiiplii'.'j \ LiLiikXs , rcales refolvitur. 
Quin eriam progredi licet ad formam a, + £ j" + y j 1 " + 
Sj'" + fj*™ + ^f 5 " , qux cum certo habeat unum Faftorem 
formi » + 6;' 1 , altcr Fadlor erit forms praccdentis ; unde 
eriam bsc Functiu refolutionem in Fuctores reales , vel fimplr- 
ces vel duplices , admittcr. Quare fi ullum dubmm maufuTet 

r;;. Traduci vero etiam potcfl hsc in Fa&ores refolotio 
aJ Series infinitas ; fcilicct , quia vidimus fupra clfe 1 + + 

Tl + t&i + TTTi + &c - = e * I 31 y "° eiIe e * — 
( 1 + 4 ) , denotante i numerum infinitum , perfpicunm efl 
Seriem 1 + -~ + -f- + + &c haberc Facloics in- 

finitos fimplices inter fe iquales nempe 1 + 4. At fi ab ea- 
dcm Serie primus lerminus dematur, erit ~ + ^ + 7"§-r + 
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-J Scc. = e* — i = ( i + 4- ) — i , cujus form:e cum g, 

Faflor quicunque em = ( i + 4)'— _(i + f ) «jff T + 
I , unde , fubfiaruendo pro 1 i omues numeros pares , fimul 
omnes Fa_orcs prodibunt. Foiito aulem _ifc = o prudlt Fac- 
tor quadratus , pro tjuo autcm tantum ob r.nioncs allcgatas 
radix 4- fumi tj.bet , crit crgti .t iaciur L^prellionis e 1 — i. 
guod quidem fponte patct. Atl rcliquos Faciores inveniendos 
notari oportet elTe , ob Arcum M ir infinite parvum , cof. 
-* wr = i — ■ ^ -s~n-{ 134.) , terminis fequentibus , ob i nu- 
mcrum infinitum , in nihilum abeuntibus. Hinc erit Fai5lor qui- 
libet = f + irir + -Mf- - , atque a.eo forma e 1 — i 
erit divilibilis per 1 +~y ^"^fj^ — ■■ Q uare exprelTio c 1 — i 
= jt ( i + j~i + -— + y\ j ' + ) ' P rffitcr Faflor 
rem _ , habsbit hos infinltos ( i + f + — ) ( i + 4-,+ 

T5~) (»+f+jfe> < I + 7 + -^> &c - 

i 56. Cum autcm hi FacW:-: cn;',ii:iL:ani p;:rtcm infinite par- 
vam 4 , qu* , cum in Imgulis infit, atquc per mulriplica- 
tionem omnium , quorum numerus eit — i , producat ter- 
mimim — , omitri non- poteft. Ad hoc ergo incommoclum 
Vitandum confideremus lianc e*preflionem c r — e ' =z. 

( , +f) i _ ( ,_ f) i _ 1(f + r 5_ + _i_ + fa ., 



Fj4 CTOR UM TRINOMIALIUM. rx 9 
efl enim ~ x ==i— -£ + ^—.-i_+ &c . ; qlla; cum c 

J. iji comparata dat n_=i , _ = i + 4- & f = i S. 

tlnde hujus expreflionis Faiftor erit = aa — idj. cof.~ tt + 

ftt J; — , ob ro/ ^ tt = i — Funflio ergo c 1 — 

* 1 divifibilis erit per i + — J?^ ubi autem tenni- 
nus " tuto omittitur , quia. etfi per i multiplicetur , tamen 
manut infinite parvus. Frsterca vcro ut ante, fiifc=o erit 
primusFaclor^j. Quocirca , his FaSoribus in ordinem re- 
^.™£=~^*(i + %)(i+^)(i + 2L) 

(* + -£;) ( ' +"„) &c. =* ( i + + TI ^~ + 

+ ). Singuiis fcilicet Fafloribua per mulriplfra- 
rionem conflantis ejufmodi formam' dcdi , ut pcr afiualem mul- 
tiplicatioucm primus tcrminus x rcfultet. 



157. Eodem modo cum fit - — — f + ££ + 

, - ('+')'+(— f)" 
r !. j. 4 + &<r ' == — 1 — , --jliS expreffio- 

nis cum fuperiori a" + compararlo dabit _=!+-_, 

{ = t -r&n=!;erit ergo _ aclor quicunquc =in — tflfX 

~- + f E = t +^4? — _ ( , — ») co /;_L+_' ^ Eft 



ito DE INVESTIGATIONE 
autcm. cof. tt — 1 — - lk t",,' 1 " ■ aaia f° T,aa FaSo- 

ris erit = + , evanefcentc termtno cujus 

denominator cft i'. Quoniam crgo omnis Faflor cnprellionij 
i + |5 + p^Y^ + &c. hujufmodi formam habere debet 
i +arjt, quo Factor inventus ad hanc Ibrmam reducatur , 
dividi dehet per t - 1 — T .' r : liinc Faflor formi prop^firE crir 
i -f- j-^-^fy— * ck eoquc omnes Faflores infiniri it.ve- 
nientur , fi loco i ifc + i fucceflivc omnes nu.-neri impitcs 
fubffiwantur. Hanc ob rcm crit 

( I+ a*2)(,+i££)(, + ±^.)(,+JfcE£.) &c . 

158. Si x fiat quanritas imajrinaria , formula: hs exponen- 

tiales in Sinum & Colinum cujufpiam Arcus realis abcunt. 

„ . , . «tV — W — ' 
Sit emm x = f V — ' i eru — . 1== 

= { — rrr; + r v. 5 }. " ~ .:i T i' ~ 7 + &c - ■ 

qus adeo exprcflio hos habet FaSorcs numero inlinitos 
[("-£>(«- ^O-^C-tJ^Xi-^) 
&C, feu erit >.{ = ?(> — i) (l + f ) (1— £) 
( 1 + ^) ( 1 — -^) ( 1 + &c. Quotics ergo Ar- 
cus f ita eft comparatus , ut quifpiam Faclor evancfcat , quod 
fit fi { = 0, f = ± t , f = ± a T> & generaiiter fi j = 
^jtw, denotante * numcrum quemcunque integrum, fimul 
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FACTOKUM TRINO MIALIUM. m 
Dus ejus Arcus debet elfe = o , quod quidcm ita patet , ut Cnr.IX. 
hinc if.os Fa&ores a poReriori eruere liciuflet. 

Simili modo , cum fit '^L—±fZ—ZZl — co f^ , 
erit quoque etf t = ( i — «) < i — £ > ( i — ) 
( I — - 4 -^ ) &C. , fcu , his Facfloribus in binos rcfolvendis , 
erit quoque ccf^ = ( I — il ) ( i + ^ ) { I— |i) (i+ii) 
( i — i^) ( i + i£ ) &C , ex qua pari modo pater , fi fuerit 
t ~ ± w , fore cof. $ =o , id quod etiam ex natura 

Ciraili liqiier. 

159. Ex j. 151. etiam inveniri poffiint Faclores hujus ex- 
preffioois e* — 1 a£ g + e — r = 1 ( 1 — co/ ff + " x + 
— ^* -— + &c. ). Tranfit enim hxc expreffio in hanc 
{ 1 + 4 )' — 1 cof.g + ( 1 — f )' , quz cum illa forma 
comparara datin = i,a=l+ — & ^ = 1 — 4-, undc 
Faclor quicunque hujus formulr erit — aa — laj. cof. 

ar eft cof. ^**-^ = 1 — 1 ( 1 **±s)' , un( | s p a fl M 
erit = 14^ + tiil^tilL, f elJ hujus forms 1 + { lk **±— ■ 
Si ergo expreffio per 1 ( ' — cof.g) dividarur , ut in Scric ir,ii- 
nita rerminus conftans fit = 1 , erit, fumcndis omuibus Factori- 

b» ■ ■'- ( TL',t^" = C +;»■ + rr^Tr ) 

Euleri Introjuct. in Anal infuu Q 



iii DE INVESTIGATIOttE 

( 1 + ;^_ gr ) C ' + iTTTTT^ &c " ' A,IIUt; ' fi loeo 
xpoiiatur t V— i , eri(S^=^=(j — i )(r +-!■) 

C'-^_J)(«+i^)te ="~7TT7^V 

nrmT-^TT - rrrrr^ + &c - ■ Hu i us 

odeo Serici in infinitum continuarx FacVorcs omnes cognof- 
160. Comtnode criam hujuimodi Funflionis e i ~'~ r + e c x 

Fadorcs invcr.iri crr.rjcfqec ::;:r;:ia:-: ;:oir.;:;;. Tranfmutarur enini 
in hanc formam ( i + ^+-^} + ( i + - ■ * ) , qu* comparat.i 
cum forma Fa-," orem iisli.-bir — inr. cif. -r 1 + , 

denotante m numcr;::ii ii:i;:;:r=m fi \ ;:'.;.■;'.[■ Isjj.wro fipcrius , c::ii- 

magnum , fit af.-^ = i — : c .-ir Fachir illc gener.-Jis 
— ( a — t )' + =p cj. At hoc cafo erit a = . + t±£ 
& - = i + , unde Gt ( a — -■ )" = __£^__ 

& flf _ , + ^-=L£ + {■/+''■•— p x ~** ; ideotiue Fac- 
tor erit pcr u multiplicaru- _ ( £ — r )' + $(£ — c)jr + 
qrx + mm tttt, ne^-ltctis t !i-.i:i;-i por i vel iV diviiis, quoniain 
jam oninis Lreiiuris teniiiiii :i;! r ;iur , prx qi;i[)Lis hi cvanefcerent. 

Termino ergo conftante ad unitatem per drvifianeni reduflo 
erit Fador = i + iS±=^± JUp. 
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' FACTORUM TRWOMIALIUM. i%j 

161. Nlihc, <pi(>:ii:i;n i:i o:nni:>a'i Fa^oribiri iL-rtuinus Cf CM'.l\'. 
tans efb = 1 , ipfa Funflio + / * per ejufmodi 

couftantem dividl debet , ut terminus conftans iiac = 1 , feu 
nt ejus valor , poiico * = o , fiat = 1 ; talis Divifor ciit 

/ , & Iianc ob rein expretlio ha;c '- ■ b ■ per 

F^lorts niimcro i:i!ini;i.'i c\poni pbietit. Erit ergo , fi va- 
Icat (igjvjm IV.f.Lirius urqu; m Jc.iotc: r.Livncrum i.-Yiparcrci , 

{ 1 + i/jriTi ' ( * 1 ' antem 'io" 11 "' infcrius vi- 

leat , atque id-jo n: dL-i;o:ct jiu::i.''iiiu partirn , CLifucjue n; — 0 

A + e — * 
rauix Facfons quadrati ponarur , erit ■ =s 

t ' +r^ ) t ■ + ^fSf H ■ 

<'+VS'i--S f ) fa - 

Poramr £ = o , qaoJ (i:il: dciriiiJcato univerfalit:iiis 

= (> - jf )(. - ;-,;+;," ) < . - 'il^pf ) 

( 1 — - C ' ) ■ ^ am P onMur e negativum , atquij 
tabeijiujtur Iije duffi mqnationcs : - — — - — — = 
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T ~'.-V~' -(■+"><■ + Sf+^) 

< 1 + >S^+" , <' +fi^ ) &c - ""'.ipi'. 6 .". (° rnia p rima 

p=, eri- ac «oiibi. ," + ,—-■ + ■■ + .— 

,- panatuc 

1 + / + « e 

veroyloCO i,, eritquc f - ^ f ^+ r J ^— ==(, — ^;^) 

(■-+^«)(--gSS>c.+|2i5)0- , "S5) 

( « + Jg^g) MnlHplicotoc prima form. — — u> 

(. + i)(.-^>(.'+f ; Stf)(.-|£fe) 

( ! if^L+JZj ( i — . i£21±J" ) . Si ftcunda forma 
pcr rtitiam mulriplicetur , [jradibLt escfcm ■rquario nifi cjuoii 

- ( - - h > c ■ .+ ) 



(.-■^^)(-+|S + ^)(>-'^+5> 

( ■ + ; > < ■ - is*? > •* ■ «■*.*»- *- 



FACTORUM TRINOMIALIUM. iij 

= ('-f><>-^>('+T?$i>('— ^S> 




= »V— Hbc 
prima combii,,™ d,bit "t+tj^" — ' — ,..(.+.»'„-) + 
,.,.).+{,'+.«,:;,■) — ,.,....s(,'+...:.':s) + &Ci = < ' + ~—es > 

^S^io+^fJC-^Sf) 

S^J) C-SSE^Jfc =(' + —) 

5Ti> < ■ - ri=i> <■ + .-;-,)(■ +j^> 

rrV;>('--=><' + i*- c ) fc - = 

(V^Ty) <'-u+77> O-tt^tt) ' 
< ' - T7#lr > < ' - TTT^ > *<• ■ «»»» ™> 

„„ 4^ = ' - ,.,(,"„;.) + 

,/T) — rrri [T=aji + &c - = < ' — 5 ) 
<'+;S555> (.-iSSS) (■ + ii£Eg> 



n6 DE 1NVEST1GAT10NE 

i , -ra) t = "-|H'-n^7r ) 

< — n^+7F)< I -(T^iF)< — uif7Tj fc - 

Secimda combinatio dat ^ * + ^ '' = t +^ ; + 

~, ( ,'_ + , ' ) ( ■ _=F ' 

= ('+,f) ('+r=i> <'-,-Ti)('--r^=j> 
( '+n+7>(' + ^> < — FFi> < — P=7 ' fa - • 

Ac fumco v negativo protlic tcrtia corcibinatio. 

164. Ipfe vero etiam expr_ont:s in primum in-. 

ventas ad Arcus circularcs traduci polTunt lioc modo : cum fit 
____! — i>+~ c )(f+' r ~ r ) _ 



, fi poiiamns c = g V — 1 



i_ f V — ' , hsc ejtpreflio abit ia hanc ™£? jt^Atfi=£ __ 

* + r T+S' g i Eri£ Er s° < ob rf^i — t s ) 

cof. { + mg. i g. >. T = 1 + i-g — A — 

rfb "»t* + rf^ + zzUs ■"•ti ~ &c - 

~( , + iS__) ( , + ( j 4. ___J) &c- 
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FACTORUM TMNOMIALWM. tvj 

( i + -— ( i — 7^+^) &c -- S ««"' ! ' modo altera e&- 
preliio , fi Pftimerator & Denominator per s — r ' mel- 

lipHectur , abir io ' + ' ■ — ; tpiai , 

fa_ c= sv - — r &..=;V — ■ , iu ^=^=ll = 

ror. i e . /„., = ■ - f \ s _ |t + 1 - + 

Tir 4 — 7&S + —(«—?><•+ gSri > 

< ' + n— < 1 — I#J > < ' + TT— ) ( ' — JT+l > &c - 

(' +i^> ('--+!><■ +J^=-,)<' -JT+-.)^'-i 
-i&t- = ,.[. i , - _,. i ,. J_ f .' = 
O-^-i;) (■ +^7) < ■ -F_- t ) tr + 5^-,) _. i 
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n8 DE USU FACTORUM I.WENTORUM 
(■+f )(> — n=;H' +i; ! rj)C. — -J^lto. 

Quorum Faclonim lex progreffiouis fatis e!t (implen & uni- 
formis ; atquc es Iii.s c:;;)7e:Iio;ii:;i:s jiL-r nniltiiiiitjiiotiem oriun- 
tur ce ipfe , qus in £. pracedegte funt inventx. 



C A P U T 



Jiimmi producrorum tx quinis , &c. , id quod ex Aigebra 
cornmuni con(!ar. 

166. Quia fumma quantitatum ct + £ + y + £ + &c. , 
datur una cum fumma producr.onim eM bisiis , liinc fumma 
Qnadratorum a.' + £' + y' + S' + &c. , inveniri poterir , 
quippe qna: aqualis e!t Q:iadr;iro fiimm.T dcmtis duplicibus 
produciis cx binis. 'i:;;-.:!i :no-'o fummn Cubnrum , Biquadra- 
lorum & altiorum Potellatum dsSniri poleft: fi enim ponamus 
i' = 
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IN DEFINIEND. SUMMIS SERTER. INFIN. 113 

' P = «, + 6 + 7 +$■ + «+■ &c. X - 
Q= *' + C + y 1 + 5' + f ' + &c. 
R = a' + £' + y> + S' + + Scc 
S = «* + C + y' + $' + t' + &c. 

r=«' +c +y +s' +(' + &c. 
t = «' + e 1 + v ' + r + *■ + &c 

&c. 

Valores P, Q, R, S, T, V &c. fcquenti modo cx cogni- 
tis A , B , C , D , &c. determiuabunmr. 
P = ^ 

Q = — iB 

R = ^(J — flP + 3 C 

5 = AR — BQ + CP - 4D 

T = ^5 — BR + Cy — DP + f-E 

r ^ r — «.s + cr -d() + £p- - fij 

&c. 

quarum formutarum vericas examine inllituto facile agnof- 
167. Cum igitur fupra < §. 156".) invencrimus efle : 

'""'"' =''■ + s-, + 74?7 + r£7 + fa -)= 
(■ + ^' &c " "■' ■ + 7T-, + i.m' v , + nfc? + 

&=• — (' + U> ('+§>(' +f|;> (' + ;£)&'■ 
Ponatur jr* = tttt? , eritque I + r + , t ^ ^ , + 

_^_, , + & C . = ( 1+ j)( 1+ -L {)(l + ± l)Cl+ J_ r) 

Euleri Ituroducl. in Anal. infin. R 
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i 3 o DE USU FACTORUM INVENTORUM 

( i + — { ) Stc. , Fadla ergo applicatione fuperioris regul* aJ 

hmc »f»m, t ri.^== i B=£, C= 

&c. . Qiiod fi ergo ponatur 

p ='+7 + | + i + ^ + |r + fa - 
e='+f+^ + 7F + iT + F+ 8tc - 

£ = ' + ? + ji + i + ^+ ;ii + &c - 
5=. + ^+^ + ^ + ;!-.+^ + !«. 

r = ' + i + jr + i + ,T + y + te - 



harum liiceranun valores cx A , S , C , D , &c. deter- 
P — T 



Patet ergo omnium Serierum infinitarum m nac forms 

generali i + -*- + — + — + &c , contentarum , quoties 
** }" 4- n 

n fuerit numerus par , fummam ope Peripheriz Circuli ir exhi- 
beri poffe ; habcbit enim fcmper fumma Serici ad 7t 



IN DEFINIEND. SVMMIS SERTER. INFIN. i 3 i 
Tatiooalem. Quo aulcm valor harum fummarum clartU5 pcrf- Cap. Y. 
piciatur , plures hujufmodi Serierum fummas i 
niodo c.ipreflas hic adjiciam. 



*+± + — + v + j-, +&c.= 
i+i:+~ + -^ + ~+&c.= 
I + £ + +^r + -^V + &C. = 
i+^+fr+^r+-^ + &c.= 
i + ^ + p + ;p + p + &c.= 

I+r^+p+^7+^7+&C = 
I +^T+^+T7T+^+&C = 

' + TrT + p + -^ + ^ + &C.= 

1 + i 7T+4l+-^+-TT + &C.= 

I +rr;+rW + ^7 + p + &C.= 
I + ~ + y. + ~ + ~ + &c. = 
*+r7T + 4+£ + £+&C.= 

* + + -W + -tt + rrr + &c. = 



Hucufque iftos Poteftatum ipfius t Exponentes artificio alibi 
exponendo ccntiriuarc licuir , quod ideo hic adjumd , quod 
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i 3 i DE USU FACTORUM INWENTORUM 
■ Seriei fraftionum primo iuttiitu pcrquam irregularis i , — r 
i-j -i, jSi, 31, &c. in plurimis occafionibus eximius 

1S9. Tracicrmis codcm modo squarionem $. j 57 inven- 
tam, ubi erat C +~ l~ , +■ ~ + 7— + , ^ + 
&c = (i + ^ I )(i+**|)(i+-^i)(i-+^)&c.. 
Fofito ergo ** =Si erit 1 +7^ f + ,.,.3.^. K + 

rz^gy + = (' + i)('+|i)('+^) 

( 1 + )&c. Unde, fafla applicarione , erit ^ = 7™ i 
B = r 1^- . i C — — ■ ** ■ f ; &c. . Quod fi ergc, 
ponamus 

p =*+y + ii + j; + -h + &c - 

e=*+£ + ^ + 4 y + & + &*. 
R = i +-i+ ; L 7 +-L +5 L-(-&c. 

* = >+£ + £+£+£ + &* 
&c. 

rcperientur fequentes pro P , Q, K, & r &c. , vafiww. r 
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IN DEFIMEND. SUMMIS SERIER. INFIN. i 33 
T — __ . f _= __ 

170. Eadcm fummai Potcftatum numcrorum impariimi inve- 
niri poiTunr ex fummis prateedentibus , in quibtis omnes numeri 
occurrunt ; fi enim fuerit M = i — [— — — ^ — — (— — — |— 

i" j™ 4" 
~ + &c. , erir ubiquc , per -~ mul tipjicando , — = — + 

— + — + — + &c. , qu_ Seiies mimeros tantum pares 

* . 6 £ ■ ■ . 

pares , eritqne ideo M — — = ' — -— M = 1 + — -j- 

+ - + ~ + &c. . Quod ft autem Series - bis fumta 
! 7 9 1" 
fubtrahatur ab ili (igna prodibimi altL-rnar.j !a , erilque M 

1B = -— -2=1 jK_ I _i + __± + i_ 

— + &c. . Per cradiia ergo pr_cepta fummari poterunt fitc 

,+ ? + ? + ^ + ? + ^ +& - 

Si tjuidem n fit numerus par , atque fumma erit =i_/.V "exifi. 
tentc numcro rationali. 

171. Praterea vero exprcffiones g. 164 exriibits fimili motfo 



i34 OE USU FACTORUM 



(■ +1^=7)*«-. « poiai«m. = f T&j=f xerii 

( ■ + j;=i ) ( ' - > te = <* rf + <•* S 
3 - ' + H S - rr= - rtrfo 
>»s- H + rfSnr- + < «" ™P» ffi ° M "» — 
S . ■«, colta *k h« ™ta= ^ = i «,„„. fj, s = 

iOTP ' "» S &t - T ™ ™° «"' « = —,.• 

e = — V = j— : =- f S = — pnpj,- . = 



e=r^+rrW+n^+nAi7 + 

(7^=7 + * 



r ==— ^+fis— Frfc+ii;,— ri= 
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IN DEFIMEND. SUMMIS SERIER. INFIN. r 3S 




Polito auteni tang. ^ = k erit , uti oftendimus, 

P = A = tl 

Q =_ + = + 

r ! *l±iiz! — _i_ ±j*lH 
* 1. + «"' 

C (j*' + 4»+Q U 4 *' + 3if' + 8 ) 

t-S"* i.. ( ,6.8 n -'" 

3- = f 1*' + i*' + i*K' „ (iiot' + 100 *<_+ 8 o* ) 
9**' 1.4.0.10»' 
&c. 

173. Parimodo utrima fo.-ma g. 164, cq/T -i. v + cof ; i-^x 

( 1 + ^T+g 5 ^ c ' ' " ponanius v = ~ w , g = — tt & 
Ti = *' ut fit ""•T ff== T' dabit *°f- " + +X 



I3 6 DE USU FACTORUM INVENTOR tfiflf 
L < ' — £=Z )('+ ) &c - • Comparatione «go cum 

forma goncrali ( f. itfj ) inffi.uta mt A = -S- ; B = 

i. C = i. 4 . 6„> i '* ~ >= i. + .6.!i„' •' £= j. + . U .a.iu„' 

& c. 5 e* Faaoribu. vero habebhur . = ± t € = 

174. Hlnc crgo ad normam i6<5 fequemes Series forma- 
buniur, earumqua furn mi affigriabunrur 

e=s + r-=-p + -r+-y + u-L— + 

t-T-F + - 

" — X — — T— — jl + l-. + m)' — {». — .,)' + 

i».4-.i , — — " 

* - i + rrri-r + v^? + r-i-p + 
-4-r + - 

r-i - tr.rzb^ + r^r^r -: w ,~y + 
(,. + »)' — -■ 



Ha 



IN DEFimEND. SUMMIS SERIER. INFItT. i 
autem fumms P , Q , R , S , &c. ita fe r,abebimt 



17J. Series iit.e gcnerales merentur ut cafus quofdam parti- 
colares inde derivcmus , qui prodibunt fi ratiooem m ad n in 
rmnieris determinemus. Sit igitur primum m = 1 &«_=_., 
fiet k - — - tang. — - — cang. 45 0 = 1 , atque amba; Seric- 
rum clafies imer fc congruent. Erit ergo 

_L = i — _L + i__I- + i &c, 

f =I+2. + £+i + i- + & C . 

£ 

1 + £ + £■ + £ + £ + &<:. 
i-^ + f- 7 4 + ^- & c. 

&c. 

Harum Scricrum primam jam fupra ( j..i£o ) elicuimus , reli- 
quarum illj; , qu__ pares habent Dignitates, modo antc (§. 169 ) 
funt eruta. ; cetera , in quibus Exponentes funt numeri impa- 
Euleri Introducl. in Anal Uifin. S 



i 3 B DE USU FACTOKUM INVENTOR UM 
:. res , hic primuro occurrunt. Conftat ergo omnium quoque ifta- 
rum Serierum : 

fummas per valorem ipfius tt aflignari pofTe, 

ij6. Sit nunc m — i , « 3 ; crit tan^. — ■ — ' 

reng. 30 0 = ^ ; atque Serics §. 171 abibunt in tias 

Wt=i— i+i— 5 +-£—£■+ to - 
■fr =f+?+f+-i?+^ : + ^+ &c - 
;&=£-£+*-£+ 51-3'+*'* 

&c. , livc 

W7= I -T + i-| + 7-T+^- 
■ + r + r + r +P + r + fc - 
i!7i=— r+'jr-r+?-r + te 

in his Scriebus defunr omnes numeri per ternarium divifibi- 
les : hinc pares dimenfiones ex jam inventis deducentur lioc 
modo. Cum fit 

~ = i + ~ + £ + £ + + &c. , erit 

n-F + * + r + £ + *v-s- 

qusc pofterior Serics conriuens omncs numcros per rcrnarium 
divifibiles , fi fubrraharur a priore , remanebunt omnes numcri 
non divifibiles per 3 ; ficque crir ~ = *-~ = 1 + i + 
i+~- + ,V+ta.,.n»v=»i«»s. 



IN DEFINIEND. SUMMIS SERIER. INFIN. 139 
177. Eadem hypothefis 171 = I , n = 3 & k = ~j , ' 
ad 5- 174 accommodata has pribebit fummationes 

^=.+f+i +;: : + ^+^, + ^ + S.c. 



; Dumen rantum impares occurtunt 
ium funt iln-if.bilcs. Ccteium patus 
s deduu polliin: , cum cnim fit 

+ + r + "'■'"' 

impares per 3 divMibiles continens. 



S. 9 ~ 3' + 9 

li fubtraliatur a fuperiore, relinquet Seriem (|iiadtatorum 
merorum imparium per 3 non divifibilium , eritque 

^ = - + r + f- + rp+r? + s «- 



17S. Si Series in g. g. 171 & 174 im 
fubtrahamur , obtinebuntur alis Series n 



£ vel addantur vc! 
u digna;. Erit fci- 



licct \ 



+ &c = ii^p : at eft * = «^. M = 

— Li2 , & 1 +«= ! , unde -™= 

C^ff)' ,+ " . ■ 

co f' Tii ~ J" 1 ' ^n" ' f° va ' ore Aibftituto habebiraus 
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:de usu factokum INVENTORUM 

Ja ' M — ^„^_ m — Bac ■ Simili niodo per fubtraiflionemi 



tx/ (__—**___ ■_ 

I/. int ■ ~ 



._ = ( __„ _ ___* ___ mjr ___/»• ~ y __ ( 



173. Quoniam csfus , quibus m -= 1 & n = i vei 3 , jane 
evolvimus , ponamus m = 1 & n = 4 ; crit fn. — = 
Jln. ~ = ■— & ro/' = Hinc itaque habebirut 

+ t-T + i- i + tj- -(- 

&c. . Sit »1 = 1 Sc n = 8 , erit — = -_ £_ fm. y = 

V < t - £7- ^ & *°f- 1 = V ( _ + _~rr ) & ™f = 

1 -|- V 1. Hinc iraque crir ( i?S ) per prnnam combin_t-one.il 

.V..-V. = 1 + f-i-i?+5+ 



Di . n: _■_ !?.■ Co 



IN DEFINIEND. SUMMIS SERIER. INFIN. i 4 r 
& per fecuildam , quoniam i + V a = i"+~yi ' 

Sit nunc m = 3 & n = 8 , erit — ^ & jf„. U — 

>'■ - s - 

i ac prodibunr Series 

wT73 = T + T-n-ri + ^ += — *=• 

l3o. Ex liis feiiebiis nafcimtilr , 

i°. Addcndo primam tertia; 

_!i±_j_ I + i + i + i_i_i_i_ 



i". Subtrahcndo tertiam a prima 

4 

7j + 5 — ' + &c ' 

3°. Addendo quarts primam 

»_ I ____3 /_____>__ ■ -u .____. + _.____+_._ 

8 ^3 J T 7 S T *i 

^ — ~ + ~ + ~ + &c, 

4°. Subrrnhi.iHUi (■'.;;iri:ii'.i ,1 iirima. 



___^±_l)_,_i + i + i_j 
;' ; -^ + ii-r, + fa - 
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i4i DE USU FACTOKUM INVENTORUM 
_; j°. Addendo fecundam tenia; 

__d3___ _, +f + f _i. +f _ A _ 

— — —+—+—+ &c 
6°. Subtraliendo tertiam a fecunda 

__ s=| fc_a B _,_ i ._i_ f + i + i + 

~j ~ >i + ~ — ~ ~ &c - 
Sin-.ili motlo , ponendo n — t6 & m vel i vel j vel 5 vel 7 , 
nltcrius ptojjrcdi licct , hocque moJo fummr rq>criLvi_r Se- 
rierum i.y.y, 7, £,__,» quibus figoorum + 
& — \U:!TituJiu<_ alui li^i ; .'cqMantur. 

i3i. Si in Seriebns j. 178 inventis b.ni termtoi in unam 
fummam tolliipntur , ctit 



ideoque 



Altera vera Serie5 dabit 



jnii — ran) 



IN DEFINIEND. SUMMIS SERIEE. INFIN. 1« ■ 

hincque Cap. X; 



Ex his autem conjunctis nafeimr tzc 

Si in hac Seric fit n = I & m numerus par quicunque = z k , 
oli lang. k tt = o , crit femper , nifi fit k = o , 
i — 4** + 9 — *** + 15 — 4 i* + 49 — 4** + &C. = 0 , 
fin sutem in illa Serie fiat n = 1 & m fuerit numenis qnicun- 
que impar = ifc + j , ob — - L_ = o , erit jLH^y 4* 

.tf-ti-o- + + &c - = zmw 

181. Multiplicennir Series inventi per nn fitque — — s /7 , 
habcbuntUF tfts forma: 



— if /i^ f, ' ® l PP = a ' ar 1 ue nafcentur ha Series 

iS + £ + S + s=b + &c - = a - Z.£t"J. ' 

Dummodo ergo a min fuerir numerus negarivus nec quadrarus 
integer, fumma harum Scrierum per Cireulum exhiberi poterir. 



■44 DE USU FACTORUM tNV. E NTO R UM 
^ 111, Per rcductioncm aurcm expoiicnri.ilium imaginariorum 

ad Siiius & Cofinus Arcuum circularium fupra traditam pote-, 
rimus (juoque fummas hnnim .S^iiniiini ;i(Ii .y:ani li a fit nume- 
rus negativus. Cum euim fit e x ^ 1 = cof.x + y- — i X 
fm.x & — *V— I — rf. x — ^— lt f la . Xt cr i t viciffim, 

pofito ys/ — i loco x i cofyj — i = ' ■ ^ & fin. 
y V — I = ' ^ Q u °d er g° a — — 0 &L y — 

-s-Vi, erit cd/ 7T V — t = C-2-±£lj ttfin.TTil~b = 



-jry& 4 _ I *yi)y_ 
— >'V» 



His ergo n 



*V* 



( ( tV*_ 

»i( e *V* — c — *V» ) 24 
duci poilunt ex Jj. i6"i adliibcndo eandem methodum , qua 
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IN DEFINIEND. SUMMIS SERIER. IttFItf. i,;.;' 
in hoc capitj. 1'mui ulii*. Qiioiiiam vcro lioc j.aclo rc:li;c;io C.m- 
SiiiLiusii & Culiiiuum Arcuiun imagiiiarlonim ad quantitates ' "~ 
cNj:i)u^.ili.i!s-s rj.tks, li.jii mttlincriicr illul.ratur , lialic exjili- 
raticncm alicri prs&rendam duxi. 



C A P U T XI. 

Dc iiiiis Arcuum atque Sinuum eiprtjjionibus infinius. 

184. Quoniam fupra ( 158. ) ttenotante f Arcnm Cir- 
cuii quemcunque , vidimus efTe jin. j = { ( 1 3- ) 

(' — £:> (■ — '(■ — «"•> &»A = 

c— »)<•— fSX'— 4fe)<«— #fe> &c " i'°- 

,„„,», cllb Arcm , = tB; m.ji.. ^ = =JT ( I — S=) 

(— SS> (■— _> <"~5S> Sic " 81 "-"f •* = 

(._!=) (._«) (1 — jjs> (■—$=;> 

Vel ponatur 1 n loco n , ut prodt-ant has cxprefliones : 

tjua; , in FacTrores fimpliccs refolutz , dant 

i£_==_2) &c 
Euleri IittroikS, ia Anal injin, T 



i$6 DE ALIIS ARCUUM ATQUE 

Ponatur n — m loco m , qiria efl Jin. " ~ " — = cof. ^ & 
w£ - " ~T" ^ - — yi". ~ . provenicnt lia: cxprefliones : 

(II^S) te. 
_ I (i!=H) tt==) l 1 ^) 

(^==^) &c 

185. Cum igitur pro Sinu & Cofinu Angiili ~ bina: ha- 
teantur exprellionas , ft ca: inter fe comparcntur dividendo , 

«*•-•?•*•*•■}•■}•*•*•*•*• *<•. 

-, * 1. 1. +. ». 6. 6. 8. 8. id. 10. n, 11. . . 

idLoqu:: ■. — ^ -- --■ ; , <[ux cfl 

e^preffia pro Perlplieria Circuli , quam ¥*ilishi s invcnit 
in Aritkmelica wfmiiorum. Simites autem huic innumcr.is c\- 
prefliones exliibere licet ope prima: exprcflionis pro Sinu ; cx 
ea euim deducttur fore : 

& <d& <;£? <s==> • 

(jue, pofito ~ = 1 , prabet illamipfamWAinsiifbrmulam. 
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SINUUM EXPRESSIONISUS INFINITIS. i 47 
Si.=r S of = 4., 0 b>.i T _^.eri, 

Quod t Expreffio W«»j|!.». divita per ill.m obi J = i , 



Quoni.m T.nften, cujuf,.e Au S uli Sinui pe, 

n divifo , Tangens quoque pe, liUjnfmodi F.ftores in- 
finitos ettptimi potcric. Quod (i autem ptim. Sinus exprellio 

-■ <=±Si) t£rs) <?=^> (5?5) 



/•<• S = (r=5> (^> <i^=s> <»fe> <;===> 

<5#-.> «« 

»/«• S = = <===;> <>=£,> <^> <5?fc> 
<c==;> te - 

Sin autem alcers Sinuum & Cofinuum formuli comfo.nentur , 



1 



r JE ALllS ARCUUM ATQUE 



r. £1 bco m feribarw k , fimEqac moda Aagtf M™ 



& Cofinns deliniilntur , ac pcr has exprefliones illa priorcs 
divktnntur, pradiliunt ifls focmula 

li-Ox^f) («EP <ij$f><13e>-«° 

Sumra ergo pro £| ejufmodi Angulb cujits Sirus & Colinur 
ilentur , per hos licebit alius cuj«fcuoque Anguli - m - Sinum & 
Cofimim decerminare. 

18S. Vieiflim. igitur hujufmocli cxprcfliomim , qiis ex Fac— 
toribus infinitis conilaor , valores veri vel per CircuU Pcri- 
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isari pciTunt , quod ipfum nort parvi eft mo: 




Lunic alis methodi non conllenr , quarnm o; 


- ' :to-. 


cL&jrum iiifinitonira valores eithiberi quea. 


It. Cci^rum \ero 


hujufmodi espreffiones panfm arilitatis aiFcri.: 


ir.advalorescum 


ipiius ?r tum Sinunm ColiLiuumve Angulorur, 


1 ™ per approni- 


marioricm emendos. Qu^uquam' enim iiii 


Factrires 



a ( i — y ) ( i — ^ ) ( i — ^ ) &c. , in .frafhotubus dcci-. 
malibus noo ctiflkultcr in fe mulrfplicantur , tameo nimis rrmlri' 
termiui in compumm duer debe<enr, fi vaiorcra ipfius ir ad 
<Lwm taiinim ii ; ,:ir,is jiiitiJ.ni iiivciiira Vfllt-ijiLis. 



1S9. Frsripuvis antem ufiis lv.ijufmodi t:;::rcI[ioiuinr, eiii iLi- 
fiiiiian.mii , in inveiiiiai-.e Loj;.".rirl:iiicrum veriiirvir , iii quo i-.c- 
gotio Facir.ri.im uriiira.s. tanta tft 1 , ut fme iilis Loijaritftmorum 
fLipputatio ciTer ciiiririllima. Ac primo quidem , eum fit vr = 
4(' — f)(.i— — ^) trir, fumcdis-Lpga- 

nil,mis,.V — / 4 + /(,— - ^ +/'(! — i |)+/(i_J-) + 
&«:., vcl **_/> — •) 
— &c: , (Vve tiigariilmii comnmnes five hyperbolici fu- 
mnnrur. QuouLnn voro c>: Logarithrais hypcrbolicis vnlga- 
res rarilu rtpsriunrur , inli-ny co'ii.pa;s;ii;jm adliiiii-ri poterit 
ad Logarlthmiuti hyperbolicum. iplius tc inveniendurtl. 

190. Cura igiiur, Logjntliinis I.ypt-rbolitis ftimendis , iit 
— *) = — =■■ — T~T — V — &c " fi ^ modo- 
finjruli termini cvolvantur , erit 
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DB ALllS AKCUUM ATQUE 



In hi^ Seriebus numcro infinitis 
niodi prodeunt Series , quarum iui 
<juare (i brcviraiis gratia ponanuis 



vcrticalirer dcfccndcndo ejuf- 
fummas fupra jam iovenimus. 



= H- ~ + + y + T + &c - 
= i + ~ + jf + jr + + &=■ 
= :+ 3 4+f + jr + jr + te. 
= .+tV+-^ + -^ + -^+&c. 



«rit fcr = /4 
jEft vero , fummis 



, 0146780316041910, 45462.5 
, 00144707664094111,90647 
, 00015517901519611930198 
, 00001704156304481550816 
, 00000.885848583. .957590 
, 0000001091405.91. 1500. » 
, 00000001313717737915670 
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SINUUM EXPRESSIO 



.$19 
1005996117 

0000 00000 00000'JC ;'.lb{jT.^{> 

'4017 
8115 



u = 
I' = 

S=, 
s = 

2' = 
K = 

w= 



Hinc fice rrtliofo calculo rcpcrirur Logarithmus hyperboli- 
cus ipiius 5r= 1 , 14471388584940017474341 , qui fi iniil-- 
liplicerur per o, 43419 &c. , proilit Logarithmus vulgriris- 
iplius a- = o, 497 1 49 S716 941 33 8 5 43 5 116. 

191. Quia porro tam Sinuni cjnam Colinum Anguli ?~ 
exprelium habcmus per Fadores numero inliniios , urriufquc 
Logariihmum commode cxprimere poteiimiis. Erit aurem cs 
forraulis prinio "mvenris 

'/'-■ "d = '- + ';", + '(■ > + '( ■ - S ) + 

i«f :: S= '(■—=)+« '~-5?> + ' [I ~S> + 

'(■— ~)&c 

Hinc primum Logarithmi hyperholicr , ut anre , per Series - 
maxime convereenres facile exprimuntur. Ke autem prarter 
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i 5 r DE ALIIS ARCUUM ATQUE 
T.11!. I. iiattllii.Lc^iii .Sjri^i iri;;.ii:;is n-uik.pliL-umi.i , lermiuos priores 
nc?u in Logarirhniis involutos relinquamus , eriique 

/jfa.=2_lT + hi + /(!,«— m ) + /(i« + m )— /8— 3 / n 

i - r^6v 3 .3*v~ irj<v &c - .- 

&c. 

/«/2^ — /(n— * ) + ' C " + * ) — * '* 



191. Occurnint ergo in liis Scriebus fingul* Poteftates pa- 
res ipfiiis ~ , qas funt mnltiplicats per Scrics , quarum fum- 
mas jam fupra aflignavimus. Erit ncmpe 

I y?«.^5_/ OI + /( 1B _ m )+/( i »+ m )_ 3 / n +/ T _/g 

— + r~ + + + &c -> 

— 5 C ^ + £ + i" + 7* + i-r + &c - ) 

— + £ + v + + ir + &c -) 

— $> + v + t- + + 7? + &c - ) 

&c. 
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SjyUUM EXPLKATIOimUS TNFiymS. i<j 



, + ,„,_„,„ 

- + y + &C. ) 

+ £ + &c. ) 

+ y +&t) 

- + ^ + &c. ) 



Serierum pofteriorum modo anre ( §. 190) fumnis funt exhi- 
bir.c ; priores Series quidcm ex his derivari poiTent ; at , cmo 
facilius ad ufum tranferri qucanr , eariim fummas pariter liic 
3djici.n1. 

193. Qnod fi trgo , brevitatis gratia , ponamus 

* = T 7 " + + + + &c. 
6 = + + 6 't + + &c. 

V = _! + + f + s - + &c - 

S = i + + £ + + &c. 
&c. 

crunt fumm- in numcris proxime exprefla: h_ ■ 

5=0, 411133^1671105660911810 
06764,^1011069461369697; 



1301117717164811007(70 
»° l J77n. 1 !7 <; 477.?M9 8 4> t 98 
.0144 1007 047 1491!! 71174 



Euleti Introducl. i» Anal. infui. 



154 ' *DE ALIIS ARCUUM ATQUE 
n = o, 00006103883453949331911 



„ » „, 000=0000000000355^7,367 
ruliqi!» fumms in ralioug Cjuadrupla dcercfcunt. 

194. Ilis crgo in fubfidium vocaris , crit 
fjj n .=2 r =/ m 4-/(in~ m ) + /( l n+m)— 3 ln + br / 

— ^^—^ —5 < c — f> — jtt tv— ? 

— Stc. 

= '(» — «) + rc» + «>— *'» 

— 0 — 5 (B— 1) — £ ( c— 1 ) — & c 

guoni.im igitur Logarithmi /;r & /B dantur , erit 



SINUUM EXPLICATIONIDUS INriNITIS. 
Logarithmus hypciolkus Siaus Angiili ~ 90 0 
lm + /(in — m) + ((*« +«) — 3'" 

— °- 93471*65583043575410 

— ~ o, 16113351671105660911 

— o, 0015711)0105347506848 

— o, 00009031844783567460 

— ~ 0,000003981793115105501 

— ~- o, 00000019415195465195 

-JJ77- O, OOOOOOO IOOJ3187488H 

— ^7- O, OOOOOOOOO 5 34041 3 56 18 
— Ti- O, OOOOOOOOOOI9I4859658 

— £v o, 00000000000161797979 

— ™ o, 00000000000009097690 

— o, 00000000000000516817 

— o , 00000000000000019607 

— -jpr o, 00000000000000000099 

— — ■ o, 00000000000000000005 



i;S DE ALIIS AR.CUUM 'ATQUE 
iJJLl: At Logarithmus kyptibdkui Ccfmus Anguli ~ 90° = 




— K£ ooo -)j s a3i7iSo8g(!ito 

— 2£. °. 00=00031430309718(359 

— S£, o, 000000019391501744,0 

— o, oooooooo-^o^S^^ijij 
2L. o, oooocooooi!!^!!-.6 ;y; iS 

— ElT. o, 00000000.01363070974. 

— SJl*. o, 00000000000189697956 

— ^2-... o, 00000000000019505014. 

— o, 00000000000003016149. 

— ~7I- OOOOOOCCOOOOQO3HI3I. 

— ~:t- °, 0000^00000000003137.9. 

— 2r. o , 00000000000000003373. 

— — . o, 00000000000000000351, 
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SINUUM EXPLICATIONIEUS INFINITIS. 157 




19^. Si illi Sliiuiim C< C'.ifu'.'.rMn Loj;ari:limi Iivperbolici 
multiplicenfur per 0 , 4341944819 &c. , prodibnr.t eorumdem 
Logarithmi vulgares ad Kadium = 1 rclati. Quouiam vero 
in Tabulis Logarithmus Sinus totius ftatui folet a 10, quo 
Logaridimi tabiitarcs Simiuiu & Cnlituium obtincatmir , polb 
Diultiplicatiouem addi debet 10. Kinc erir 

Lagaritfamis tabularis Simis Anguli — 90 0 — *■ 





9 


, 594059S85.701190 






, 070011816605901 






, 001117166441661 






, 0000 ;9 119 146-4.53. 






, 000001719170798 






, 000000084361986' 






, 000000004348715. 






, 000000000131 931 






, 000000000011659 






, 000000000000701 






, 000000000000039; ■ 
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DE ALIIS ARCUUM. A TQ UE 

garithmus labitlarls Cnfttnts Angnli — 90 0 



014948(9341891 

,03187194065451 
10010343 5800017 
,000^848343597 
,00001480 19398« 
100000136501.171 
11981715 
:i6i47i 
145 67 

1,8 

, ooooooooocoo 1 ;S 



Cotaiigemiuni , Secanrium 



i poflunl Loga, 



Cofecantiumque , quamobrem 



DlltiZOd D, Gl 



SmUUM EXPLICATIONIBUS INFINITIS. rjo 

pro his non erir opus pL-c:;il!jr::jii3 !i.:::'.V!li;. Cetcrtim notan- Cap. 
dum eft numerorum m , n, n — m , n -j- m, i*;c. Logarirhmos 
hypcrbolicos accipi oporu-rc , cum Log,;ri:]imi hyperbolici 
Sinuuni Cnfmuumque i|u;er;'.iitur , \ ul^nrus autem , ctini talcs 
ope poflcritiritm iurmulnruni liinl indagsndi. Praricrea m : n 
dcnotat rationem , rjuam Angulus propofitus liabct ad Angu- 
lum reflum; ficqtie , cum Sinus Angulorum femirecio majo- 
rum aiquentur Coilnibus Angulorum femiredo minorum ac 
vidllim , fradlio — nunquam major accipienda erit quam — , 
haticque ob rem ti_-i ri.-l : ii ilii nuilto nvj-^k ioi;\ L-rgcm , ut femiilis 
mftiruto ftifficerc poflit. 

197. Antequam Iioc arguniL-iitum u 'ii'.(i:inn\us , apiiorem 



198. Ex jj. 1S1 ergo primum esprelTionem pro Tangcnre 
Anguli elicimus. Cun 




ligifeed ByCoogle 



160 DE ALIIS AKCUUM ATQUE 
■ p — ' — + &c. ). Converiantur ha: fraciiones , prmter 
primas, qiiippe qus fiitilc in computum dueuntur , in Series 
iiifmitas , trit 

+ i < fi + + + &c - > 
+ i < ,*« + flr + ?v + ) 
■ti', ! i + S' + P + &c - > 

— £ < ^ + & + + &c - 1 

-i<^ + ^ + i& + &c -> 

198. At ex valore iplius ir cognito reperitur 
~ = a , 31830388^183790(57153776791674.5018714, , 
deiutle liic e.^dirm Scrics rjL-uirrunr , ijiuis fupra lirreris A , 

B , C , D , &c. , & « , g , y , J , &c , indicavimus, Hij 
ergo iiotatis , erit 

«W£. ~ 7T = — ^l—. -*■ +^.^(^— + 
{(»-') + f-i(C-.)+-;4 (D — 1) &c, 
Puiude erit pro Cotaiigente 



SlNUUM EXPLICATIONIBUS INFINTTIS. 161 




— V- v (€ — f> — <V — £) — 

ntquc ex liis formulis nat;e futit exprt-IIioncs , <]iias fupra 
( 5- 135 ) pro Tangcntc & Cocaii^ciitc dcJimus ; finml.vcro 
( 1 37 ) otreijJimiis , quomodo cx Tangcntibus & Cotangen- 
tibus inveniis p;r foijni adJ;i:i:i;ciii & fubti ;:i;ioiicm Sccatitc* 
& Cofecatitcs reperiamur. Harum ergo rcgularum ope iiui— 
vcrfus Cauon Sinuiim , T;! ngL-ntinm c 4 "; Sccaatium , eorumque 
Loijarirhmorum multo facilius fuppurari pofict , quam quidem 
hoc a primis condiroribus ell faftum. 



C A P U T XII. 

Dc reali Fun3iomim fraSarum cvoiutione. 

199. Jam fupra , in Capiie fecundo , mctliodus clt tradita 
FunSionem qunmcunque fraclam in rot parres refolvendi 
quot ejus liciiomiiutor haboar [''acinrtrs limplices ; hi tnim 
pncheut (.leiinmiii-:nrcs fr:i cr it jihi 111 ill:ii-i:m partialium. Ex. quo 
iiianifdkim efl , li deiiomin-iror quofdam Iiabcar Factores fim- 
plices iinagiiu:rif!s, frac: ionns tjiuxjiiu indo oitas fore imagina- 
rias : Iiis etgo cafibtis panmi j:u;;:;ii iraciionem realem in 
imaginarias rcfor.illc. Cum i^iiur of LCtKiilfcj-.] onnieiri Func- 
ticr.em inttgram , qualis c-fl Jcu;ii-.-,!iiau>r cuuilvis fracfionis , 
quarrumvis Facforibus fimpiicibus ima^itiariis fcateat , tamcn 
in factores dtiplices , feu fccund» dimenfionis , rcales fempcir 
refolvi poffc ; hoc modo in refolutione frafiionum quantitatcs 
inia;;iiiari:i: cvirari poterunt , fi pro dcnoniinatovibLis frat;;ioii::;ii 
partiaiium non I-actore.s J::i:tiiiii;i;.iori5 principalis limpliccs , fcd 
(lupliccs realcs alTumainus. 

Eulcvi hurotlucl. in Anal. infin, X 
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ac ponatur fraflio partialis denominatoris Faclore pp 

l i'!f <■"/■> + JJK """"^ hxc : lf * * m /Ww;; * 

quoniam enini variabilis ^ in denominatore duas habet tii- 
menfiones , in numeratore unam habere poterit , non vero> 
plurt-5 ; alias e:ii:n iati'^ra I'u hlIu) coiitintrttiir , quam fcor— 
fim elici oporter. 

iot. Sit , brevitatis graria , numerator ji + B-* + Cf + &c_ 
s= JVf & alter tlamnii.intoiis Faflor a + + y + &c. 
= Z ; ponarar altera pars e* denominatoris Faetore Z oriun- 
, r . v M — AZ — aZt 

da == y , entcpic Y — — z^i~ c i 1 u:c cx- 

prelTIo Fuiictio in;, , :.;iM ii.fiin - ufilj ilubtt , iJeoque nece/Ii tft 
ut jVf — - AZ — aZ^, divifibile fit per pp — ipqj. cofp + f 
Evanefcet crgo M — AZ — a2j , fi ponatur /y — ijjyjx 
' ,fl /? + J?«=°> ll0C ctl fi pooatur tam f = -J (ra/p + 
V— i. J&».£) qnarn T == (■cof.y — V — i.Jib. p) j lit 
|-'=/, etitque f=f (cofncp + V — i.fin.ntp). Duplcx 
crgo hie valor pro j fubftitutus ditpliccm dabit zquationem ; 
unde atnbas incogmtas conilantes A & x dtfuiire licet. 
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FRACTARUM EVOLUTIONE. 163 
101. Facht croo hac fubttitutione , icguaiio hl= A Z + 
A Z 7 evolilta hanc dupiiccm tlabit tcquatioucm 
A + B/ m/ f + Cf. nf. %f +Df. co/Tjjt +_, I _ 

+ (ty:/;„. f +cji:j!.., s ,+D/ , ./o.> r +icc.)i/— .S 

f A(a+ Cf."f.f + yf af- » f> + S/'-™/3 i> + _■ ) 

j + A ( Cj>. ? + y/j- ,(> +»/>>. 3f + _.) V—i 

> + a W.nft + V- +7/'.eo/3«>+otc.) 

( +a (./>. j> + Cj/J!». i» + v/'-j5"-3? + _•) v» — 

Sit , ad cnlcu.um aljbrtviandum , 

A + S/ o/ , + C f. af. % , + Df. nf. 3 f + 8tc. = P 
S//i.,. ? + CJ». , f + D/'.j!«. 3 «. + Stc. = , 

x + Zf.«f.t + yf-'°t-*9+ S/'.co/3p + clc. = Q 
C/j!«. t> + y/jlo. , t + tf.flt. 3 f + StC. = q 

»/ c«/ 1 + C f- "f , » + yf- "f 3 1 + Scc. — R 

.f.fn. f + tj-fn. , t + >/'•-■ 3 f + = « 
eritqtte , liis pofitis , 
p ±P V_ i_A.Q±Ao.V — 1 +aR±ahV — i. 

,03. 01) figltorum Bmbtguitatertl hic dua> oriuutur stqua- 
"™"' P = AQ + aH 

P = A Q + A H 

ctc quibus incoguitat A & a ita denniuntui , ut fit 

. „ r« — '» & a = ?g — ">. 
Q u — Q."- qR— t»A 

Ptopofi.a ctgo fr.Cliojie ( „_„„,%, + „„,g 

per fequentem regulnm fraclio parrialis cx ca oriuiida 

— ~ A ^ ■ dcfiuictur. Pofito f 7= - F - , & evo- 

X i 



L ib. 1- lutis fingulis tcrm 



("-=/"• 


fit 




= p 


=/*.>. «f 


itt 


jtf 






fit 


Z 


= Q 






Z 


— Q 




fit 




= R 




fit 


r z 





Invenris hoc modo valorilius P, Q, R, p, q , n. erunt 




S"i fiierit piopofiia l;roc Fmifiio fr:itfa - 



dcni liic Faclor, ciim forma generafi pp — l P<jl- co f- ! p +?■/;{ 
corupnrarus , d;it p = i , q = t & ro/7 y = — , undc lit 
f = fio" = — . Quia itaquc eft M= jj , Z = i 4- ( -' 

R=„/| +„/^=, i, = o. 
Ex liis Invenirar A = — t & a. = , ideoque fraclio 



ijuafita cll - 



, hiijufquc compli 



FRACTAKUM EVOLUTJONE. 16; 
' "|~ " ■ , cujus dcr.cminnrpr 1 + {* cum habeat Faclorcs f 
i+{ V i + {{& ' — {^1+;;, refclutio denuo fiifcipj - 
poteft ; f.r Dutem p = — 6; , priori cafu /= — 1 , pofte- 
ri«i/_ + ,. 



Sit igitur propofita barc fraiftio refolvenda 
: + ; + -.t 

f+iVi+st) i'— tv»+«r 

Erit M = 1 + { + {{>■ & pro priofe Faclore habebirur 
/= — > . ? = ~ & Z = 1 — j V 1 + {{ f untlc erit 
P = ,- «^4 + m /Ti;_l£i=_ 

+ + t . v__ r 

F _ /n . -+ /n . - = ^_ 

Q— i+ya.«fi + cof.^ = a 

r ^_ Vl . M/ =_*_ C0/ l*_ o . 

R _ _ /n . ± _ Vl . /n . 2 - /I( . L' _ _ a y i 

Ex his reperitur Qr — C R_— 4/1 : & 
A _ , & a = o i uude- ex denonunatoiis Factore 
i+{ V i + {{ hffic orfetur fraclio partialis tV^~ 'l'^ V - , 
atter autcm FaQor dabit fimili motlo lianc f-_fr*. * j_— . 
Hitic Fiin&io primum propofita , — 5 rdbl- 



>~I+H + i + i V ; 



t 1 — ; -T 
+*-• 
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166 DE REALI FUNCTIOVUM 

ExEMPLirM III. 

Sit nropofira liffc frafiio refolyenda 

■+n + » . 

(■ — J .+ i;H' + M + K;) 

Pra Fadlor e denominawris i { + \\ oriatur ifla fraftio 

f='itM = ' + M + IT.' z = ' + M+ 3tV Q llia 

vero hic ratio AnLruti 9 ml r.i-liini nnn coiiilat , Sinus & Coiii.us 
ejus mulriplorum feoriim dd>cnt invcftignri Cum fit 
„J7 , = .t,=ri.Jfo. ,= f 

r„A)> _*, _~.»=S} 

h.nc fit 

P _ I + 1 *- + _ _ — 
— 1 + , + 15 ls 

„ _ _ -J- + Ji —11 

4 1 7 
Q= . + ».-»- + . "5=7? 

___±-+,.x_. *=ji 

._!+„» + 3 .i2 = g 
fdeoquc Qr — _E = - 5 ^~ = ^ - Ergo 
' ' "_. iBjdS n. . ' __ 54° +!. 
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TRACTARU M EVOLUTIONE. 167 
e fra£iio ex Faflore 1 — y f + E{ oriunda erit 1 



fimili modo fraftionetn slteti Faftori tefponclentem ; 
; ? = — V3 & «j/Tp--^, cr S of=~ 
+ 1 f + fj & Z = 1 — -- 1 -f tf. Fiec 

__-!_,;!„.,,, _i£ 

confeqiienter 



i_ __ __. 

. J _ fi 4 

___.__■ 



p — ( 




V) ' fl 


+ 






77' 77 


+ 


Q= 1 


+ 




+ 


Q — 


+ 


iVi ' V3 


+ 
S 




V) 


__ 






~vT 


' V! 


13 


A 




-_ Q R 




FracTio 




pmpolil 


78 5 
1 C 






— 5t) = 
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ii!3 7J E REALl FuNCTIONUM 

2.04. PoTunt a'.iri:n v:;',-ir,:> li:rcr:iraai H & 1 :x lirteris 
Q i;'; q diiairi ; cuni eiiim fir 

. «— e fM+ + >'/'■/"■ 1 » + V- A 3 f ««. 
Q.»/ 9 — 5. /!„.,,=_>. ,of.,+(.f. m f^+ y f:,of.„+t a . 

iJioqne R=/(Q. ...,'.> — q. _/In. ) 
Q../i,.. f + ».'.? = +iff..^ f + yf.f„. S , + »-. 

«go n =/(Q. f + 

his porro lit 
Qr — <jR = ( QQ + <m)f.fn. 
Pr — >R = (PQ + »o.)/>? + (Pa — »Q)/»/.j> 
criiqut! coiifcqueii;t;r 
. - PQ + PQ. , Pq— i'0 gC. 

"yy-r- cv 1 v-.m- «g" /<«.<> 

■ , Pq + fQ 

IQii + QQJ/. 

Quare ex denomtoatoris FaSore ;y> — ij>j {. w/ p + qq r~ 

li Lil l' i t l: 1- 1,:;! ij-.idio [sartialis 

<PO + PQ)/>.? + (Pg JQ) (/ eaf.f — jO 

l^ — l]> q ivj.<p + qqft) p 

feH , ohf== , hsc 

fPQ+pQW«.?+(Pq. — rQ}(p-4>- £j) 
tJV— + <r?fO ( W + SN J />■>"• 

205. Oriiur ci;l;o Iiec iVnftio p:ir;i:;Iis cx Fuuflionis propo- 

f,:z , ■ — ■ t- 7 Faflore iknomiiiatoris 

;>;> — V?,- eo/.' p + ffl f f , aique littera P, p, Q & 9 
fequeati modo es Funftionibus Jtf & Z inveniutjrui : 

pofito 
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' FRACTARUM FVOLUTION E. ' " 169 

pofito f = cof. n 9 ' , fit M = P , : 
& Z = Q; 

& pofito t " = Jtn. n $ , fit AT = t , 
& Z = q : 

tibl notandum ell Funftiones M & Z , anteqnam hase fubfti- 
tut o hat , ornnino evolvi dcbcre , ut hujufmgdi habeant fbr- 

M = A + B f + C {' + D.; + E( + &c, , 
& Z = * + G r + y t * + + tj' + &c. ; 
eritque ideo 

P ^^ + Bl.co/Ty + C^.^ip+U^.fo/Tjp+etc. 
- = Bf 9 + C £ >. 19 + O £ jt* 3 9 + &c. 
q = tt + £ L, co f 9 + y £ co f a p + <? f0 /. 3 ? + &c . 
q = £ A/fn. 9 + y £.fin. * p + S -£./m. 3 <p + Scc. 

106. E>; praicedentibus autem inteliigitur hanc refolutio- 
nem locum fiabere non pofle , fi functio Z eundcm Factortm 
pp — i.p q f . eof. p + qq adhuc in fe compleitatur ; hoc 
eiiim cafu in arquatione M = AZ + *Z{ ftcta fubtUtiitionc 
t" = /" (cof.nq>±il— l.fin.n<f,), ipfa quant tas Z eva- 
nefcerct, nihilquc prapterea coliigi polfet. Quamobrem , fi. 
Funffionis frafls denominator habear Fadorem ( pp — 
l/JJ t . ro/.'p + ^{f )' vel aldorem Poteilatem , peculiari opus 
erit refoiutionc. Sit igitur N=(pp — rpq t . coj. j5 H-^f^" Z ; 
atque ex denominutoris Faflore (p/> — i/> f f. eo/ f + f j {{ )' 
Oricntur hujufmodi dua: fraflionts partialcs 

Euleri IntroduS. in.Anal. infin. X 



DE REALT FUNCTIONUM 

)t:u.,„ r + „-*t°j.,^„ . * 



cflc Fur^tio inrcgra , & hanc ob rera oumerator divifibilis 
ei:t pcr dcnomlnarcran. 1'rimum ergn hsc esprelKo A/ — 
A/C — nZ; divifibilis elTc dcbct pcr />;> — l J'?{* + 
¥?{{>' 1-' tllm " [ pcitcdens , efjdcni quoque rr.oto 

liners A & * determinabuutur. 

Quare , uofito f = cof. n tp , lit M = P , 
& z = N: 

& , poliro f" = . J&i. n p , fir M = p , 

' & . -.. 

Hifque faiStis fccuiiclum regulam fupra datara , erit 
, P K + p n , P« — tM ™/:. 



Invenris ergo lioc modo A & a , fict 
— -^-^j ^l^ Funftio integra, qua: fir = P ; atque 



fupercfr. uc P — BZ — dZj divifibile evadat per p/j — 
ipq {. coj7 9 + {{ , qtia! e>:pre!Iio cum fimilis fit pra^e- 

pofito £ =J^.cof. ttf, vocetur P = R , 
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N' + N' ■ p.fm-t 

109. Hinc jam generaliter concludere licet quomodo rc- 
folurio inffitui debeat , fi denominator Functionis pmpofua; 
~ , Fa£torem habeat (pp — i/> cof. <p + qq 55 f ; fit enim 
N=(pp-—ipq£, cof.q> + qqn) k Z , ita ur hxc refolvcnda 
lit Funclio frafla 



{pp — i PS ;.^ ff + S3K)*Z 
Prabear ergo Faftor denoniinatoris (pp — ipfj.co/p + qqi(f 
has partes : 

±±ai + l±n + 

l»-W[*+nl 1 (»— » fn«Ct+mnrr ' 

c +°i H e±£i + 

(tv — .jwtf.+ratt) 1 (w — tpst.fo/s+wtij* 3 

Jam , pofito i[ a 



& , pofito f = 





p,GtM = 


M : 




& z = 






) , fit M = 






& z = 





n- + N- ■ , 

Mm + iiH b 
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I7i DE REALJ FUNCTIONUM 

pofiio f = cof. n f , (it P = P , 
& , pof.to f = -^. fin. n ? , fit P = p ; 




& , poiito C = -^. JJ«. n<p, ftt R = 
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Hocque modo progrediendum eft donec ultimx fraftionis , 
cujiis denominaior e(l pp — »_>f J. cof. <p + qq ^ , numc- 
raror fucrit determii-atus. 

Sit ifla propofila Fun&io fiaSa 



,ex cujus denominaloris Faftore ( 1 + f f )* oriantur frac- 
l + ' B + BT _C+_C_(_ . D+DT 

O + ;<>* + Cj + ;;)' \ P + «)' + ■ + ;;' 

Comnaratioue crgo inftitula , erit p = i , ^ = 1 , tof.rp = a ; 
ideoque y = , porroque Af = ^ — j' & Z = 1 + j\ 
Hinc erit M = o ; k = i . N=^ ; n = o , &/n. 9 = 1. 
Hinc iraquc invcnitur 

Ergo A" + a • = f ; hincque P = ' ^ ~ \~~ 3_ = — , 
& P = o , r = 1 : undc reperitur 
B = o , Sc b = 
Ergo B +-b_j = yj, & (_== jfe=_ ____,— 

f i t f' ' 

unde Q = o & o_ = o , ergo 

C = o & c = o , hincque it = — 



i74 & E REALI FUNCT. FRACT. EVOWT. 

Quaintjbrcm traiiionus qu.rfit.c funt Iix 

tionis numerator eft = S = Jt — tO + D^Z _ _ _i_ ( + 

-i- f ' , qus ergo etit = tf£p£y- 

zio. Hac ergo mctliodo fimul innotcfcit fracYio comple- 
mcmi , qus; cum in-.-tutis cuiijimcrA producat fraiftionem pro- 
politam ipfam. Scilicet fi fractionis 

M 

(w — *M£ £U /'? + ??f{ )* z 
uivcntsr fucrint omncs (rafliones partiales es Faftore (pp — 
*PH- c°J'-<? + oriunds, pro qnibus formati funt 

vulores Funffionum P, Q, R, S, T, fi harum litterflrutn 
SL-rioi ulturiiis coiuiiwctur , crit t,i , qtti' uliiniiiin , qua opus 
eit ad numcratorcs inveniendos , fequitur , numerator reliqus 
fraclionis denominatotem Z habentis ; nempe ,[ik=i, erit 
reliqua fractio -| ,-fi k~% , erit reliqua fraflio -| fi k= 3 , 
crit ea -g , & ita porro. Juventa autem hac rcliqua fractione 
denominatorcm Z habente , ca pcr has regulas ultcrius refolu 
potcrit, 



DE SERIEBUS RECURRENTIBUS. , 7f 



C A P U T XIII. 

Di ScrUhus rccurrcntibus. 

iii, Ad hoc Seriemm genus, quas Moivr^us rccur- 
rentes vocare folet , hic refero omnes Series qus cx evolu- 
tionc Fun&ionis cujufquc fr.ich; pcr divilioncm a£hialem inlli- 
tura nafcuntur. Supra enim jarh ollentliraus has Series ira elTe 
comparatas , ut quivis terminus c\ uliqimc prateclcntibus fecun- 
iluni legem quandam conlhmem determiuetur , qua: lex a dcno- 
minatore Funclionis frachi pendet. Cum aurem nunc Funcfionem. 
quamcunque frnaam io alias fimpliciores rcfolvere docuerim , 
liinc Serics quoque recurrcrn :;i r.R-.s 1 i :~ i jj j iticrcs rcfoivcr.ir. 
In lioc i^itur Capire propofitom eft Serierum recurrentium cujup 
vis gradus rcfolutioncm in ftmpliciores eNponcre. 
111. Sit propofita ifta Ftmclio fraiia genuina 

t+jL±J2U± jji! + 

i — iii — — »i' — 1 ;' — Cic. 
qtiLE pcr rjivifionem evolvatur iu hanc Seriem recurrenrenJ 

A + i! f + Cf + Df + Ef + F( + &e.., 
cujus cot.Ticierucs qiicnvsdivsotlum w cdi.uirur , fupra eft 

tiones fuas fimplices, & unaqusqne in Sericm recurreniem 
evoKarur', manifeftum eft fummnrn omnium. harum Sericmm 
ex fractionibils parttalibus ortarum straalein eife dcbere Seriei 
recurrenti 

A + Bj + Cf + Df' + Ef + jy + &c. 
Fraiflioncs ergo partial.es, quas fupra invenire docuinms, dabunt 



i 7 8 DESERIEBUS 
. I. c-Mpruliio ilii d- .vqualis , id crnotl din;ii.;!;!s c' l[;c;l-.: llll= ;c;ri !j i:-; 
patebit , lict eriim , 

■*3 »(«+') C«+*— 0 = ..».}•• ..(i—Oi (*+«—■> 

q«ic eft squario identica. 

Qiioiics err.o iu n.To!i!iii>ne FiTaiomim f..-;cbriirn ^cl 
huiufmodi fra&iones. partiales -. pervenitur , toties 

( ■ — p t r 

Scriei recurreniis i v ;1 !n ruii ■:"-.-_> ■.!•_■ ir::_':.-| orE.r yi + B; + Cf + 
Z){' -f- &c. , rerrnbus £lLil.;:!:lh a!ii ^iiLLri pottL-it , quippc cjiii 
cnir rnnima icriiiiiiorniii gLiiL-iT.iiiini Scricaim , qn» cs Iraciic- 
uibus partia.ilias nafcuntur. 

Etixfiiii L 

Invenire tct"-.:i:::::i <j.:ttcr.:',;m lUrut recitrrcniis , qute cx ha: 

Series hinc nata eft i + oj + i{{ + i;' + <J{' + ic;' + 
+ 41;' + 16\' + &c. . M eoefficientcm potdLm 
geocralis {" mvemcndum , fraciio t — ■ ' - tefolvatur ia 
t _j_ _ + - — '— — _ , unde oriiur terminus generalis quoiGtus 

( -\ (—')" + -j- O f" = {" • -» Ggwn + 

valct fi n fu numerus par , fignum — fi .1 fit impar. 

EXEMPLOH II. 

fraclione —1^=^- , /m Seriei hujus 1 + 42 + 14V + 
462' + 146V + 454::' + &c. 




RECURRENTIBUS. 
Oh denominatorem = (' — 1{) ( i — 3i ) refolvitur c 
fradlio in Iias ^Er^ -I- J^T^ • e!; quibus fi t terminus gene- 
ralis i. / f — i" f" = ( i. 3" — 1" ) f . 

ExBHItUM I If. 

Tnvcnire tcrmina.-n gcncralint Strici hujas l +31 + 4.7' + 
71' + 1 17.' + 18 z' + 197.' + 47 i' + &C. , qua oritur es 
cvokitionc fracliouis t ' ~ ~~^~T2' 

Ob dtnomiuatoris Fr,flores 1 — ( j— ) f & r — 

■ + V< 

(--—— -){. pe f rcfolutioncm prodcunt ^V+VYJ — ^ 



t . - - , undc crit termbus generalis = 

( !±t,/+'^ + < l=j£l ) '+V. 

ExEMPLCM I V. 

Invtnirt terminnm gcncrakm Seriei hnjus 
> +{ aa +Mi+(. - »+«b+ei)t'+( 1 , »+ 1 . , b+i a fa+Ch). 1 '+8:£., 
gu* oruof ex nolltttoae Jradumu 

Pcr refolutionem oriuutur diu; fraftiones : 



XIII. 
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lOij.. PoiTint a'.!rL-:n val;);-.:; ;i:iL-::ira::i U Sc n es lirtcris 
Q Ci y dsliriiri ; cum eiiim fit 

Q=« + C/«fp + yj : ccT. %9 + tr.cof.z* Stft 
. « ™ C/jS*f + Y % ? + V. A 3 P *=■ 

Q. f0 /p— C2>.p= a . eqft +C/ «?Ap + yf ■ eo/j p + &c. 
iJiOtjiie R = /(Q- Wjf* — «./«. p ) 
tfencb etst 

Q.>.p + q. eo/Tp = «.JEb.9 +£/>.i ? + y#/J«. 3 ? + & •. 
ergo R=/(Q.>^ + c>. <,,/>). 



Q R — qR = (QQ + <N)//«.p 

Pr — pR = (PQ + pti)//n. ? + (Pq — pQ )/<*/.? 

®J 4- 11 ^ Q<i + QQ' >■ = 
, ■■■■ + '<? 

(Q>i + Q<- 

Quare ex denomii-ruoiis l-W.or^ y^j — %j>q\. cof. $ + qq {J 
iiiifcuiir i!:.i iVjcTlo pani.ilis 

(PQ + v^f.fin.? + (Pq — pQ) (f.cof.f,— j) 

i /f — ipn- co J- f + + w j/ >»■ p 

fen, ob /=■£-, lise 
(PO+TQ)f*J?«.p + tPg — rQXp.fg/Tip— ?;) 
{1'P — t-I'H- <vj.<p +qi {{) (<A> + <!fi )?■)'»■'?' 

105. Oritur lt;;o li;rc iViifiit) pii::i:ilis _x 1'Wtic.nis propo- 

(its ; Jf ,. - , —7 F-ilor. dcriomiiiatoris 

pp —- ipq f. cof. jj + 51/ ff , atque litrera: P , p , Q & 9 
fequenti ntodo ex F-nflioaibus ifef & 2 inveniimrur : 
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poftro f = £. co/ Bf i' , fit Jlf = P , XI L 

& Z = Q; 

& pofito f =£-. fin. n<p , fit M = r , 
& Z = Q : 

ubi notanduni cft Funftioncs M & Z , antequam ha-c fubfli- 
tut j hat , omnino evolvi dL-bere , nt hujufmodi habeaut for- 

^ M=A + B T + Cf 1 + D/ + + 6cc.. 
& Z = « + £; + VI* + S i' + f i' + &c. i 
eritque ideo 

P =A + B cof.p + C £. cof.x f + D~£. cof.3 j> + &c 
r = B&.fin.9 + c£ 1 .j;n.%<p+I>jj ! .fn.3 9 + 8 l c. 
Q=* + 6 S:cof. V + y£.cqf.z V + S £ cqf. 3 9 + &c. 
o. = 6 AjJb. 9 + y ^.ftn. a 9 + S £.fin.3<p + &c. 

T.o6. Ex pracedenribus autcm inrelligitur hanc rcfolurio- 
neni iDtum habere non polfc , fi funclio Z cundem Fairorem 
pp — i/' q i- eof. f + qq{{ adhuc ixi fe complcchitur ; hoc 
en;m cafu in a:quationc M ~ A Z + a Z ; facla fubffiwtiono 
f = /" {cqf.n<p±<j — t.fiii.a<?), ipfa quant tas Z eva- 
nefceret , nihilque propterea colligi polTer. Quamobrem , ft 
Funclionis frafte ~ denominator habeat Faiftorcm ( pp — - 
xpq^. cqf.<p + qq ;;)' vel altlorem Poteilatem , pccitliari opus 
erit refoiurione. iir ujitur N=(_pp — c qf-f + ??if)'Z; 
att]ue ex dcnominatoris Faclori: {pp — zpq ;. cqf. rp + ,jq ;;)' 
orienrur hujufniodi dua: fracliones partiales 

Eulcri Introducl. in Anal. infin. Y 
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litteras conftantes A , a , B , b determinari oportct. 
107. His pofiti; , debebir ifto expreffio 

jf-(Afi;)Z~m+i;)Z'nn-m;. w f. + IBn ) 

effe Functio intcgra , & hane ob rcm uumerator dwfiSilis 
erit per dcno-nir.atcirem. Piimuin e:go Hrc eiprefEo .11 — 
A Z — aZ{ dnilib:',is clTe ccbcr per pp — zp jf. coff + 
qq ;{ ,* r. ji cum fit cafus pneccdens , todcm quoquc modo 
litKra A £i a determinabunrur. 
Qtiare , pofito f = A cof. nf , &t M = P , 
& 7, = N : 

& , pofito \ = fm. n<p, fit M = r , 

& . = ,, 

Hifque ficfis fecundurn regulam fupra datam , erit 

4 P Nf pn , FM-fN nf., 

N- + H- N' + H' ' Jia. t 

■ 1»M + PN 

N' + »• " f-A»' 
i.08. [nventis ergo hoc niodo A & a. , fiet 
— M t A+ ;.)____ Fu __ 0 int __-,qu_ fit = P,- atqiie 
fuperefi ut P — BZ — _Zf divifibile eradat per p;i — 
cqf. p j;, qiue etprcffio cum finiilis fir price- 



pofito f = coj. 11® 
& , pofito {" = fin. n rp 



□igitized b/Coogle 



FRACTARUM EVOLUTIONE. 371 

— H- + W + N' + H* 
B Rw + r H _?_ 

K' + »■ 1 

i.09. Hinc jam gener.iliter concludcre licct quomodo re- 
folutio inflitui debeat , fi denominator Funclionis propofica 
Failorem babeat (pp — ip<ft-cof.<p + m i) 1 : Dtenim 
N=(pp — 2pq{.cof.q>+qqu) k Z , ira ut hsc rcfolvenda 
iit Fun£Ho frafla 

yH 

( w — »j. K .«jfi , + ««)* z 
Pricbcat crgo Faftor dcnominatoris Cfip— ipjf.cojCp + gj^) 
has partcs : 

*±_ ii | '+»< h 

<w — »jwv ctff+mn)* («■ — ip!i.ctf»+!«K)*~ 1 
c + °l + D + D ' ._, + &'■ 

Jam , pollto r" — - p -. cof. n p , fit Jlf = M , 
& _ = N ; 

&, pofito j" = -^./n. np, fit M = m, 



i DE REALI FUNCTIONUM 

pofiro j* = cof. n $ , fit P = P , 




N- + M' " />./"■)■ 



Digiiizcd B/Cooglc 



FVlJCTjIRVM EVOLUTIOtfE. 173 
Hocque modo progrediendum cft donec ultima; fra£Honis , C X A [ P ■ 

cujns deuominator cft pp — ip^. cof. f + qq j{ , numc — 

lator fucrit detcrmiiiatus. 



Sir ifci propofita Fumfiio ftafla 

(1 + l& (' +7) 
;s cujus dcnominatoris Factoce (> + {[)' oriatitur hs frac- 



( ■ ~+~T;)' + (■+«>■ + t' + tt> + ' + « 
Comparafionc ergo itillituta , erit ^ = 1 , f=i , cof<p = Oi 

ideoque p = -_■ -n- , porroque iVf = { — & Z = I + f. 
HinceritMsso; m = i; N=i ; n=o , &Jfc?=.i. 
Hinc itaquc invenitui 
A= — A. 0 = 0, & a = i. 
Ergo A + a .• = f ; hincque P = = — l ' ' 

Sc P = o , p = 1 : unde reperitur 
B = o , & b = f . 
Ergo B + bj = i- T , & (2 ==5^lv=ii = — 

unde Q = o & Q = o , ergo 

C =0 & ^ c = a , hincqne R = — 

ergo R = o; n. = ; unde iit 

D = o&d= — -_. 
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i74 DE REALI FUNCT. FRACT. EVOLUT. 
Itb. I. Quamobrem fraftioncs qu.-cfita: fiint hx 

(- , + ri7' 4---)"' — rrr^i' Reli i u3! ver ° f ««- 

rionislmerator cfl L S = = f + 

7 i' . <*S° erit = 

aio. Hac crgo methodo fimul innotefcit fra&io comple- 
mtnti , qua: cum invccitis conjundla producat fraflionem pro- 
pofitam jpfam. Scilicet fi fraclionis 

M 

C PP — V 1 {■ «/■' P + 11 U )* Z 
imenta: Eiierint oranes fraclioncs panialcs ex Fa&ore {pp — 
±pq\. caf.f + ijin) oriunda; , pro qnibus formati funr 
valores Funffionum P, Q, R, S , T, fi harum htrcrariim 

eft ad numeratorcs inveniendos , fequltur , numerator 1 idlqux 
rraclionis denominatorem Z habentis ; nempe , fi k = i , crit 
reliqua fraclio y ,-fi ifc = i , erit reliqua frailio ,- fi 4=3 , 
erit ea , & ita porro. Iuvcnta aurem hac rctiqua frailione 
dcnominatorcm Z habcnte , ea per has rcgulas ulterius refolvi 
poterit. 
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DE SERIEEUS RECURRENTIEUS. i 7i 

' C 

C A P U T XIII. 

De Seritlus ncurrtntihus. 

iii. Ad hoc Scrienim genus , quas ~Moivr,jetis recar-% 
reiues vocare folet , hic rcfero omnes Series qute ex evolu- 
tione Fun£rio;:is aijufquv" friiJl.E jier tlivifionem aclualem iiifti- 
rura nafcuntur. Supra enim jara oflcndimus has Scries ita efle 
comparatas , ut quivis rerminus ex aliqiio; pr.Tcedemibus fecun- 
dum legcm quantl.ini cuiilhniiiiu tlinsjrniiiietirr , qua: lex a clcno- 
minatorc FuncHonis fracla: pcndet. Cum autcm nuiic Fundtionem 
qoamcunque fractam in alias fimpliciores refolvere docuerim , 
hinc Series quoque recurrcns in alias limpliciores refolvetur. 
Inhoc igitur Capirc propofirum eft Sericrum rccurrcntium cujuf- 



quat per divifionem evolvatur in hanc Seriem recurri 
A + flj + C{ + Z>;' + E { ' + F( + &c 



tiones fuas fimplices , & unaqoaque in Seriem recurrentem 
evolvatur', manifellum cft fummam ommum harum Sericrum 
ex fratfionibus partialibus ortarum squalem eir e debere Seriei 
recurrenti 

A + B { + Cf + D? + E? + F( + Scc. 
Fracliones ergo partiales, quas fupra invenire docuimus, dabuut 



□igifeed B/Google 



i;5 DESERIJEBUS 

Scries partiales , quarum indoles ob fimplicitatcm tjcllc perfpi- 

ditur ; omnes aur;:;;! S.:i-^ '^trtialc: j:in;";iii] ftimta producent 

Ssriem recurreniciii prc.poliiam ; uiiclc- & luijus riatura penitius 

cognofcctur. 

113. Sint Series reriirrcnies ex finyulls fractionibus partia- 
libus orts hi. 

a + b; + c{{ + dj' + e f " + &c. 
a' + b'{ + c' Tf + dV + eV* + &c 
a « + b"; + ^ + d 'V + eV + &c 
a'" + b"'{ + e*»« + d"' { ' + e"' f * + &c. 
&c. 

Quoniam hte Series junflim fumtse xquales elTe debent huic 

. A + B { + C;{ + D { ' + £{' + &c 
neceiTe eit ut fit 

^ = a + a! + a» + a" + &c. 
B = b + b' + b" + b" + &c. 
C = c + c' + c" + c"' + &c 
D = d + d' + d" + d'" + &c, 
&c. 

Hinc , ii (ingularum Serierum ex fraflionibus parlialibus orta- 
mm denniri queanc cocliicientes Potellacis {" , horum ftimma 
dabit coemcientein Poteltatis {" in Serie recutrente ^ +flj + 
Cj' + D{' + &c. 

114. Dubium hic fuboriri pofler , an , fi dua: hujufmodi 
Sctics fiicrint intcr fc ajquaics 

A + B { + C( + D { ' + &c. = A + B{ + Cf + Dj' + &c, 
neceflario inde Cequatur , cociiici^mcs [jmilium Poteflacum 
ipfius { inter fc elTe a:qualcs ; feu an iit A = A ; B = Bi 
C = C; 



RE C U RRE NTIBUS. 
C = C; Z) = D; &c. . Hofc auterfl dubium 6 



B + Cf + + &e. = B + Cf + Df/ + &c; 
nndc fequirur fore if = B : fuaili aurem modo oftendetur e(Te 
C = C ; D = D , & ira porro ia infinitum. 



■s par- 



rur. Ac primo quidcm pater fra&ionem ^ dare Seriem 

A + A^f + hp'\ + A/j 1 + &c. , cujus terminus 
generalis eft A/j"f" ,■ hic enim cxprcflio vocari folet ur- 
minas generalis , quoniam ex ea , loco n numcros omnes fuc- " 
ceflive fubffiiueiido , omnes Seriei termini nafcuntur. Deinde 
C3i fraflione ^ZJ^ oriturSeri.es A + xAp \ + 3A/J* + 
qAp'f + &c. , cujus terminus generaiis crt (n + i)Ap\% 
Tum es frsflione ^7^7 c-ritur Series A + 3Ap$ + 
<■ A/i*f* + ioA/i'f r + &c. , cujus terminus generalis ell 
( * + ■ ) ( " + 1 ) Af"j". Gencratim autem fraclio 

■j prabet Seriem tianc A + k Ap{ + * f * + i ' -? Ap" {' + 



Hk+i) (* + *) 



— ' Ap' {' + &c. , ciyus terminus generalis cf! 

:;;;;'",t-T )- A /i' & 



ipfii ;l;i[c:u S^li.i pru^sv!*] jiic (.'jlii-.^iur hit i 

'" + "" + 'l::::::::" + :~" vy t- «„ 



Euleri IntroJuci. in Anc.l. iajin. 



j 7 3 D E SERIEBUS 

I. cxpreliio ilii efl Kqualis, id quod etiminatU denoniinstoribus 
patebit , fiet enim , 

».*-3 "(»+') (<■+*— -0 = '.»-J (*— 0* (*+«—') 

fjuas eft tsquafio idtntica, 

zi6. Qiioties crgo iti r-.fr.^Kioiit Fr.r.<.T:ont;rrt fhtLhrum "d 

rmjuimodi fraftiones pariiiiles ^ pervenitur , toties 

Seriei recurrentis ex illa Funfcjone fracca orts A +£; + C;' -f- 
+ &c. . terr.1i.111s ge:iii:iii:; .-^l^r.aii polerit , ijuippc c;ui 
C.-it Aimma [ei-minonim j»^nei".iii:ni .Serienim , vjtts cs Iraaic- 

uibus partialibus nafcuniur. 

BxiMVtVM I. 
Invcnire !e:;~ ::;:::;: ziimrcL-m Striri reeuirentis , oiite cx lia: 

Series hinc nata eft i + o; + i; f + ij r + tfj' + ic ; ' + 
11;' + 41;' + Et5;' + flcc. . Ad coefficientem potL.-fia:is 
geoeralis ; invenienduni , fraciio ~~ ' ~ refolvatur in 
+ — • '— v 1 . , «nde orittir termirius generalis quifirus 

( 4 ( — » )" + -j . i." ) f n = — -y- 1 ;" , ubi fignum + 
valet fi n fit numerus par , fignum — fi 11 fit impar. 

EXEMPIUH II. 

Invenire termiimm peiifr.tleni Sfriii returrtwis qua orhur er 
fraeiione , fi„ Seriei htijui I + 4Z + 141' + 

40V + 1461' + 4541' + &c. 
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RECURRENTIBUS. 179 
Ob denombatorem = ( 1 — i{ ) ( ' — 3i ) refolvicur C a e. 

fr.idcio in lias + 7ZZTf T • cs 9 uiblls fit term ' nus B enc 

ralis 1. 3" t " — 1" j" = ( x. 3" — i" ) f"- 

ExEMPLUM III. 

Invcnire tcrmimmi geiieralan Serki hujus 1 + 31+4.1' + 
;z' + iu' + l8z' + 191' + ->7i' + , yu« oriW « 
evokitione fracticmis , ' 

Ob denoiniiiatoris Faclores 1 — ( ' ■ +^' ) j & 1 — 

( ) { . per rcfolutionem prodeunt ^y+TyTy + 

1 — Vf 

—^ - • . - ■ , unde crir termtous gencralis = 

<iJ^ + \'-K^=")" + V 

ExEMPtUM I V. 

Invenin umiaam gencralem Seriei hujas 

jh« orimr f.r evoladonc fradxonh -- — " -■ t' 1 " — • 
Ter rcfolutionem oriuntur ha; duas fraiViones : 
Z % 
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o DE SERJEBUS. 

(--*- V ( m + t f ) 1 + l h ) : »ilf.,4->() , 

— c+ vt r +4 " >i 

,_ ( — Vf»^) - h '" C 

•mious eeneralis eiit .1V(» + .Q f , ) + 
• + Vt» + 4Q y> ~ . «(vu.+«o — — u ^ 



" + 4 ' ' )" V >' es ^ 110 ornnium Seiierum recnr- 
-entium , quarum quifque terroinus per duos priecedsntes 
leterminartir , tcr::ii:ii gji;t:ra!ts expi;Ji:- ck-fiiiiri potermit. 



+ 3"' + 4 Z " + 4 Z '- + &c. , jim: cnW m fratfione 



Quancjuam lcx progrefiioms primo intuitti it a efl manifefta 
ut explicationc non indigeat, tamcn fra&iones per refolutio- 
nem orta: - j * — + ^ ' ^ + — — — danMitunc termi- 
num gcncralem ~ ( a + i ) f + i 7 " + i ( _ , )" f ~ 



117, Hoc pafto omnium Scrierum recurremium termiui 
generales exliibifri polTunt , quoniam omnes fracHones in hu- 
jufmccli fraaior.es partiales fimplices refoivere licet. Qtiod fi 
aurem expreffiones imaginarias vitare velimus , firpeuumero 
ad hujufmodi fractiones partiales pervenierur 
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RECURRENTIBUS. 181 

A + ^ i t, cx qaarum evolutione cujufmodi 

( , — ip^. a f. t + 

Scries nafeahtur videodum eft. Ac primo quidcm , ob 

c<fntp = rcof.<p. cof.(a — cof.(_a — %)<p, fa&ia 

— — — ; evoluta dabit 

i — ip;. aij.t. +f?it 

A+iApfretft+iA W H.M/.a 5 +tApV-^1»+»ApV-«/45 



ziB. QuoitjitLiiiad fcopum perv-niamiis , coii(i:1_;,T.iL 

duas Scries 



(jiiE diis Series utique nafcunrur ex evolutionc fradlionis , cujus 
dcnominator tli i — %j> j. co£ p + //i jj. Ac prior qui- 
dcm oritur e„ hae fra&ione . . f n v ["'■ ' — poflerior 
O — O,- Jr 1 ''*'"» p 

vcro cx Iiac — — — + . A(k';iiitLir it_ du„ frac- 

i — i r j. oy.» tffH 

tioncs, atquc fumma '■- '' ' " : (;-_<•_' da6 ; t 
Seriem enjus rtirt.iiitLis gor.^-iis ci it = ( Pfin.ntf. + Qcof.n p) 
p" F iat auttm ir.iT.io isropofitat ... ^ + 11 " i — __ 
* 1 _ r i — ifi. ™/.t-r fPV, 
lequalis, crit Q=A , & P = A cor. f + B co/ec. p. Scriei ergo 
es fctc fraclione , * + D /_ : o 



s getie- 

rf, crit = A^.^^+R^^ + A^ ^ _„ ^ = 
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,8i DESERIEBUS 
t. 119. Ad rerminum generalem inveniendum , fi denominator 
" frafllnnis fuerit Potefal , ut ( 1 — of f + fo^ f , 

conveniet lianc ftaflionem refiilvi ui t]n:«s utfi imaginarias 

(,_. i#..=)c;i* + t— W-*— V— ' •-*■»).;)* ' 
quarum ftmul fumtirum temiuui), srci.iira.is Suriei tx ipfisortnerit 

'■ •+ ■'•+■'"■+"-. fr+rv ; („p «, +y— .>.„ f ) « P Y+ 
-v-,.;;„.,. ? )i,,-,-"- 

«;•„+% Jy;;-^^, .-„ 

'•+■'<-+,»■+"-■■--- '■+»--; ( / ,„/ . f + c .f„. .,)/,' 

tc-rmimis generalis Scriei , q„s „ri„,r ex i,is fractiouibua 

■(,_(„/, + V— ,>.,)«',' * (,—(■>/ .— V— ■■jii.tlK) 1 ' 
'fcu ci,i- oritur ei hac fracYice una 

: +tsPT-^"-y-TT 1 g/r'> ff ''- , ?+ ".. 'I:* . V r>-3P c " 

110. Pofito crgo * =■ *. erfc Scriti ex fcac fraflioiie 

>_,.,; f/ — g. /?,,.■) 4-""" fi-^-.-ffali) 

( 1 — »j> . «•/•s-i- fraj' 
ortffi ter«.in US ge«*aSs = (* + 0 (/"./> F + ^«-«P )/f"' 
At Si-ri_i e- luic fracrione — , -■ .._„„■. . f« 
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RECURRENTI13US. ,3j 

^ i„ r t. i" r ■ + j g orra p-^nynuj geaeralis eft = ^.J" 
a. gi. { n + <)» pi ^dJ-.nrur hx fracKones tavicem , ac 
ponatur a-t-/=Ai w. eo/.p + if.cof.tp-~ i s .J!n.<p=— B 
& o +-/ ro/firp — ff . >. i p = o , hiAc crit «■ = 



i Seriei 



Hanc ob 



) S + 



('■( a + ;1ft.!n'+T).-j (r+i)f..(.4-l'T) . „ n , 
- / — — A jO J + 

1H " B / f, Elt crgo 

iflc terminus""generaUs qusfitus = 

( i + i ) r.„. I , + . i . — ( „ + t Ifa f „ + i 1 , , „ „ 

^ t + 

ffn -'"' 4 " 11 ' fj/?" S^rici qtiffl oriiur 



4 >■*)< 
f, a ,flione *-+!=I 



tf»+«MI>' - 
Sit f = j , critqite Sor 



termtaus generalis = i^ilKlti) <f cof.ny +g.fn-t>?)p'\. 
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iS 4 D £ SERIEBUS 
h Pebde Scriei tr. fraflioni; ; J + *" ; , feu «t hac 

(ji+jjjfa. — ■■*.(■ + !). gyy. Addan.ur _ frao 
lioncs ac ponatur umnerator = A , erir a + /= A , 
tf.cofo—2g.fi«.ip+}A£ofp—l>==o , 3 ficqf.T.f— 3g .fin.i.f+a 
— T.b.cof.f = o & b=f.cof.^!j) — g.fm.$<p, hinc erit u — 
r^l — >*M ; -;/^> + l>-ff-» = ^ B . ff y , fl „,, p _ 

f-xf.(.fin. 9 )\ Deindc reperitur £ =^S=i||ii±&| 
&«+/=sA=if. (/"■¥>)' wiff. ? — i/(/n. ¥>)',- ergo 
a ^ ;J = 1 T ~ ""',-~ 1 /' ° / eK quitws tandem oritur 

, Atfa.r ifal^+Jh^U) A (.-.':.— 

/ l4(JS,. ( )' ■ iS (>■»)' 

ob nJOTn. if )'=fiB. 5?~5/n.3P + ioJ7n.p, erit a= 

A 't;;y i,1 &> = <( "fe'y''' = °' hi 

autem 3fin.<p—ftn.yp=$(finy)'i ergo n — - ( j^ :J > Q«.o- 
circa erit terminus gcneralis { 11 + ' ) t " + * , i ^," j" 



+ 



. (■+4)( n +;> 



i^/«.(«+Op> 
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RE CURRE NT IB U S. i8j 

2ii. Stiriei crv;o qt:x orirv.r ex hac fnictione ' 
( ^ A + ™ % y ' 
(crminus generalis erir hic 

^ i( (.tm-+ti > , t , +0? _ ^^M-;) x 

,1,. ( „ + 3 , p + Sl±il_±l) f n . ( „ + , ) f , 
+ SR&'< 't''''t''> -"?- i 4 d i 1 -'^(-. + .)? + 

■ * J r i r J /.,.(« + 4) ? ). 

Atque, ulreriusprogredientlo, Seriei, qutcorimr ex hacfradioue 
A + Ll e j 

t; ,'jM ; W-* + JVH)' 

generalis erir hic 
aA" , • » + *) („ + *! u + o - , , . 

4, (>',).■<— i j .(«+1),— 

' • •i_i-. + ,^ + _.+'"-+')''+')^ 



"T ' i "7 ' /».("+3)i> + 
J..C + )),- ' ,< -,"1' + 7)f) 

+ & ( '■ + l"-t'" ! - + t ' /.■ ■ f - 
"';+ < V + ! " /--(" + ')? + i '', + '',' ,+ /' x 

y,,.. ( . + 4 ) f - ■ 1 • + • >J ■ + j ii>. ( . + 6 ) ; ). 

V.x his putem csprtfiionibus f.idl-; iiitciliijitur , qtiematlnrc- 
dum rbrmiB rerminorum generalium ]iro alrioribtts digoiratibns 
pro^rediantur. Ad naturam vero harum exprefiiomim peni- 
tius irifpiciendam notari conveuir cfii; 

Eulcri Iniroducl, m Anal infitu A a 
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D E SERIEBUS 



fm.p = f, 
Mf,n.f!= lof„ 

3.^.^=116/,, 



f">-3t 

lfn.3<?+ fin.w 

.<p— ^n.^ + ^fn.^ — yfin.-jtp+fm.tjf 
&c. 



1:3. Cum i;;itur hnc paclo omncs functiones fcicrs iii frac- 
lium-s p,iitiii!cs tu:i!. , .> retiilu t[!:t:i.^ , fimul umnium Seriorunf 
recurrcntiurii tormmi generalcs per exprelfiones rcales exliibcri 
poteninr. Quud quo darius appareat , eiempla fequciitia 
ndjunau funt. 

Exemtlum I. 



, . - | ■ ' 0 " ,ur ifia Series rcairrens 

r + i+-f' + 3f , + 4 1 '+5{ , +7f' + S;' + iof'+iii'+£ic.; 
jcujus termimis !;c:k.t,i!:s ttdiJcr:mir. Frjflio propolita fucun- 

dum Faflores ordinata fu 
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RE CU R-RENTJBU S. 1S7 
Quinta vero - j ; ^r^jr ^) eonl P ar * ta cum f° rma Xllf.' 

^ti^r (xiS) dat'i»=i , p = T = 6o°; 

A = + — & B = , unde oritur terminus generalis 

+ ;-,)Y= ""'•+■',— x 

( - 1 ) v = — — ; <* c— 1 r 1" . coiiu 

gantur hi cxpreffiones omnes m unam fummam , ac prndibit 
Seriei propofita: terminus genetalis (jusfitus = + f- +. 

|)*" ±ts"± 9 * - ubifi > a 

("Liperiora valent fi n numerus par , inferiora fi n impar. 
L'bi norandum eft fi fuerit n numerus fbrma 3 /n fore 

4 jS„.i (»+!)«— 1 

3m + 1 feu /1 = 301 + i , erit ifta exprelfio = + -i , 
prout n fucrit numerus vel par vel impar. Ex his natura 
Scrici ita eaplicari poteft , ut 
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' n E SBRIEBUS 
fi fiterir terminus generalis fitturus fit 

. = 6 m + .o ( g + i + i ) f 

, = «»,+ i (5! + i + ±),' 

. = < J + i ( !! + f + i ) 

• = i« + j _ ( n + -'; + -JJ i* 
i = i>-+( ' Cn+T + flt" 
, = c « + s < S + t + i > 

tt fiierir n = 50 , valet fotma t^im+i, critque 



Ek fraclione , , | 0 " nir nlc Scrics recurrens 
* + *, + 3IT + 31' + + 5{' + ^{'+ (5 t , .+ 7{' + &c. , 
cujus tetminum gcneralem invcnire oporrct. Fraflio propo- 
lira ad hanc formam reducirur ( )'' [ ^["^" f [ 1 | j ' 
cuic propterea rerolvitur in has fractioncs partiales 
I + ! ■ ' + 1 ... 



generalem 3 LiLzh.il j° . 
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R E C URRENTIBUS. 189 
B = + ~ i unde fit terminus generalis = ( — fm. ~ X ^ 
( „ + , ) r + ± tt v ) £. . Quare coliigendo erit ter- ? 
minus generalis quafitus = { -2- u + \ ) f + f — 
((/"■T(n + ')T-/».f-iT)f. Hinc 

crit terminus gencralis 

+ ' u" 

,_4»,+ , <-*»+f>!" 

.=4.+> <-}" + i)i" 
.,_4» + 3 <i» + i>i" 

Ita , fi n = 50 , valebit n = 4 m + i , eritquc terminus = 
39 1"- 

114. Propofita ergo Serie recurrente , tmoniam llla fraiflio 
unde oritur , focile cognofcirur , ejus terminus generalis fecun- 
<lum prscepta data reperietur. Ek iege nutem Seriei recur- 
rentis , qua quifque lerminus ey pr;rce:li.-nri!r.i.'i tkfiniru.- , ftarim 
innotef : . Jenomiimor fraclionis , hujofque Faclores prxbe- 
b' it tormam termini generalis , per numeratorcm enim fantum 
coclfieientcs determinantur. Sit nempe propofita hzc Scries 



A + Bj + Cj' + + E? + Fj' + Scc. , 
cujus lex progreflionis , qua unufquifque lerminus cx aliquot 
pracedentibus detenninatur , prabeat riunc fradionis denomt- 
natorem 1 — «J — - — y% '. Jta Ut fit D = a. C + 
ZB + yA i E=*.p + GC + yBj F=a,E + ZD+-yCi 
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too D E SERIEBUS 

i. I. &c, qu! multiplicatores «, + G, +y a Moivrao fialam 
nlationis confiituere dicuntur. Lex ergo progrtdionis pofita 
ell in fcala relationis , nrque fc.ihi relationis tlatim prsber deno- 
minatorcm fra&ionis , cs cujus rcfolutionc propofita Series 



nj. Ad terminum etgo gcneralem , feu coeflkientem Po- 
teftatis indefinitic j - , inveniendum , quiri dcbent denomi- 
natoris I — ti{ — £{' — y {' Faftorcs vei iimpliccs vel 
duplices , fi im:iyir.i!ric>'i vmire vclimus. Sint primo Faiflores 
fimplices omnes iiuur lt iii.fqiia!t.-s S: reales lii (l — — ?{) 
(l — rj),- atque fiaclio gcncrans Scriem propofitam refol- 

vetur in f- + r _^_ T ,- unde Scriei rerminus 

generalis erit ( Ajj" + Bq" + Cr" ) f. Si duo Faaorcs 
fuerint iqualcs ncmpc q=p , tum. tetmiuus gencralis liujuf- 
modi erit (( An + B ) p" + C r" ) 7" , & , fi infuper nicrit 
r=q=p , erit tcrniinus gcncralis (An' + Eit + C) p" 
Quod fi vfcro denominmor l — aj — €{' — y{' duplicetn 
Jiabeat Faclorem., ut fit = (i— _J{ ) ( i — i.{. co/.? +??;{) 
tum terminus gcnctalis erit == ( A/ + B e M ±" kb£&£« ? y , 
Cum igitur , pofitis pro n fucccllive numcris o , r , i , pfodire 
dcbeant ttrmini A,Bjj C{' , hiuc valores Btterarum A, S, C 
determinabuntur. 

116. Sit fcala relstionis bimembris , feu detenainetur 
quifque terminus pcr duos praccdentes , ita ut fit 
P=«,B— HA; D — aC — G /J ; £=t*D — £C, 8cc. 
:it<]ue mauifeftuni clt Serieai lianc tecurrentem , qua; fit 
A + Bi + C{" +U{' + + + Ff + Qi**' + &c. , 



RECURRE^TIBUS. 191 
oriri ex fraftione cujus denominator fit 1 — * ^ + 6jy. Sinr C^* r: 
hnjus denominatoris Faclores ( 1 — />f ) ( 1 — f {) , erit ^ + 1_ 

5 = « & jj^ = G; atquc Serici terminus gcneralis erit 

( A/ + B?" ) Hinc facto n = o , crir A = A + B ; 

6 facto n = 1 , etit Zi = Ar* + B 3 ; unde !it — B = 
A( ? — ^j) & A — ^ q - ~ B ; & B_- 4f~ . J . Inventis autem 
Taloribus A&B , etit P — kp" + Bf & Q=sAj/ t +' + 
Bj"+'. Tam vero erit AB = + '■" . . 

7:17. Hinc dt-dud poteft modus quemvis terminum ex unic» 
pr.~ceclente formandi , cum ad hoc per legem progredionis 
duo requiranrur. Cum enim fit 

P^ahf + tif & Q = Ap.p" + Bq.q" 

p i — Q= A C? — p)/ &Pp— Q=Z(j>— ?)?"■ 
muitiplicearur lia exprefiiones in fe invicem ; eriique 
P'pq~ (.p + q)PQ + QQ+AR ip + qfp" <?=.<>. 

At cft 

p + ? = a ,• ,■ (;-«})■ = (» + j)' — 4Pi = 

ax — q£ & ^"5™ = 6*. Quirjus fubftituris babebirur 
CP* — «PQ + QQ = (ZAA +«.AB — BB)Z" , feu 
^ ~ ° j Q "j~ ^ - = £" ; qus eft iufignis proprietas Serie- 
nim reeurienrirun , quaram quifque rerminus per duos pra- 
cedenres dercrmfoatur. At cognito quovis termbo P , erir 
fequens Q = i «P + V CCj « — 6) P" "I- (■"' — ar2B + 
C-^.-ljC) , tjus expreflio , eiii fjuv.a-.i irrriiit.iialiiiiiis pra: fe 



i 91 DESERIEBUS 
■ fert , tamen femper cft rationalis , propterea quod. rermini 
irraiionales in Serie non occurrunt. 

13.8. Ex daris porro duolius terminis contiguis qutbufvis 
P{" & Q{"~^~' commode affignari poteft tetminus multo 
magis remotus . Ponarur enim 
X = fP'+gPQ — liABQ". Quoniam efl 
P = Ap" + Bq" & Q = Ap. p" + Bq. q" atque 
X = Ap la + B</'"; erit ut fequitur 

fp- =/A'/ n + fWq la + i/ABe" 
gPQ=g + S ~ 'q-q" + gABaC 

— h ABZ" = — h A B £* 

X = A p 1 " + Bj ln . 
Fiet er SO f+ SP = i-,-/+ g? = ± & k = i.f+ g x , 
*n&g = A *-_ q) &f= ^ ( -_l r At eftB-A = 

. *A ill r e 1AC .H . ' 

& S = „| ..—,.) '=» /= „ .„ + .,,,, & 

»= s=ajpa ' '■— sr — .aT+1aa - 

Erirque er_o 

Simili vero modo reperitur 
X — 1 ,Cy< — Ipfl) y M t fl --^ ) (_»_ iTlr* 

His eonjungendis per elimiuationem r^imini C" reperitur 

2.3.9. Simili 
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RECURRENTIBUS. 393 
119. Simili modo , fi ftatuantur tcrmini fcquenres 
A + B { + C;' + + P f " + + fl.;^ 1 + + 

- {CA — ,.H)Q> + iIlQR—ARR . 0 |, R - f0 -£j' 
* BB—.AB + CAA . «.°JJA «y <«' , 

— 'tf^f + lf (. ^ — -Ol-Pp + f.g (.. CMIP' 

*AU + CAA 

At eft 

2 = « Y—QX, ergo Y=2. +f x : undc fi t 

— ; fl?' 4- irAPQ + «1 Jl — pp c - .. 
BTT^ZaB + cAA ' 'S ,mr 

porto ex X Sc Y definiri poterunt fimili modo coefficienres 

poteftatum & ; hincque ipfaium j 8 ", j"*''" 1 , 

& ita pono. 



Sit propofita ilh Series recurrens 

« + 3i + «■ + 7i' + » t*+ 1 «t* + + Pr n + Qr 1 " + «=■ • 

cujus cum quilibcr cocfficiens fit fumma duotum prsceden- 
tium , crit denominator fraclionis hanc Seriem producenris 
, — ^ — . ideoque n = 1 ; £ = — 1; A = 1 ; 
fl = 3 ; unde fit Bfl — *AB + £ „f_f =- ; ; ex quo 
orietur primum Q = p ± V Ll pp ± g ' ~ ■ > = 
p+V(<pp . ^'° _) t ub; flgnu _ fuperius va]e[ _ fl „ fit nu _ 

merus par , infcrius fi impar. Sic, fi n = q , ob P— =11 , erit 
Euleri Inircducl. in Anal. injin. B b 



194. D E S E R I E B U S 

Q = ■■ ■ +Ytf- i l "-h g) — Ii±Il = ^g. Si porro coijfii- 
ticns termini /« fit X, erit =^fS=22 ,. ergo 

Poteftatis cocflicicns erit — ■ t' ' — +^.'-I ? 3 . ~ JS* ^ yg, 
Cum autem fit Q -, P ± V f + " l erit QQ = 

En termino ergo Serici rjuocunque Pj" , obtinentur hi 
P+VHPP + 10) n+ 1 & — PF+i+ptfiPP+io) 1 n 

130. Simili modo in S'_'i id;iii rcciirrariljns , quarum qut— 
libet termiiiLis e^ iribus :u)t^CLiV-i)tibns dctermiiiarur , quiiis 
terminus ex duobus anteccJcnribus ddiniri potcli. Sit cnim 
Series liujufmodi recurrens 

_A + B{ + C{ + + :...., +P { a + Q { n + , + Rf+ l + &.c, 
cujus fcala relatlonis fit v. , — £, + y, feu qua: oriarur ck 
fraflione cujus denomiiiator — I — <cf + £f — y^. Quod 
fi jam termini P , Q , R eodem modo per Faftores hujus 
denominatoris , qui fint ( 1 — P< ) ( 1 — f ; ) ( 1 — r { ) 
exprimantur , ut fir J> = A/ + B ¥ " + Cr" , Q> = A/>./' + 
B ¥ .f" + Cr.r" Sc R = A p.p* + Bq.f + Cr.r" ,- ob 

f + q + r— a , +pr + qr=C & /jr = y , repe- 
rietur Iiec proportio 

+ Cpf * — [.C+k)PQ^ R +<_..,+«) PQ- _ „ 

+ p-S — i<y p-q-y — 
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RECVRRENTIBVS. 



„ + (.'+0**> — (-f— »)* Cij. 
' ~(.c+,v)^s> C +(«>+a)^fl' xtIt ' 
+ ^ 3 — >fr ■ 1 



Peudet ergo invenrio rermini R e* duobus prxcedentibus P 
& Q a refoiurioLie aiquationis cubica:. 

131. His de terminis generalibiis 



is , fLLpereft ut earumdjm Scrierum fumnias invefligeiiuis, 
Ac primo quidem manifellum cfl fummam Scriei recurremis 
in infinitum esitenTs squalem elfe fractioni ex qua oritur : 
cujus fraflionis cum denominaror ex ipfa progreflionis lejjc 
patcar , reliquum efb ut numeratorcm definiamus. Sit itaque 
jiropofita liac Serits 

A + + C( + D f ' + E { - + Ff + G t ' + &c. , 
cujus !c!t progrelTionis pnbeat hunc denonvinatorem t— + 
£f' — y 1' + £ j*. Sumamus fraftionem fumms Seriei in infi- 

cum Serics propofita otiri dcbeat , erit comparando ( 63 ). 



i — B — A A 

c — C — «.B + %A 

d = D— « C + gC—y^; 



t fumma eruifira 
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'■■ 131. Hinc f.idlt iiitci:j!;:;i,-r qiicmatlinodum Seriei recur- 
renris fumma ad daluoi terminnm ufque inveniti debeat. 
Qusratur feilicet Seriei modo aflumra lumma ad terminum 

P C , atque pouatur 

S =A + B { + Cf + D( + Ef + + Pf, 

quoniam hujus Seriei fumma in infniittim conftat , qunratur 
fumma terminorum uliimum Pf in infinitum fcquentium , 
qui iint 

Qf+ ! + Rf +l + 5^ + 3 + Tf + * + &c., 
hicc Series per f n+ ' divifa dat Seriem rccurrentem propo- 
fita; iqualem , cujus pro;ii„:xa crit t = 

Qf+' +(K — «Q)f+ l +(S — a R+ZQ)?+l + 

> — «i + ^i* — 7;' +JT 

(T — ■ a5 + £R — y Q) 
1— «f+ei- — t^ + ^i' 

Undc orictiir fumma qusfiia .( — 

+ ^ + (B— >^) T + (c — «g + e^f) T - + 

1 — *; + F? — +7r " 

r p — ,c + gg — y -rf) T _— Qr n+ ' — 

,_-. t + ^— ri+Ji 1 

( R — a. Q ) ;" +1 — (S — a R +£Q) — 
- _ », + ( V — yi > + j... 



-- e ,; + a_ yl j )r °+4 
.— + e 5 ' — 7t ' + ■ 
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R E C URRENTIB U S. i 97 

a 33- fi crgo fcala relationis fuerit bimcmbiis '. 

— £; Serici -4 + 5 r + Cf' + D t ' + + Pj n , - 

aux oritur ex fraclione 7*"*'' , fumma erit 

'— «i-Ku 

^ + (B — — Qr" + '— (g — *Q)f + 1 

1 — -t + e« 

Ar eft , ex natura Seriei, R=ctQ — unde piodibit liimma 
A+{R — a ^)r— 13;'+' + gP r " + 1 



Sit propofita Sc-ries i+3f + «'+7f+ + Pf 

ubi efta= 1 ; Z = — 1 j A = i ; £=3 ; erit hujus fumma 

erit fumma Seriti 1+3+4 + 7+11+ -f-P = 

+ <2 — 3- Summa ergo terniini ultimi & fequentb tcr- 
nnrio excedit iummam Scrici. Quia vcro eft Q = 
J'+V(;PP^ £i£j erit fumma Scriel 1+3+^+7 + , , +..,.+ 



_ iP~6->-i/!<p;' -■- z-.i 



fumma poteft exhiheri. 



Ex folo ergo rermino ultimo 
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LlB. I. 



C A P U T XIV. 

De nuihipUcr.-.l::::? a; diviftonc Angalorurtx. 

An^uhis , vel Arcns , iu Circulo cujiii Radius 
= l , q'.iicunquc = \ , ejus Sinus = j: , CciiimiS = y 
& Tangens = t ; erii xx + yy = I & i = --. Cum 
igiiur , uri Aipra vi:umus , tam Smns quani Cnlinus Angu- 
lorum ^ ; x j ,- 35 ; 4{ ; 5 j ; &c. > conllituanc Seriem recur- 
rcnrcm cujus fcala relarionis t!l ly, — 1 ; primuni Siaus 
horum Arcimm ira fe habebunt : 

fn'V~° 

jin. 3 { = Axy' — x 

jin, 4 r = Sxy — ^xy 

jin. H = i6xy- — ,-Lxf + a- 

J7 n . 6 f = 3 ixy< + 6.ry 

jJn. 7f = 6$xf — Borj* + 141/ — x 

fmTSf = l%Sxy' — ia.l*y' + So.r/ — Biy 

hinc condudimr fore 



-<■ — !) 



f„— 0 (n— fi) (rc— 7) („— S) 



ij^. Si ponamus Arcittn nj = .1 ; t-rir j7n. nr = 

jr„. ( T _,)=>.(» x -1- » ) =/». ( 3 
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AC DIVISIONZ ANGULOKUM. 190 
lii cuim Sinus omncs funt inter fc Equtilcs. Ilinc obtinemus 
plures valorcspro 1, qui erunt 

Mi> !•"■ r ^r 1 'J i "^' >••■ ^r* 1 «^* •■ ■ 

qvii ergo onines .Tquationi inventa: aiquc conveniunt. Tot 
autcm prodibunt diverfi pro x valores , quot uumerus n 

habeautur , quod liet dum alrerna tantum cxprefliones aJTuman. 
tur. Cognitii r.ulscibus -rjuasiouis ;i [xjfteriori , eartim 

comparatio cum terminis icqiiationis notatu dignas prabebit 
proprictaies. Quoniam auteni ad hoc ztjuatio , in qua tan- 
tirm x tantjuam iiicognlra inlit , requlricur , pro y fuus valor 
V 1 ( 1 — xx) fubftitui debct ; imde duplex opetario inilituenda 
erit , prout n fuerit vel numerus par vel impar. 

135. Sit n numerus impar , quia Arcuum — 7, + f, + 3j, 
+ 5 1 , &c. , difFctenria cil ij , liujufque Colinus= 1 — ixx, 
crit piogreilionis Sbuum fcala relationis lnc 2 — 4.11, — 1. 
Hinc erit 

f*>— % — * 
/■»■ T — * 
fin. 37 = 3 x — 4* 
fin. 57 = 5* — 10* + i6x 
fin. 77 = 7* — 561' + uii-' — 6V' 
fin. jtj = 9* — 110*' + 432*' — 576*' + ijoV 
crgo 



ioo DE MULTIP LICATIONE. 
I. fi qtiidem n fuerit numerus impar. Hujufque ajquationis radices 
~ C M ,J!n. ii fm. (^+OtMi^ + Oi + 
fin. ( ~ + r ) ; Bcc , quarum numerus cft n. 

137. Hujus ergo _quationis 



■ Jjn ( ubi fignum fuperius valet fi n unitate defieiat 3 
mulriploquaternarii, contru inferius ) FaSores funt (1 — ~_) 
- ) ( 1 — ) &c. , cx quibus 



ft"-(.~+0 /*■(* + () 

conciudittir fore 



&c. , dnnec lialjLiantur n itrmi.ii. Tnr.i iero jirodi:-iti:m omijitir 



Juu ~ f''>+f<"-^+of' n -^i+Of' n -C~+0&c- 

feu Jk. n { = + i"~ t->. + f ) + 
/n. (-„-+{) &c. . Et , qtria terminus pbriulrimus deeft , erit 
o =Jtn, 1 +fm. ( S + j ) +J7». (*:+<) +/,«.('; +* ) &c, 

E X E M P L U N L 

Si ergo fuerit n= 5 , iirruKijiiiif l:r cc-iialitatcs 

= =/«-! +/»■<■"• +'i) +/«. (»-!"" + !)=/"■! + 

>.(«=•_,)—/„. («=• + [). 
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AC DIVISIOSE AXGULORUM. itii 
] L. j ! i L — _!_ 4. C aV. 

/h.(6o — i) "~ /™.(6o + ■ " ■ 

>• 3i = — + /«■ c- /'"■ c 1 ™° + 1 ) >■ ,( h°* + o: = 

4 >. { .>.(6o' — t )./«.( 6o' + 0- - 
Erit ergo , uti jam fupra notavimus , 
Jin. ( «o- + E ) = /fc. T +>. ( fio° — { ) & 
3 e „A. 3 f = «»/«■.< + «/«. ( 6V — { ) — «>/«■. ( 6V + j ). 

EXBMPLUH II. 

Ponamus cffe n = 5 , atque prodibunt hic arquationes : 
o =fn. [ + >. (i^ + j) + >.(-!»+,) + 

j- < 7 - + !) + /«•<{ - + t) 

ku o =/„., +/„.(|, + !) 

>. ( 7 7T + l ) — ( y V — ? ) 

deinde erit 

>rn = y^i + /;... 1 ; ; — n ~ jrrr^+n — 
>■ ( , * — < i + ( i * + * i 

f,. ,j = .*>.f. >.(f »-,)/. <f»+t)x 
J!»-( T "- — ',)/«. :(i. » + ,), 

Euleri Iniroducl, in Anr.l. injin. C c 
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• ExlHFlVH III, 

Hoc modo, fi ponamus n = im + i , erit 

j?m 0— f' n -(^ + 0-f"'-Ci— 0 + 

ubi figna Aiperiora raleur fi m fir niimenis impar , inferiora 
fi fir par. Allera iquario erir hsc 

~ JT ~ + ./»'■( f — t ) ~ >TF+o ~ 

~~~~0 + >• ( T + i > + >•(¥ — !> 

/"■(¥ + !) -/«■(" — t) >•(?+!> 

qus ad Cofecanrcs commodc transfcrtur. Terrio habetui hoc 
producium : 

M-H— '•"f-tP- < f — 0 #■ ( f +:)/»•("—!) x 
/«• ( T + 1 > < f — i )>■•('; + 1 ) X 

>-(T-t)/»-(T+t>- 

13B. Sit n nunc numcrus par , & qucmiam efl y=Y(i — xx) 
& cof.i.^ = 1 — ijt.t, ita ut Striei Siauum. lit fcala reta- 
Uonis , ut ante , i — ^xx , — 1 , eiit 
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AC DIVISIONK ANGULORUM. 403 
fin. o { = o 
f,n. 1 1 = xx V ( 1—**) 
fin.±\ = Ux~ 8x')y/(i— XX ) 
f ln J\ == tf x — 3 i x > + 3i x')V(l— xx) 
fin. 8 f = (8* — 80 x' + — 118 V(i— xx) 

Sc generaEter 

^.■ = ( „,-^,. + -' r --.»»-;«) ,.- 

„, J ,_ t K„_,, ) l.,_,,l + ± ^,-, j y 

denotame 11 numerum quemcunque parem. 

139. Ad lequationem hanc rarionalem effkiendam fumantur 
utrinque quadrara , ac prodibit hujufmodi „quatio 
(>. aT )' = rf„« + FS + Qx' + .... 

feu **" ^—i xx **" m— _ "I )' = 0 

cujus iquationis r_dices crunt tam affirmativi quam negativ_ ; 
S C lli«, +>,.,,- + f,. c^- — ,); + f,. ('f + ,),- 
+ y?n. ( — — { ) ,- + fin. ( ^ + j ) &c. Sumcndo omnino 
»1 hujnfmodi espreflioncs. Cum igitur ultimus terminus fit pro- 
ductum oninium harum radicum , extrahendo utrinque radicem 
quadratam erit 

/„.„, = + 1— ' /„.,./„.( J -,)/„.(??+,) * 

f\n. — ; ) ; ubi , quibus cafibus utrumvis fignum 

valeat , e„ cafibus particutaribus erit difpiciendum. 

E „ _ m p l u m. 
Subftituentlo autem pro n fucceffive 
& eligendo n Sinus diverfos erit, 



104 D.U MU LTIP LICATIONE 
iLi± r „. H = »j_,.j_<-_ f ) 

s/« f-/»(~— :>/»-<-7. +!>./»• <f — !> 
j-.«t- 3--/»+/»-(-f —!)/»■ (f +!>/"■ <t— :) - 

/».<-',- + :> /»■(¥-,) 
>:S,= .iSj7„.,.j!„.(-J — ;)/,. (" +,)j7,,. (»_ ,)x 

j 1 ». (¥+!>/»■ < ¥— ; ) /»■ < ¥ +!>/«■<¥—: )• 

140. Patet ergo fore generatim 

j_-=,»"— >.,>.(- — ,)/„. (f +,.)/». <¥— !)» 
/».■ ( ; „" + ! )/»■<¥ — t >/»•.<¥ + !>■• • •/"• <T »— 0 
fi /1 fuerit numems par. Quotl li autem hs;c cum fiijieriori , 
ubi /1 eral tiutnems tmpar , comparetur, taiita iimilitudo adell_ 
de;>tel:tr.Jittir , ut utramq-ic in ir.i-m rudi!,_L; !k_at, Eiit ergo , 
Bve 11 Ftieric numeras par five impar , 

Ji».. r _l— >.,.>.(f — ,).J i „.(- r +,)ji„.(5_ ;)X 

/»•<¥+:)/»•<¥—!>/»•<¥+!>_■ 

doncc tot haiv.jnt.u- l'.xior_ , quot iiLimertis n continet uui- 

141. Exprellionc-s ifl- , qnibus Sinus Aiigulorum multiplonim 
per Fadores oxponuntur , non parmrn utilitatis afFerre poflunt 
ad Logantlimos S.iu;um Ai'.;;-ulrjrurti mulriplorum invcniendos , 
itemtjue ad plures cxprelTiuiies Sinuum per Faflores , qualcs 
fupta ( Jf. 184. ) dedinuis , repertendas. Erit autem 
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AC VIVISIONE ANGUL0RU3I. 105 c A p 
fin. ; = i/n., XIV. 
fin. H = >./,,. [>.(f — ,) 
f,r.. 1! = ,,/,,.,./„.(-= — ,)jMf + ,) 
/..,[ = 8/m. ( f — , ) ./,. ( f + , ) fn. { '-l - , ) 
^ S{ =.«>.,.>.(-f— !)^«.(f + i ».( 1 f— ,)X 

/«•<7+i> ' . 

/».6, = 3 i/«.,.^(-J— ,».<5-+, )/».(?— i)* 

/»■(? +o/»(5— i) 

141. Cum deinde fic j.^*^ = 1 ™/ „ { , Cotinus Angu- 
lomm multiplorum iimili modo pcr Fadlores exprimentur : 

,of. ,= ,/„.(..!_,) 

»/ M = »/».( j_,)>.(f + ,) 

»/-'3,= 4/».<i-!)/".(f + !>>■(? — ?) 
»/■'4!— 8/„.( ;— i)/"-(f + t)Ji«.(f— f)X 
/«■(',' + i> 

»/ ,,= ■« /«■ < h—Ofrih+O >■ (fl— ,)x 
/"•(H + r>/».<7i-i) 



Digiiizcd t>y Google 



aoS DE MU LTIPLICATIONE 

/"■<H + f)><-<r"-T> &c -' 

quoad tot habeantur Fa£tores quot numcrus n coniinet uni- 



343. Esdem cxprefliones prodibunt ex confiderarione Co- 
finuum Arcuum multipbrum ; enim fuerlt cof^ = y, erit 
ut fequirur 

cof H = iyy _ . 

co£ 3 f = 4 j — 3 y 
co/ 4{ = 8> — 8jv + . 
co^ 5{ = 16/ ~ loy + ?y 
co/ 6 f = 3 iy' — 48^' + i8yy — 1 
Cof.Ti = 64/ — II»y' + — 7 y 

& generaliter 

(D / nt = l" ' y" ■ y- X n ~^ y"- 1 + 

^ - 5 y a - 4 _ „(, — + )[,, — O % n — 7 j,— 6 + 

■( — Ot« — *)<«— Vl ^—9 " — 8 „ 
1. 1. 3. 4 J 

cujus icmationis , cum fit co/l n ^ = cof ( 1 w — n ? ) = 
«tf(*»+.0— .<tf(4*±»t> — co/:(6V±«f)fa:., 
erunt radices ipfius y ha: : co/Tf,- «/(" + {); CD f-l^±t)l 
cof ( — ± f ) &c. , quarum formulatum tot iliverfi; funt pro 
y digcndx quot dantur ; dantur autcm tot , quot n continet 
unitates. 
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144. Primum igiiur patet , ob terminum fecundum deficicn- C 
tem escepto cafu n = 1 , fore fummam harum radicum om- _^ 
nium = o. Erit ergo 

o = cof. l + C of.e^— l ) + c 0 f.^ + $ + cof.(«~- { ) + 

^+O + Scc, 

fumendo tot terminos quot n continct unilarcs : ria:c autem 
ajqualitas fponte fe offert fi n fit numerus par , cuni quivis 
terminus ab alio fui negativo deflruaiur. Conremplemirr ergo 
numeros impares , unitate exclufa , critque , ob cof.v = — 
afl-—,). 

» = «/{ — »/(,!)— 

cMf— !)—»/< j +0+»/(f-!)+ 

»/<f +!> 

« = »/;-«■/( f -;)— »/(f +:> + ">/("—!>+ 

.'»/( ~ + ;)-»/( f —!)—»/(» + i > 
& generaliter , fi fuerit « numcrus impar quicunque , erit 
= = »/,— »/(-; — !>—"/(-; +1) +»/("—!)+ 
»/(? + !)-»/(¥'-!)-»/<¥+!>+ 
!> + »/("+!)— 

fumendo tot terminos , quot numcrus n coniinet unitates : 
oportet auiem n effe numerum imparem uniiate majorem. , 
uti jam monuimus. 



>B DE MtJLTIP LICATIO N^E 
145. Qnnd atl pro;uiclum ex onuiibus attiticr, vari.-? tjui — 
,m prodiant «preflions. , prout , IWii numerns «I in,- 



lingult Smus 


0 C ° f '" US tra " 






M > t= 1 










»/<f +0 




-I) 


">f-3i = 4 




»/<? 






«fCr+O 


»/<¥ 


-!) »/<f + !>* 




»/<!-!> 






cqf. I{ = 1(5 






-!>»/(;. + :>x 




"f-C~-0 


»/!; 





& generaliter 

,o[. H = 1—' »/("^-' » + J) »/<===! ^ — ! )X 

»/< ! ^ i "+!)"/txr'-!>* 

'"/<"-??» + !) t-/< T?"-!)x 
»/!"i?*- + !> 
ftimiis tot Faftoribus , quor riumcrus n conrtnet unirates. 

146. Sit n numertis impar , atque iqiuitio incipiatur ab 
unit^tc , erit o = 1 + ^ "J + &c. , ubi figmim fuperius 
ralct fi n fucrit numerus impar formtf 4 m + I , infcrius 
fi' n = 4 m — 1. Hinc erit . . 

+ 
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»/(| 




.*'( 


f + tJ 


»/(f 


-!) 


«/.( 


f + t) 




H 







«« = — O »/.'(i 

Sr generalit t , pofito 



-t + t) cof.r- 
&c. 



fumendis lot terminis , quot n continet unitate: 

147. Cum ergo fit = Jic. v , hilic p 
infignes proprietates cieducuntur , erit nempe 
/«■ !=/«■? 

3/«. 3i =/«. ( f + 1) +/«• (f ~i ) - JM ? + i) 
! /«.5 ! -J! t ..('f + ;)+A.(Y-i)-/«.(f +{)- 

/•••(f-i)+/-.(" + :)' 

Euleri Inlrodacl. in Anal. infin. D d 
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Eti 7/«.. 7 !-/«■( » + 1 ) +/«■ Cf-I) < = + {)- 

/«. ( 7 — j >— /«■ ( f +!)+/«■•(-;— i >- 

/«■(" + !) 
& gencraliter , polito n = i m + i , erit 

,,./ic. », =/rc. <-^ ^ + ! ) +/«■. ( -5- ^ — t ) — 
/«■(^T + l)— /'■(^^— t) + 

( » + 1 ) + /;■■• ( " tr — ! ) — 
/»<===»*• +!>— >?«. <==»»•— 1) + 

/i.(!=^* T + !)+ +/«•!■ 

14S. P.-o Cofecantifeus auiem cric ex (j. 137 : 

<#■ ! = »/'■! 
acofic. 3 , = ro/re, , + co/,c. ( | — ,)— co/cc.(i + , ) 
, ro/cc. 5 , = co/ce. , + cc/cc. <-•—,)- cu/cc. ( i + , ) - 

co/cc.t;;— ,)+cc/; e .("f +,) 

7 cc/tc, 7 , _ co/cc. , + co/ec. ( f — ,)— co/cc.( 7 + , )— 
co/«c.(y — ,)+cc/cc.(y + () + 

cc/,c.(f— ,>— ' »>.<=+;) 

St generaliter , ponendo n = z 0, + 1 , crir 



□ igiJizcd t,/ Cooglc 



AC DIVISIONE ANGULORUM. 111 
«. . [ + »/«.■( f— !) — «>/«.( f +;) — 
«ffe. ( il— ,) + «/&.( »J! +! ) + 
afa-Of— !)—»/«•(¥ + [>- 
_ + »/«.(f— !)±.^"«-(™ + !) 

ubi %na fuperiora valent fi m fueric nujnerus par , inferiora 
fi m lit iropar. 

-^.g.Cumlit, uti fupra vidimus, ro/nj + V — i.jin.n;= 

(Vi±v— i.AiJ". 



C^+y— ij&^v— 1+1»/^— V— 

{l + M' — I)" — ( ■ — t V— T f ( 

(,+,V— ,)"v— »+(>— »V— 0'V— >' ' 
Tangcnrcs Angulorum multiplorum fcqucni.s 



in DE MULTIP LICATIONE 

& generalher 

f^TZ^T^^^^Z^ 

Cum jam fir ttuig.nj = ronj.(vr + nj) = Mng.(nr + nf ) = 
I0;, J> ( 3 ■"" + "; ) . eruiir valures ipfius ! , feu radices cqua- 
rionisJiK,ra n5 .;,-(,i n g.(2- + r ),.r 1 ,, ifi .(^: + T ) i ifln £ '.(^ + f),-- 
&c. , quarum nuraerus eft n. 

ijo. Qiiod fi avquaiio ab unitate indpiat , crit 

o = < _ - '';—■>■ + ■ i . i :r;"v.f' + fc - 

».»<.<< i= „<., + eo,.(-J+ I ) + ro<.(<J + ( )+co<.(IJ+,) + 

»'■<*' + ?) + + «*<"» + 0 

dcinde eri< liimma quad<a<o<um ha<um Corangcnrium om- 
nium = Qj^j - j — " i fimibque modo ul<e<io<es Po<efta- 
<es polTuut dcfiniri. Ponendo au<cm Ioco n oume<os defini<os , 

•«■ ! — •>•■ ! 
««.!, = »<.! + »<.(-;+;) 

Jcot. 3 J = ec. , + cor. ( + J ) + «,.(" + ,) . 

4™'--!! = ™M + «*-(f + 0 + m<-(7 + !) + 
eo<.(S + ,) 
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5 cot. u _ cot.t + +0 +w,.C2 + l ) + 

+ ;)- 

151. Quia vero ctl co/. v = — cor. { w — v) , erit 
I = fD! - i 

l COI. 5. { = COI. f COt. ( — l ) 

3 cot. 3 j _ «,(. f — _. ( -i — { ) + cot. f j + t ) 
4 co/. 4i = rtt.f — cot. ( ^ — { ) + cot. ( ^ + ; ) — 

; a». 5 { = cot. 1 — coi. ( — { ) + rai. ( -|- + ; ) ~ 

& generalirer 

«.«rt. nf _ ««. f — _ ( x — j ) + cot. ( i + { )— 

< T — O + «»■(.- + {) — 
«».<£—{) + + — 

&c. 

donec tot habcantur tcrmiui , cpior numerus n continct uui. 

tates. 

iji. Incipiamus iquationem inventam a Potcftatc fumma , 
ubi primuin diftinguendi fum cafus , quibus n cft vel numcrus 
par , vei inipar. Sit n numerus impar, feu n = x m + 1 , eric 



ii4 DE MULTIPLICATIONE 
Lt B. t. t — tang. f = o 

'' — 3tt.1ang.31 — 31 +MHg. 3j= 0 
t' — 5f'.f fl » ff .jf — lot* +ion.tfln ff .j t + jt — tang.jf=o 
& genetaliier 

t" — nt" '. tcnj.nf — tang.n^ =sb 

ub! iignum fuperius — valct , fi m fit numerus pjr , infuriiis 
+ fi m lit numerus impar. Erit ergo ex coefficiente fecunui 

tang. f = lang. f 
3 ' a "3- 3 { = Mn fT- { + r " n e- (-; + f) + '""b'- C ™ + { ) 
S tang. j r — ftWf. f + ftin;. ( ~ + j ).+ fang. ( y + { ) + 

tang. 0f + 0 + ""S- C Y + f )■ 
Sic. 

153. Cum igiiur (it ffliig. v = — ffltfg. ( v) , Ati- 

guli rc&o majores ad Angulos rsfto minores rudutuntur , 

tflfig. f==wn ff . ? 

3 fung. 3 { = foii£. 1 — tang. £ y f ) + faffg. ( | ■ + j) 

J fflfig. 5 J = tang. l — tang. ( y — f ) + lan g. (- + •) — 

( y — { ) + <™fj- ( J + { ) 
7 7 { = tang. f — wnj. ( y — f ) + tang. ( — + f ) — 
«wy. C y — { ) + ""2- C 7 + T ) ~ 
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&l generaliier , fi n = % m + I , erit 



XIV. 



n. lang. n { = tang. j tjjtg. ( — f ) + tang. + 

•°"s- C~ — r ) + ' nn i'- C~ + {)— 

"■"ff-CV - 1) + 

tang. (_~ — j ) + ton^. ( + f). 

154. Tim vero proJjcSum ex his I jrgeniiSus omttibus 
ci.t . j.iug. jjj , ptopictea t;cnJ pet %r.uium fie^siivotum 
mir.itrum alii.-ti.1tim parcrn & impmcm , fapelkw Ggnoixra 
ambiguitas tolliiur. Sic etn 

,—'<"';;.{ 

"^s-ji^^-^-f.wfi-C-j— i)- Mn ^C-T L + ;) 

(CJ)-.Sf_(dJj^ { .MJjf;,(y — + { )x 

">"S-(y + f) 
generaliter , fi n = 2. m + 1 , crit 

MJlS.Jljt— /C ^. r .f 0Hg .(^— + f).tan fi .(^— f)X 
t(m^(^+f).fo nf ;.(l^ — { ) x 

'■"Jg-.(~— i).J<"j£.(~ + {). 

z Sit jam n numerus par , rttijue , iricipiendo a Potcftnte 
fiimma , erit 

1* +4t'.«>/. 4. f — 6tt — 41. cot. 4^ + 1=0 
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l l & generaliter , fin=llB, eric 

ubi figuum fuperius — valet fi m fic numerus impar, inferius 
+ fi m fit par. Coniparaudo ergo racliees cum coefficieiite 
fecundi termini , cric 

— x cot. l { == tang. { + tang. ( + { ) 

^-^«W.^saamgif + (.~ + f ) + Wff.C " + {} + 
( ^+ T ) 

— 6 eot. 6{ = mng. f + tang. ( ~ + T ) + u ( + j ) + 

Wff-(T + T)- 



156. Cum fit tang. v = — tang. (3- — v ) , fequerites 
formabuutur iquationes 



-tang.( j+{) + 





— tang-l +tang.{ £- 


-{) 


4 rof. — 


— tang.l + tang.{ ? - 


-!) 




-»■(" 


-{) 




— W-f + Mng-(^ 


-:) 






-:) 






-t) 



-'<*-£■■ (f +0 + 
-wn s .(^ + j) + 
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Sc generaliier , C n = i m , erir 
n. cot. (ij = — (ang. { -|- Mn^. ( |- — j) — m^. { 5- + r ) + 

a~o— (-+?)+ 

Wff- ( v — I ) — ( ^ + I ) + 

+ «•»£.(" — ,)■ 

157. Per lias formas iterum ambiguitas produfti ex omtii- 
bus radicibus deflruilur ; oritque idcirco 

t =tang.{,tang. (-J~f) 

l=tang.%,tim S .(~—{) tang.(£ + j) MBff .(2_ t ) 
l=tang.[.tatig.(2. — f ) «ngi^ +|) tang.(^f — j)x 

_&(7 + 0 "?"£■(-£ — e) 

rit , c.im perpeo.io Aii.;uli r:.-'-::riii:itur , (juoruni alter eft 
iilrerius complementum ad recTum. Hvijiirrfiodi crgo binortim 
Angulorum Taugcntcs produchim dant = l ; ideoque omnium 
produ&um uuirali debet tlTe squale. 

xjS. Quoniam Sinus & Coiiuus Angulorum progrcflio- 
num sri tlimcticam cOEiiiitL: vi it tuin .Suicm 'rrentem pr.-bent, 
per Cuptit prait';^!o:i^ !'u:ui:::i Irij::!iiiodi ^uum & Col .iiim 
quorcutique exbiiieti poterit. Sint Ang . .yhmetica pro- 
greffione 

n,c + ;*, 0 + li, c + 3i, 0 + 46-, a + jt, &c. 
& quairatur primo ftimma Sinimm tiotum Angulorum in ir.iini- 
jum progredientitim ; ponatur ergo 

Euleri Intmdad. ia Anal. infm. E c ■ 



n8 DE MULTIP LICATIONE 

& quia h.rc Scrics cfi rccurrcns , eujus fcala rc!n::or.is cfl 
z ro/!! i , ■ — - I , oric*;iir li.vc Scrk-s b evolntiuiic fi aifrionis , 
cujus denominator eft i — if. cof.b + jj, polito f = i. Ipfa 
veto M, e,i, = /!- - ,+,l , l l^: + ;^^ , — , 

&&>, = ■, c,i, , _ - +'*' '<}+*}'- ' 6 ■'■ ' - 
f ""[7—i°7> n - * .^*^»-^.(«+W<— 

Cun, autem fit >./— Jm. g = a ro/^tf , erit 

fi,.a—f„.(e— i) = „o/(« 1 ()/„. -;-J: & I— «f.= 

x(fm.±b,-, u„de e,i, «— ^g^R 

■3.59. Hinc itaquc fumma quotcimque Snunm , qnonini 
Arcus in arithmetica progrefltone incedunt, affignari poicrit ; 
quiTatnr ncmpc fi-i;'i:i lr.ii:!s pio;;rtllionis 

yr fl . fl +/«.(«+/i)+ji fl .{ J +ii)+/ u ,.(-+3()+ +/?«. <«+«*). 

Qnia fumma lnijni prc^rtllioi. s in infiiiirum conrinuata: ell 
"^l ;~* ~ ' conf,[!l;rer " ur termini ultimum fequentes in 
inlinitnm lii 

jfcC« + ("+0»)+A(» + {" + »)*)+Jfc{«+(«+3)*) + fa. 
quia horurn Sinuum fumma cft = ^ ' ijfa"^ ~' 1 
priori fubtraliatur , remancbit fumma qurfta. Scilicet, li fiierit 
,=>. B +jM«+i)+JM«+ 1 *) + +yB.. («+»*), 

- fo^ ( j + ( p; + ; ) j ) _ 



— i>. i * 

/..l.+ i.ilfr.Kn-r.li 
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160. Pari modo , ii conllderetur fumma Cofinuum, atque ^,^ V P ■ 

poaanir L 

, = CJ f.<, + CB f.(a + l,)-\-«>f.[<' + i&) + '°M"+ + 

m infiuitum , erit , = «■<' + * W + M-*^«*» , pofit0 

,=i^giw r ob«^i.<^*-=«^«— + 

^ ; £=J;und H crir .-,;/>— «/(*- A) = — y?«.( fl — : i-5)x 
>. i-S, & ob 1 — w/T6 = a(JIn.~i)", erit * = _ 
■ f ! "-^~ lll, Quarc , cum fimili modo fit hujus Seriei 
«JE(«+(» + 0*)+rtj:( a +(a+l)0+"!S(«+(»+3)*)+&c 

fumroa = — & ( "^,",^ ; 1 * ' , fi f«c ab ilja fubtra- 
Jmrtir , telinquetur fumma hujus Settei 

s= c of.a+cof. (a+i) + »/ («+»*>+«•/: (*+ j*) + +8* («+**) : 

eritque ■ — ^f — ■»)+fr^t-(. + n» _ 

ifii. Plurima; aliE qii.cui.ones circa Sinus & Tangentcs ex 
priucipiis aljiiiis rdijlvi poiTcnr ; ciijuGnoili funt , fi quadrata , 
altiorefve Poteftates Srauuni , Tangentiumve fummari debe- 
rcnr , veruni quia L-jc ox rc!i(|iiis xquationum fuperiorum coe£- 
);L'ii::i:i!jus liriitlitcr il.-iiv.iiiiiir , iis hic diiuws uon immoror. 
Quod autem ad has poftremas fummariones otrinet , notan- 
dum cft quamcunquc Sinuum Cofimiumque Poteflatem per 
fmgulos SinU5 CoIiuui\c c:q-,liL',iri polil; , quod , ut clarius per- 
fpiciatur , brcviter exponamus. 

Ee i 
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Lemmata depromfiDe 

i> .i.Jm. ( = cof. ( 4 — 0 —«./.( a + 1 ) 

t«+o +>:(-—!) 

!«/„.«/., = «/t.— 0 +«f( a + t ). 
llinc jgitur primuni Potcllates Sinuum rcpcriuntiir 
Jb.1 = J&M 
40.(1' = JB1.31 

8 (>.,)' = J — +a! C»i+»/4t 

i<(JSi.O' = '<>>■*.— iJ»Mi+J&Ml 

3 i(^. t )' = « — n^iT + iffl/H— «jCtfj 

«*{js™.0; = 5S>. ( — "jfn.j;+7^«.H— 
&c. 

Lex , qua Iii coElTi.-lc.ites pi-o^ivciiunttir , unciis Rincmii 
clcva;i intci%iuii' , i:ili [;uoi] t^ini^rus r.b!iiimus in [ J «EL-!h:ilms . 
paribus fomiui.s uiituni lit cjus , (jiieui uncix prc&cnr. 



atlj. Pari modn Potefiates Cofinui: 



!(«/.;)' = r +«^tH 
4(«/i)' = JaA + «?Al 
8(^1' = 3 + 4«/ M + ^W 
iS £«/*)' = .o„/:,+ l£0 / K + M /. !t 

3 i(«/0'= ."+';^n+*^^i + «/S T 

<-l("A)' = 3i ™/l+i' .r/^+7.'=/5i + W'7i 

&c. 

Hic raiionc lcgw pro^Teliioiur; ^lJltti funt monenda ijM circa 
.Sinus nLiEavimus, 
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DE SERIEBUS EX EVOLVT. FACT, ORTIS. m'i 

C 

C A P U T XV. 

Dc Stri-bus cx cvofotior.c FaBoriim onis. 

ifi^.Sif prcipolitum producflitm cx Fncloribus , numero five * 
finitis (ive inliniiis , conflans hujufmodi 

(, + a; )( I +%)( 1 +vr)< I +*;)0 

quod , li pcr multiplicatiimtm aflualsm cvotvatur , det 

i + + B( + C( +D? + E( + F£ + &c. , 
atque mamfeftum eft coemdcnttiS A , B , C , D , E , Stc. . 
!ta formari ex numeris * , g , y , S , t , £ , &c. , ut fit 
A= a. + €, + y + % + t + (^ + &cc. = fumms: fingulorura 
B = fummse Fatlorum ex binis diverfis 
C = fummai FaQorum ex tenus divcrfis 
Z) = fijmmas Fa&orum cx quaternis divcrlis 
E = fumms Fafrorum" es quiais diverfis 
&c. 

donec perveniatur ad produ&um ex'6mnibus. 

Quod li eryo ponatltt > = i , produAum. Iioc 
(!+*)(! +C)(l+y)(i +*)(*+!) 8* 
jrquabitur uni;.-:i cnm Serie r.umeroium omuium , i;ui ex fiis 
a , Q,y , S , t , &C. , vcl fiu -,'.:id:s flngvilis , \el duobus pluri- 
hufve divcrfis io fe multiplicsr.iis , nafcuntur. Atqje fi idem 
DumerDs Juobus pluribufvc mddis refulrare quc.it , etiwni idtm 
bis pluriefve in Iiac numeronim Strie occurret. 
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z66. Si ponntur { = — i , produ&um hoc 

Cl _ ft ) Cl _e ) ( I _ V )( I: _ S )( I _ 0&c . 

atquabitur unirati cum S^'\c numerorum omnium , qui cx his 
a. , Z , y , J , f , , &c. vel fumendts fingulis , vel Juobus 



fenls vel numero paribus refmr 

3.(17. Scribantur pro 
i, 3, S , 7, 11 , 13 , &c, al 
(i + i)(i + 3KH-()(*+7)(i + "K» + i 3 ) &c._P 
equabirur unirati, cum Sjrio omnium numerorum vel primo- 
rum ipforum , vet ex primis diverfis p;r multiplicarionem 
ortorum. Erir crgo 

P_l+i+ 3 + i +tf+ 7 + I o+M + i3+i 4 +rj+i7+&c., 

Fottlhitiliiis , iifque qui pur i;:i:sr;i-. \i Fir . ' : m 1'uut divifibiles. 
Defunt fciUcet numeri 4,8,0,11,16,18, &c. , quouiam 
funt vel Poteftates, ut 4, 8, 9, 16 , &c. , vel per Poreitatcs 
divifibiles ut 11 , 18 , &c. 

lrtS. Simili modo rcs fe habebit , fi pro «, S, y, £ , &c. . 
Po;c[hres qurcunquc iium^ronim primorum. fubliituantur. Sd- 
liccr li ponamus 

P_(,+i.)(, +i)(,+i) (! + !)(, +_L )&c .. 

1" 3" i" 7 » 

Erit cnini iuultiplicationc inllituta : 
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b quibus frafliombu» omncs occumm, numeri prater illos < 
qui v-cl ipfi funt Poteftates , vel per Poteftatem quampiam - 
divilibites. Cum enim omnes riumeri integri fint vel primi 

vcl ex primis pcr multipiicanoricni compofiri , hic ii taiitum 
numcri excluilcniHr , in quririsn ii:ri;i.i:i(;,^m idcm numerus 

primus bis vel pluries ingreditur. 

z 6g. Si numeri «, 6, y , f , &c. , negative rapiantur , ur 
ante ( 7.C6 ) fccimus , atque ponatur 

F — <i_i)(l_±)<i_-L)<i— J.) 

2" )" 5 " 7" n" 

&c., erit 

1" 3" j" + 6" 7* + io" »" 
— + — — StC. , 

ubi iterum , tit ante , omnes occitrrunt nvtmeri prarer Potef- 
tates ac divifibiles per Potcdates. Vetum ipfi numeri primi, 
& qui ex tcrnis , quinis , numcrove imparibus confianr , 
fignum Iiabenr prslixum — , qui autcm ex binis , ve! qua- 
ternis, vel feuis , vel numero paribus formaiirur, fignum hz- 
bcnt +. Sic in hac Setie occurret terminus — , quia eft 30 — 
1.3.5, neque adco Poteftatem complecliiur , habebit vero 
hic terminus — fignum. — , quia 30 eft produclum cx tribus 
numeris prums. 

170. Confideremus jam hanc expreflionem 

(■-.iiii-mii-till'-'!)!'-';)"- 
qua: per divilionem aclualem cvoluta praibeat hanc Scricm : 
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V i -M t + B T ' + + Z>{' + £(' + PY + &C 
atque manifeflura eft coeffidentes , i) , C, Z), £' , &c. , 
feguenti niodo c\ numeris, «, Z, y,S, t, &c. , componi, ui iit 
ji = fumms (ingulorum 
/J = fummas FaCrorum ex binis -j 
C = fumms Faftorum cx rernis f non exclufis Faftori- 
/J = fumma: Faclorum cx quaternis f bus iifdem. 



171. Pofiro ergo ^ = 1 , i(la expreffid 

U-.)U-t) ti — t) <.' — t) O — O 
itcpiabitur unitari cum Seriu iiuir.vroniiii rimuium , qui e* Iiis 



Hoc ergo dilTert ifta numerorum Series ab illa, qus (5.165) 
(irodiit , quod ibi Facbores tantum divorli fumi dcbclxiiit , liic 
autem idem Faflor bis piuriefve occurrerc poffir. Hic fci- 

b , € , y , & , &c. , provenire polTunt, 

%■/%. Hanc ob rem Scries fcmper cx rerminonim numero 
infimro cnnflar , livc Faclortim numerus fuerit infinitiis , five 
finirus. Sic erir 



ufn omnes numcri adfunt , qui eic binario folo pcr multipli- 
tationcm oriuntur , feu dmncs biuarii Potcdarcs. Deinde eri: 



6, y, *, t , 
pluribufve in fem 




', &c. , vcl fumendis fingulis , vc! dunbus 
Iriplicandis , oriuntur, non exclufis Etjnalibus. 



■37 = ■ + t + T + + B + p + <«■■ 




( 



T + i; + rt + k + *=• • 

ubi 
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ubi ;i!ii numcri nttn occurrunr , nifi qiri ex liis duobus i & J c 
per multiplicationern originem rrahuui ; feu qui alios Divifores _^ 
prairer i & 3 nun habcot. 

173. Si igitur pro a , 6 , y , S , &c, , unitas p;r fingulos 
omnes numeros primos divifa fcribarur , ac ponarur 

F= l<— tX— f>('— f>('— n><— n' 8 "- 

6« 

l>=-+f+f + f + f + f+ f + t + 
f + &c. , 

ubi omnts numeri ram primi , quam qui cx primis pcr multi- 
plicationem nafcunrur , oecurrunt. Cum autem omncs numeri 
ve! fint ipfi primi , vel ex primis per mulriplicationem oriur.di , 
manifeftum clt , hic omnes omnino numcros integros in duno- 
jninatoribus adelfe debere. 



174. Idem evenit , fi numerorum primorum Poteftates 
iuicunque accipiantur : fi enim ponatur 




fiet 

P=i+-^-t-i+-!-4-^ + i-f-i-f-i-+& l: . I 
^ ^ + „ jB b n n n gn 

ubi omnes numeri narurales nullo excepto occurrunr. Quod 

fi aurem in Fadloribus ubique lignum + ftatuatur , ut lit 

P = ■ - . 1 

<!+")(* +^)U+-)&C., 

Euleri Iniroducl. in Anal. infin, F f 



ubi numeri priml liabent (ignum — ; qui funt producli ex duobus 
primis, fiveiifdemfivediverfis.fignumhabent + ; &generarim, 
quorumnumerorum numerusFaclorumprimorumeft par,fignum 
habcnt + , qui autem cx Fadoribus primis numero imparibus 

conflant , habent fignum — . Sic tetminus — , ob 140 = 
140" 

a. 1. a. 1. 3. 5 , habebit (ignum + , cujus legis rario percipirur 
ex 5- 170 1 fi ponatur f = — J. 

175. Si b_c cum fuperioribus conferanrur, nafcentur bina; 
Series quatum produflum iinitati aquatur. Sit cnim 

P = - ■ = - '— ■ — 

L )(l __.l )(l _i) (l L )&c ., 

1" f s" 7" n n 

& 

Q=U— ->(»— L J<- 1 — hKi— j:H* — -J&c, 

P_ =I+ i + ± + L + i + L + - , + ± + &c . f 

jB 3 u t o f fft ?n r 

( 469 ) , atque mamfeftum efl. fore P Q=si, 

176. Sin autetrt ponarnr 

P_ (i+-^)(i+^K' +- n )U + 

i" f j" 7 n »»° 
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q = ( 1 + -L)(, + -L)(i+^)(i + ^u. + ^&c, c x y ; 

eric 

- + &c. 

Q =1+ ^ + i + ± + i. + ± + _I_ + X + 



iimilique modo habebitur P Q — 1. Cognita ergo alterius 
Sork-i fumma , finiLil alterius innotcfcet. 



177. Viciflim porro ex cognitis fummis hanini Serienim , 
nfliguari potcrunt valorcs Fa&orum infioitorum. Sit nimirum. 



(1— j->(i— i)d 



<" — iX' — hX' — b)(' — jr)('- 

1 3 5 7 

Hjnc per divifionem nafcitur 
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1. denique vero erit 

MM_ » a + . _ __+_ _ _ 7 "'+ . _ !_<___+_! m &c _ 

Ex cogniris ergo .'1/ Sz iV» pr.ctcr valores horum produflotum , 
fumma? harum Serierum habehuniur 



i™ 3 :i s 1 " + S" 7 " + io u 



j£ =1+ _L + i + i + ± + .i + _L + .JL. f . 
&c. 

cx quarum combinatione mults alia; deduci poiTunt. 



Sir n ==-_ i , & , quoniam fupra dtmonflravimi-S effe , 
lj^r t = x 4- t + 7 + ^ + V + T + &c -' erit ' 
pofito I =r > / r ^ ri = . 0 -__=i + ^ + | + | + | + &c. 
At Logarithmus numeri infinite magni co ipfe eft infinite mag- 
nus, ex ijua erit 
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M= 1 + \ + j + ~ + y + T + | + &c - = ro " Vv F " 
Hinc ob ^ = ^ = o , Gct 

0 = 1 — T — y — 7+6- — y + T5 — T7 - " 7T. + 

^+T^- 
Tum vero "m produclis babcbitur 

M=™ = — ■ - ' ; ; 

(1— y)('— y)C — -;->(»— n) &c - 
t.ndc fit * 

»=T-f + •*-.S-S-3-3-«*-. 

& 

0 _ _ i- ± ._. !2 . iS .!£._.'_. . 
u — 135 7 " '3 '? '9 

Dcinde per fummationem Serierum fupra traditam erit 

W=i+^r+jr+-^ + yr + ^ + ^ + &C._ i 

^ , hinc obtinentur illa fLimma: Serierum 

h= l — t — 7 — f + f — F+i?— it^ — 

&c. 

„ = . + y + y + f + y + is+r; + 

&c. . 

0 = 1— ~ — j + \ ~ y + f — y — 7 + 
y + ^ — ;t &c - 

Denique pro Facloribus orietur 
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S-,ob£ = 
» =1 A 



3 4 



J 1 

quarum fraiflionum ( excepra prima ) n 
firiunt a denominatoribus , fumm.i: aurum ex numcratoribus & 



s cujufque fraitionis tt 



ros primos, 3 , j , 7 , 11 , 13 , 17 , 19 , fitc, 
Exehplum II, 
Sit n = i , erittjue ex fuperioribus 

M=.+i + i + i+^+^-+i + te.=f 
»-=.+£ + £ + £ + £•+£ + ,+ + &.=£ 
Jlinc primo tite S;rics fummantur 
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-—, I — - r — y — v + 6 ,— r + ____ 

&c. — 

9°- — ! L___-L + ' _± + _ l 

&C. 

y-_, + i r + -i + i+i+i + r i ; + £ + 

&c. 

Deinde valores fequentium produftorum innotefcunr. 



& 

. + i _H _fci zl±I ■___ 



_ 13 21 «I !l 

4 ii 14. 60 * 84 
ve! 



In his fraffionibus numerarores unitate iuperant denominatores. 
fimnl vero fumri prabenc tjuadiata numeromm primorum 3' , 
J'. 7'. &C 
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I. 

Ekempldm III. 

Quia cx fuperioribus valores ipfius M tantum fi n fit rume- 
rus par , aflignare ficet , ponamus n 4, erirqLie 

m=i + + 7 + f. + 57 + fc -=-fr 

" = ■+ * + f.+7+7 + p+to = 555 
Hinc prima: fcquentcs Scrics fummantur 

3 kc, ^ ? 

3 &c. ^ 7 '° 
==.+£ + £-+£+£ + £ + £ + 
&C 

=r-i~i + i_i+£_. i_ £.+ 
i &c. . 

Deinde etiam valorcs fequcntium produclonim obtincntur 



. &c. 
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in bis Fafloribus numeratores unitate fuperant deuomijiatores , 
fimuj vcro fumti prsbent bi-quadrata numerorum primorum . 
imparium 3 , 5 , 7 , 11, Sic. 

178. Quoniam hic fummam Seriei 

.11= i+J-+i+-L+.I+-l+&c. 

3 « + " ,» j« 

^tl Facrores rcduximus , ad Logarithmos commode progredi 
licebir, Nam , cum fit 



XV. 



(jlf— _/(i — -L) „ (( , 

/(,_-L)_ 1 _c.. 
? 

Htoc , fumendis Logarithmis hyperbolicis 
IM= + 1 ( 



i.)_/ (l _.L)_ 



• + &c.) 



+ T<^ + 4; + 4i+-^ + -^+ S£C -) 



;+:* + 



+i(^+-~+d;+-: 



;+**) 

-+&c.) 



Quod fi infuper ponamus 

Euleri Introducl. in AaaU infin. 
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i n= i + ~ + i + -i + ~ + ± + , 



(—+;>(. !;)(■ s)(i— T.)<"— -T,)--' 

13 3 7 'i 

fiet , Logarithmis hyperbolicis fiimendis , 

/iV= + 1 < ^ + ~ + ~ + + ^T, + &c. ) 

+ T<j; + i + ^: + ^ + l 7;+ fa -> 
+ f<-fc + T: + "=; +-JT + -T: + —O 

J i 3 j 7 li 

+ T<T.+ TT + -E + T; +Ti+ 
* 1 3 I 7 " 
&c. 

Es his conjunftis fiet IM - 1X~ ■. 

+ .(-Jr + p7 + -^+-i + -^r + &c. > 

+ 7^. + j-. + 7r. + J. + ^f. +e "-> 
+ 7 ( ir. + f. + f. + 7. + T7- + fa -> 
+ 7^ + pi:+? + ^ + rV- + to -> 



Digitized b/Coogle 



EVOLUTJONE FACTORUM OKTIS, i 3 j - 
a79 . Si n = i , erit itJ=, + i-+-l- + _l. +"& c . c x A v r - 

= /eo , & N=^; hincque crit ico ?- = 

+ 1 < f + f + 7 + j + tt + &t ■ > 
+ - ( A + — + - + -V + — +&o.) 

+ f ( £ + f + j7 + jr + 77V + &c. ) 
+ f ( 7V + jV + f + 7 V + l7 V + ) 
&c. 

Vcrum hs S-.Tics , prater primam , non foltim fummas ha- 
bent Jinitas , fcd cciam cuncta; fimui Cumtffi fummam emciunt 
ti;iitam , eamque faris parvam ; unde ceceiTe efl: ut Seriei prima; 
f + y + — + y + 77 + & c - ' furama fit infinite mag- 
na , quantitatc fcilicet fatis parva deficiet a Logarithmo hyper- 
MicoSeriei i + -i- + f + -| + f + f + fcc, 

zSo. Sit n = i ; erit M=^ & jV= ^ ; uude fic 
%W — l£= 1 (^+i + ^+i+^ +&,) 
+ TClV + ir+^ + 7 V+77r + ^-) 
+ f { 1 T + lV+vV + 7 V + 7I 7 + &c.) 
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!lL 4/*— /90 = + 1 (£ + -V + ± + ^- + 7^ + &c.) 

- + - L <^+^+F + 7 V + rr + S;c -> 

+ | ( ^ + f-. + ^ + + , + &c > 
&c. 

Mf-iOff=i/i = 1 (i + i + JL + i + -L + &e. ) 

+ f (^ + ^ + ^+^+^ + &c) 

+ f ( £ + — + ~ + + jpi . + &c. ) 
&c. 

1 . Quanquam Ijs , qira numeri primi progrediuntnr , non 
conftat , tamen harum Serierum altiorum Poitfhrum fumms 
non difficultcr proxime afliijiiari potciunt. Sit enim hac Sciies 

Af = I + ^-+- L + - L + i+ J -+^+&C, 
*" 3 * I 6 7 
& 

S = ± + i + i. + i + -£- + JL + &c., 



- 5 &c. , 

9 " 10" 



&c ; 
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^ ^ ' ,5" li" i;" 

-! ficc. , 

17" 

& ob . 



_:__<_ — 1) (,— JL) (1 



3i 45 

Hi-C , ob datam fumm.m M , vnlor iplius S commode inve- 
tiirur , li cjtiki.m " 1 li 11 : ■'. s i;u;;wius ir.t-is.trker mflgmis. 

1S1. Inventis autem fummis ulriorum Fottltatum , ctbm 
furnm- Potefiarum minorum ex formulis inventis exhiberi 
poffuut. Atquc hac mcthoJo fequcMes prodientnt fiimmas 



_L + _L + -L + -L + -L + __^_L + &C ., 



t fiimma Seru 



4; 114741004 1111 

°7°"993 1 397°4 a 5 1 
0170700(56850639 
0040_14.j36.j1j 
000995.03 57363J 
0001460164.70033 
000061144.59671; 
ooootjitiioitiiig 
000003817178701 



D E SKRTEB&S E X 
=0=095593111, 

.□0005960!;,^ 



rcliqus fumnsaj parium Poiclhtum in reriom; quadrupla de- 
cr-tfcunt. 

18;. Hsc Eiitcm Scrid iH - -f ~ -| '- + &. c 

in produchim iiifimniin coiivtrfin' l.-l.iiii d.ix.lu inffitiii poteft 
hoc modo : fit 

^= =I+ i + ^ + .i + J_ + i_ + J 
X» f ,* s " 6" ? 
&c. , fubrmlie 

!- &c. , 



(*_-!)__ =_ 1 + ± + -L + -L + _L 4. 

3 " t " 7 " 9 " 
=_ B: fic fublnti funt omncs tcrmini pcr i divifit; 
fiiblr. _-£■ = --+--. + _L + _L. + S;c . 



( , — ~)B = 1 + - + - + -- + --+ &c. = C; 

3 r 7 " '3 

fic inTupar fublati fuut omtics tcrmini pcr 3 divifibilcs , 
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fubtr. — C = i + - + ~ + ~ + &c. , 

r r »r , n ir 

(1 — -)C=> + i + -L + -I- + -i- + &c, 

7" 11" if 17" 
fic fulilati etiam funt omnes tcrminj pcr dlvifibiles. Pari 
modo tollimtur tcrmini divifibiles pcr 7,11, reliquofque nu- 
meros primos i manifdlum anrcm eft fublatis omnibus rsrmi- 
nis, qui per numeros primos divilibiles fint, folam unitatcm 
rclinqui. Quare pro B, C, D, E, &c. , valoribus reftitu- 

^(i— !;)(< — -)('—- ^)&c.= i, 

i;i\!c rv-o^oiiuc fumma crit = 

-4 = — ■ - ' 

1" 3" j" 7" «* 

feu 

A ~ » B — I ' j b — > " 5"—' ' 7" — ' ' — • ' &C ' 

184. Hic methodus jam commode adhiberi poterit ad 
alias Stties , quarum fummas fupra invenimus, in produdla 
infinita convertcndas. laveuimus autem fupra ( 17J ) fummas 
harum Serierum 

1 — - + - — ^ + -'■ + &c. , 

fi n fuerit numerus impar , fumma enim cft = Nv" & va- 
lores ipfius N loco citato detlimus. Notandum autcm ert 
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I.ib. I. cum hn taurum numeri imuiiics occurruni, cos !|ui (ioi for- 
mi 4 m t i hahcie fignnm + , teliquos foriua 4,01 — 1 
fignum — . Sit igiiur 

' ]" + i" l" + 9" n° + i)" V + 
&c. 

— A = - + — I- + „ &c. , addatur , 

3 » 3 0 15" n" i 7 " 

( , + i ) ^ = 1 + 1 - — J- L + -L + -1 fa, , 

i" i' 7 " '3 '7 n 

= B 

■i- B = ~ -\ — — &c. , fubtutiatur , 

(1 — -!)B=i— J_ + _L + _L _&c. = C, 

ubi jam numeii pcr 3 tk 5 divifibiles defunt , 

— C = - — '■ 1- Stc. , addatur , 

7" 7" 77" 

( 1 + i) C = ! L + -L + -'- — &c. = D, 

7" 11" 13" 17' 

fic etiam numeri per 7 divifibiles funt fublati , 
-L D = — '■ 1- &c. , addatur , 



( 1 + — ) O == 1 + -L + — &c. = £ , 

11" i) 17 

ftc aumeri per 1 1 divifibiles ([uotiue funr fubkti. Atiferenilis 
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aulem hoe ruodo r.Tiquis iiuiiSE.-j-i.-i oranibjs per rcli(i',ics n 
mcros primos rfivifibilibus , randcm prcoHbit 

A(,+\)(i — -'-}(' ■ + -)(! — - )&c.= 

3 s" 7" ij' 1 



primcrum , qi:.-; iu ilLimmiiiiiruii'.;:::; h<":jiH iirciiaia five iUiciiE 
five minuifi , piuiit nuind primi fuerint forms 4 m — 1 . 

«d 4m + t. 

185. Pofiro ergo n = j , oI> A = — , crir 

fupra ancem inveriimus eiTe 

Dividatur fecunda per primain & orierur 

», 4 J ! 7 t. i] 17 l? »j 

T — T ■ T ■ T ■ T • ,o • U ■ ,S ■ "iM • vf • &c , 



Euleii hurcducl. in Anal infin. 
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_ ratoribus. Quod fi h<cc demio per printam — dividatur , erit 

!_± A 8 li » i| I" ii 4 &c 
i f r • io* i 4 ' i5* 13 •M' olt " 



6 6 



qui fraftiones oriuntur ex numeris primis imparibua 3 , ; , 7 , 
J 1 , "3,17, &c. , qiiemque in duas partcs unitate diffcrentes 
difpefcendo , & partcs parcs pro numeratoribus , imparcs pro 
dcuoitiinatoiibus fumendo. 

18S. Si ha. expreffioncs cum WaWfmna comparentur 



fic U 



illa pcr hanc divifa dabic 
ubi iu numeratoribus occurrunr omnes numcri imparcs non 
187. Sit jam n = 3 , erit A = ^ , unde lit 
&c. . At ex Serie 

+ i + z + j, + ■. + fcj 



ligilizefl b/ 
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»' j* . ., 7' n' Cn. 



fru;c pir primsni d.viia dabit 



t) per primarr! Jivifa <j;i'-.':t 



M 13 6; ■ 171 ■ ■ 1099 fcc -' 
qax fraiTioncs formaaiur ex culiis mimerorum ptimorum im- 
jiarium, qLiemr;s:a :i: tiiiLL-; ;-/.;rt^i: L;;:'::;:t:.: cViTtreiires difp-jfccnco , 
ac parres pares pro mtmeratotibus , irnpares pro dcno 
ribus fumendo. 



his exprcflior 



6 (*+f)(* + y)0— f)0+f)(> + £X* — 
unde psr esolurioncm hsc Series nafcetur 

T = ^-f-T + i + r + f-f-f + 

Hh 1 
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it;u fignorum ita eit compQiara , 



veniunt. Sic. parcLit iiipinni {Vjclionis ~— , ob fio = 
i . * . 3 '. 5 , quod erit — . Simili modo porro erit 

. ' ~ <■— fK. +f )<■+;-,)(— 

unde oiittnr list Series 

f — ■ + f + 7 + 7 — t -7 + t + 

ubt bfoarius habet figmim + 1 numcri prir.i forma: — 1 
figmun — ■ , mtatcri pranj formx 4 ni + 1 fignum 4- & 
nunuTiu tp'.ifi»i-.: ctimpof.ius \i habit fi^iturn , (jiirtd irili 
ratin.-n: Lompoliricnis kk prjmis cnnvenii , fcjujtuot rcpilas 
muInpfccRKwii. 

iSa. Cura dtiurfL- fir 
1 ~~ (1 r)(i + -j-)(i — 7) — ^)(' + ^) &c - 

- = I +i_i+i+i + i-i-£ "c., 
nbi tanttim numeri impares occurnint , ftgna aurem ita funr 
comparata , ut nnmeri primi forma: — 1 fignunt fca- 
beant + , numeri primi formsc 4 m + 1 (igmim — , unde 
limiil numerorum compofirorum figna defioiuntur. Eina: porro 
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Scrics liinc forrr-ori poflnnr , ubi omncs nunrcri occurnlnr . 

"~ (— f)C— j)(r + f)(— y)(> — 7,X' + r;) & --. 



.=.+++ f + T -f+i +y + , + 

ubi binarins lignum hjbei + , numuri primi furms; 4.01 — 1 
f.gnun) + , numeri vero primi fumia 410+1 figiutrn — . 
Tum vcro eti.m erit 

5 ~~ ti+i)d— ^C+^Xi— ^)(i+^)& c ., 

unie per evoiL.rionem oritur 

5-rv+.T + T-T-i + i-i + 
| + b *- • 

ubi binarius habet fignum — , numeri prinu formrf 4 m — 1 
tigniun + & -umeri primi forma 401 + 1 (igniiii) — -. , 

190. PolTuni hinc etiam innumerabiles alia fignorum con- 
ttiriiiats tKliibtri , ita ut Scrici 

'^•T-f'T'i'T'i>- 

f.inlitu ai';:;:;:::ri niicar. Cttm fcilicct fit 



1 (i— t)C'+ j)(*—j)(*+7> ('+£)&*■• 



Multipiicefur lvsc csprcffio per 2- = x , eric 



<■— tK<— y)(>— y)(i+y)(i + rV) to -. 
& 

t = ■ + f + 7 + 7 + 7 + y — f + y + 

i:bi binarius fignum habet + ; ternarius + ; reliqui numeri 
primi onines formx 411 — 1 figuum — ; ai numeri priini 
fbrnix 4 m + 1 fignum + ; unde pro rsuineris compofitis 

multiplicetur per = -1 , crit 

_ 

32—, : ! 

1 Ct— -)[!— j) y) ['— ~) t>— ~) ('f 73) (' t fc* . 
unde pcr evolutionern orinir 

V='+T + T + T + f + ^ + 7 + "^ + 
7 + &c - • 

ubi binarius baber fignum + , nunieri piimi form.T 4171 — r 
lignum + & numeri priini fbrrnr \m + 1 , prater rjuina- 
rium , fignum — , 



EVOLUTIONE FJCTORUM ORTIS. 147 
191. PolFunr ctiam innumcrabilcs hujufmodi Scries cxhi- 
beri , quarum fumma fir = o, Cum cnim fic 



(>+i)('+ j)<i+fX'+y)(i+7;)0 + ^)te-. 

undc , uc fupra vidimus , oritur 




ubi unmcs niimcri pruni fignum habcnr — ; compolirorum-. 
quc numerorum iiyna reguhin mulriplicationis fcquuatnr. filul- 



tipliccmus autcm illam expreilioriem, pcr — = 3 , erit 

prtritcr 

° — (■— i ;(>+})(■+ f;(.+|)c+^x.+^)»'-. 

undc pcr cvolutioncm nalcitur 




ubi binarius habcr fignum + i rcliqui numeri ptimi omnes 
fignum — . Simili modo quoque erit 



148 D E SERTEBUS E X 



■i primi , praler 3 & 5 , hahant fiijiiurn — . 



esecpfis tnntum aik;:iibus , luljjjunt lignum + , tura funimain 
.S^rici foiv iiiliiiict magnam. 

191. Supra etiam ( 17S ) fumnram dedimus Seriei 



fi fuerir n numcrus impar : Erir crgo 

-„ A = ^ — h + - B 1 + — &c " 
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EVOLUTWNE FACTORUM ORTIS. l49 
C = (i + -MB=i + \ — -i- + -^ L + J C 

5 7 11 ij i? 19 

~ &c. 

—C=-+— ~ + &c. , fubtraliatur , 



JD=(i — -)C=i '- + ~ - + - &c. . 

7' 11 >i '7? 's" 

E< his tandem fiet 

: -*£ 1 +-'-)(' +~)(i— + -^Ki ~) 

! n (» 7" 11« 13" 

ubi numeri ptimi unitate excedsntes multipla fenarii habent 
fiijnum — , ddicicntcs autem lignum + . Eritque 



193. Confideremus cafum n = 1 , quo A ■= - ^ ■ ; 



ubi in numeratoribus poft 3 occurrunt omiies numeri primi , 
donominatores vero a numeratoribus unitate difcrepant , funt- 
quc omnes per 6 divilibiles. Cum jam fit 

r = f ■ 4 • rl ■ H ■ Sif • HrH • fc ■ 

erit , hac cxprclfione per illam divifa , 



2. 4 ' 4 ' S ■ 10 " 14 ' TS " 
Euleri Introducl. in Anal infi : . 
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■ ubi deiiominiuores non funr per 6 divififiiles. Vel erit 



(jun.i-HMi hic pu' i!:::m rir.ifu dit 



3 i 4 5 7 0 io ii ' 

nlii fingiiia: fracriones cx numcris primis 5 , 7, rl , &c. , for- 
mantur , fingulos inim^iMs primu; in duas partes unitate dif- 
fercntcs difpefceodo , S: partcs per 3 divifibiles conftanter pto 



2.94- Quoniam vero fupra vidimus clic 
i _ ■» . -'■ . i . - . U . 5 . 8*. , 



fi fupcriorcs j-y-j & j"^) P er nanc ^ v *^ an ' nr ■ °ricrur 
£2 = i ± . 1 . "2 .3 . & c 

» 1 1 9 9 '5 >1 

-i = i.I.».L».ii.i5. &< , J 

V J 5 7 'i 19 1] '9 

In priori expreflione fractiones formantur ex numeris primis 
forms iiffl+6 + 1, in polteriore cx numcris primis forms 
nm + i, fingulos in duas partes uniiate difcrepantes difpef- 
cendo, & parrcs pares pro numeratoribus , impares vero pro 



EVOLUTIOKE F-ICTORUM ORTIS. ift 
19;. Conrcniplemur adhuc Seriem fupra invenram ( 179 ) , Ci 
quz ira progred eh;;rur . 

r7"i =I+ T — T — T + '9 + 7I — Tj — Ti + 
Scc. = A , erit 

— B = — + &c. : addatur , erit 

(i + i).j-r-i + rr — 17 + 75 &c - = C: 

GcqUE progredicudo tantlcm pcrvciiietur ad 

173 (' — 7'('+T > <' +7> ('— II>(" +Tj' 

ubi fi~ is ita. fe habcLir , ut numerorum primonlm forma? 
!! m + 1 , vel 8m + ], figna fint — ; numerorum primorum 
vero form» 8m + J , vel Bra + 7 , figna fint + . Hinc ita- 



tibi omncs denominarorL 1 ? vel divifibiles Amt per 8 , vel t: 
tnm funr numeri impatiter pares. Cnm igitur fir 

f- 7-i-*-B-8-3-3-g-- 
■r--i.i.f.s-}i-3.3-S.-- 



i 5 i DE SERJEB. EXEVOLUT. FACT. ORTIS. 

b i. * ■ 6 ■ 6. n 10. ii • nr^ ■ &c- ' 
— i . x . t. . li . ii . !j . 12 . u . &c. , 

ubi tiuIH denominatores per 8 divifibiles occurrunr , pariter 
pares vero adfunt , quoties unitate differuut a numeraioribns. 
Prima vero per ulrimam divifa dar 

, — i.A.Z.l. A.A.i*. ».&<,. , 

1 3 1 ! 7 8 9 " 
quc iVaCtioncs formantur ex numeris primis , lingulos in duas 
partes iinitate difcrepantes difpefcendo , & partes pares ( niil 
fint paritcr pares ) pro numeratoribus fumeudo. 

igfi. Simili modo reliqus Series , quas fnpra pro exprcf- 
fnjiiu uruiLiriui;-, iin uuinr.ii ( 171; 0 liit;. ) ::i F.ii~h:i:s 

irausfbrmari poflunr, qui ex numeris primis conltiruanrur. Sic- 
ej-.ie mdt,~ a!i,; iiilipiijs [;ro;;rk-t;it!js t:im hujufniodi Fa&orum , 
quam Serieruin infinitarum erui poterunt. Quoniam vero pra- 
cipuas hic jam commemoravi , pluribus evolvendis Iiic nou 
immorabor. Sed ad aliud buic affine argumentum proccdam. 
Quemadmodum fcilicer in hoc Capiie numeri , cjuatenus per 
multiplicationem oriuritur , funt conlidcrati , ita in fccjiienti 
generatio numerorum per addiiionem perpendetur. 
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DE PJRTITIONE NUMERORUM. 



C A P U T X v r. 

De Paniiiont r.umcronim. 

PropoSiTa fit iita expreltio 

qus ciijufmodi induat fbrmam , fi per niultipUcarionem evol- 

1 + P{ + Q( + + -Sf' + &c, 
atque manifellum efl P fore fummam Poreitatum 
jc* + / + x 1 + / + X* + &c. . Deinde Q eft fumm-i rkc- 
torutn ex blnis Poteftatibus diverfis, fcu Q erit aggregatum 
plurium PoteflaEUm ipfius x , quarum Exponcntcs funt fummtc 
duorum termitiorum diverfortim liujus Seriei 

*» €, y . * , « . ^ . * # &a 

Simili moJo R erit a^ri';;atn:n Potclh tur.i bfiiis J , qnarum 
Eyponentes ftint liiiUiis.': trintn tirniittorisiii dtvcrforiim. At- 
que S eril aggregatum Fotellatum ipfut; x, quartim Expo- 
nentes fiint fumma: quatuor terniinorum diverforum ejufdem 
Seriei , n , £ , y , $ , t , &c. , & ita porro. 

198. Singttla: hs Poteflates ipfius x , qure in valoribus litte- 
rarum P , Q , R , S , &c. , infttnt , unitatem pro coeffi- 
ciente habebunt , fi quidem carum Exponcntcs ttnico modo cs 
■ , € , y , S , &c. , formari queant : fm autem ejttfdem Potef- 
tatis Exponens pluribus modis poflit efie fumma duorum , 



D E PAR.TITIONE 



ditoriim terminorum d.verforam Scriei a , € , y , Scc. „ Atque 
fi 111 evolurione Factorum pro]>ofironim occanu termiuus 
Nx" f , cjus coi-:!:dc;Lis u\£;zi'.}\t quot vjriis modis nu- 
mnfus i! pullit tll'; AiLiima 1:1 turminoiu.u diVcrforum S.rsci 



1 y Q - Q"°d fi c: ji ;-.voJ:.i.":,[::i propOiitum 

(i + * i ;)(i +^ r )(i +x T t )(i +x^)&e. . 
per mulriplicmionan veram evolvawr, e* exprcilioae refulran.e 
flarim apparebit , quor variis modis darus nnmerus polfit efle 
fumma tor terminorum dive.forum Seriei *, £, y, &c, 
quot quis voluciit. Sti'ii;c:, li <M.i;vrst,ir quot variis modis niiiii;- 
rus n poflit elfe fumnia m t(.r-v.:!'.vi;:-.i iiiius i.ii.i diverforuni , 
in cMprtlTione evoluta qiueri debet terminus x" , ejufque 
cnifiiiltiis iiidiL'::h:r iHSmsrutn qusfitum. 

500. Quo htec fiant planiora , (it propolitum hoc produc- 

tum ex •Fafloribus conflans inSnitis 

(,+. 1{ )(i +«'0( I +* , J)( I + i '0(i+*'t)&c., 

quod per mu!:ip!ic;i,soi!'.m ,ii!u;ikm cvoUitum d:it 
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NVMERORU M. 
, +{(x +T > + x . + r - + x < + x 



«.wratur in S,rie T " muUi^u -c ftmAitu» .v '.cjufquc cocl- 
iiciens 15 indic;ib;t r.-.!mcrnm prc^oiiEiim qiliudccim variis 
modis elle fuiiiuuui iep;eni :jr:u:i:c:i:m S.rici 1,1,3,4,5, 

6 , 7 , 8 , &c. 

301. Quod fi autem pnnatur j=i, & Jimlles Potefhtes 
ipfius x in u;i:im fiunmum coi-.iicismriir , feu , quod eodem 
redit , fi evolvatur hac expreflio infinira 

(1 + .v)(t + *')(i + *')(> +* H )(i + *')(i+*')&c., 
quo £i£!o orictur lisc Scrlcs 

, +,+*■ + + + + 4 ./ + j*' + ev + &c., 

ubi quivis coefficieas indicat , quot vartis modis Exponens 
1'ctcfiiitis ipfius x' conjunSs es lcnniiils divcrl;s Seriei 1 , z, 
3,4 , 5, 6, 7, &c. , per atldirloni :n cr.icr.^rc poifir. Sic appa- 
ret numerum S fes liiodii ;x:r a.:ij.[ii;;:c;n diverfonirrt nume- 
rorum produci , qui funt 



1,6 DE PARTITIONE 

n. I. ubi nofandum elt numerum propoliium ipfum limul compurari 
tteberc , qula numcrus rirniinoruni non d^iuiiuj- , idtooiu insi- 
ras inde non excluditur. 

301. Hinc igitur inre!tii;irur , qiiomodo qnifquc numerus 
per addirionem diwrii.r.mi diiiiiutiiiuii piMducarur. Condirio 
uutem diverfitatis omiiterur , fi Fa&orcs illos in denominato- 
rem rranfponanius. Sit igicur propofita hsc expreflio 



(.—»•,)(■— » c t )(i— «' f )(i— »',)(!— 
qu2 per divifionem evolura det 
1 + + Q{ +R{ +S? + &c. 

Atquc maniftHiim ell forc P a^Ti?;;:::ii!:i F(n;:!iLitum ipliusjr, 
qu^rum Exponcntcs contincrinrur in liac Serie 

n.e.y.s.i,;;,», &c. . 

Deinde Q crit aggregatum Potefratum ipfius x, quarum Ex- 
pnnentes linc fumma: duorum terminoruni hujjs Serici , (ive 
eorundem five diverforum. Tnm crit ii fumma Porellatum 
ipfius x , quarum Exponenres cx addiiione irium terminorum 
illius Seriei oriantur; & S fumma Fnrellatiim , quariim Expo- 
nentes ex addirione quaruor termiuoruni in illa Scrie conreii- 
torum formantur , & ita porro. 

303. Si igitur toia expreflio per fmLjtiios terminos explice- 
rur , & tennini limilca a)iij:ni.i'..u ;i\prii'.i;miiir , intelligerur 
quor variis modis propolitus numerus 11 per additioncm m. 
terminorum , five diverforum Gve non divcrforum , Seriei « , C, 
y , J , i , £ , &c. , produci queat. Qu.nratur fcilicet in ex- 
preflione cvolula terminus x" (" , ejufque coeflkiens , qui fir 
N , ita ut rotus terminus fir = Nx" j" 1 , atque coemciens N 
iiidicabit qiiot variis modis numerus n p;r additionem m icr- 
miuonim 
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erip ft , €> y-, $1 1 , &c. , coccentorum produci C 
queac. Hoc igirur p:i.'to tjiuirtlio pnori , qii;;m ante funius eon- ' 
tcnipbt! , limilis rcfolvcrur. 

304. Accommoclenms Iirc ad cnfum inprimis notatu dig- 
nuro , firque propolita Iwc cxpreflio 

0-q)['--- ( )l'-MH'-«-i](i-i l (]ic, 
qua: p^r divifionctn cvoluta dabit 
i-h (x +*■+ c' + x" + »• + *' + *' + *■ + *'+&c.) 
+, [*'+*'+!*' +«< +j»' +j»' + + + ( *"+*0 
+ t (»>+*'+i»' +3»' + 4r ' + SJ " + ;*■ + 8*"'+iM"+8[e.) 
+, (*'+**+»*' +B*' +;*' +«*' + ? *"+. ,»-+1 ;*"+&«.) 

+ 1 '(*'+*'+i*' +]*■ + ?1 ' +7i' I +io r "+ Ilr "+,a I "+& c .) 
+,- («•+*•+**■ +j*' +w" , +r*"+tii"+ 14I "+Ka , '+&c.) 



Es his ergo Seriebus Itatim deftnire licet quoc variis modis 
propofirus numcrus per addirioneni ex daco rerminorum Iiujus 
Serici r , * , 3 , 4 , j , 6 , 7 , fltc. , numero praduci quear. 
Sic, fi quairarur quor variis modis numcrus 13 oriri polTir 
per additionem quinque numerorum integrorum , fpeflari de- 
bcbir cerminus x" f ' , cujus coefliciena 18 indicat numerum 
propoficum 13 ex quinque numerorum addirione ofiodeiim 
raodis oriri poffe. 

305. Si ponatur f = 1 , atque fimiles Potcflares ipfiui * 
conjun£lim cxprimantur , hsc expreflio 

(.— *) (I—*') (!—«>) (■—*•) (!—«') (.—»')&.=.. 

evolvetur in hauc Seriem 
Euleri Imrodud, in Anat. infin, K k 
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i[] cjua <;i'i!i'jt'c coijiUiciis i.;.i!_.-;t , qnot variis rnoclis E_poneii_ 
F-rafbris adjunSj: per aiUlitioiiciii pr_cU;c.i qucat e>_ nnmeris 
iiitt.jr.ris , five ::r:!.ii ;„■:;.. I:\c i i . - ; i : -_l 1 L ]_. l: c; . Scilicet eK termino- 
ni" co;;iii.i'titi'r 1111:111.11; \;> 6 ii:ic!i.- i i:ii nrUi- p.r addttioncm. 
uun-.eroruni iiit-jr ci u;a p:c-J.:ci psfTu , qiii funr 



6 = 6 
6 == 5 - 
fi =_ 4 - 



<5___3 + ! + ! + ! 

6 = 1 + 1 + 1 

6=i+i+i+r+r 
6=i+i+_+r+i+_ 



i debet , ipfum niimemm projiolTiiirn , cum 
m 1 , 1 , 3 , 4, 5 , 6 , &c. , propofita conti- 
nlum prabere. 



1 !iu. 



ropofira 



Z = (1 +.ri) (i + x' { ) (i+x'0 (1 +*';) ( 1 +*' f ) &c. , 
cjus cvoluta fccuudv.m F'.;:: ".u-.-j ip !":_:._ { di^-fta pr-bcar 
Z = 1 + Fi + + J! f ' + _Y + r t' + 

-nflioncs P, <>, H. 



_■,_', &c, c.tpeditc invc.ic.idi, 
pi'<ipu:":t.: totiVjiiiint-Tiaw f-._:;;i'. i. 
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307. Pntct autem , fl loco j ponatur xj, prodirc 
(, +*■,) (■+«■{)(■ + (l +«•()«*. = ^j- 

ergo , pofiso .vf bco j , vAt ^roJucii , q-.ii c.-at Z , abibit 111 
; ficque , cum fit 

Z = i+ P,- + + Ri' + 5{* + &c. , 

= 1 + Fjt| + Q'-'j' + Rx\' + + &c. ; 
multipliceritr cr£o aflu p:r 1 + .r • , atque prodibit 
Z = 1 + P* t + Qjt*^ + Kx' f" + S*Y + &c 
+ x; + VV;' + + Rjc* t * + &c., 

■qui valor ipfr.ss Z curv! fir^L ri.>ii coin^aratus dabit 

Seqnentes ergo pro P, Q , R, S, &c. , obtinentur valores 




i pofTtt. Manifeflun 
dl bas Crjjjulas Sciiea clTt recuiicntes ,, qua c 



iSo D £ PARTITIOKE 

FuncYionis fracta: ipfius x nafcuntur. Prima fcilicet expreUut 
P = ■ - ■ ■ ■ , dat Sctiem gcometricam 

x + X ' + *' + ✓ + x< + ** + ✓ + &e. , 
ex qita quidem manifeflum eft quemvis numerum femd in 
S«ie numcrorum integrorum contincri. 

300. ExptelEV fecunda ^^f^zz^j < dat ^oc Serien > 
*' + x' + «' + ix' + 3I 7 + 3 ;r" + 41' + 4r" + &c. , 
in qua cujufvis tLTmiui ct^^i^ijiii UicILuIlj i quot modis Expo- 
ncns ipfius x in dnas pancs in.Vi^alc.i difperiiri paflit. Sic 
tcrminus qx' iudic.it , numerum 5 quatuor moJis in duas par- 
tes inaquales fecari polTe. QuoJ fi Itanc Seriem per x' divida- 
mus, pioJibitSeries, quam prcbet ifta fradrir, 
qu* etic 

t + x + „* + ix' + 3,* + j»' + 4*' + 4*' + &c. , 
cujus termihus generalis fit = Nx" ; atrjue ex geneft hujns 
Serici intcHigitur coelficicntem N indicare , tjuot variis modis 
Exponens n ex numeris 1 & 1. per addiiionera nafci quear. 
Cum igitur prioris Seriei tenninus generalis fit = N x"~^~ i , 
deducitur tinc iftud ilicorcma. 

Qto: ytiriis m ■->,/:; n::x:irus n f-cr c.IJiilonan ex n:imeris 1 & 1 
produci potejl , tolidem varils modis tuiments n + 3 in duai 
f.:r!c; i;:.r.;.;.;/f( _/_V,:.'i jiotcrit.. 

3.0. ExprefT.o tertia j,^^,^,^^,) b Seriem 

x + x + i*' + 3*' + 4*" + jx" + 71" + 8*" +&c, 
in qu.i cujufvis tcrmini coefficiens indicnt quot variis modis 
Exponens Potcftatis x aJjj.uiCL.j L11 trts ^irus iuxquales difper- 



NUMERORUM. ±6t 
llri poffit. Quod fi autcm ha:c fraitio ^ ^ ^ 
evolvatur , prodihit ha:c Serics 

*+* + _' + 3» J + 4*' + »*' + 7*" + 8*' + &&. 
cujus lerminus gencralts fi ponatur = Nx" , coethcicns N indi- 
cabit quot variis modis oumerus n cx mimeris i , i , 3 , per 
additionem produci polTir. Cum igitur prioris Seriei terminus 
generalis fit JVy+ , feqtietur hinc iflud tlieorenia. 

a. , 3 , produci potejl , tot-dcm variis madis numtrus n + 6 in 
tres partcs inaquales ft.ari poitrit, 

3:1. Expreffio quarta (l _ lH , _ x _ x , )Kl _ x .^ >■» 
Scricm recurrentem evoluta" dabit 

x" + x" +"a*" + 3*" + 5*" + 6V' + 9 .v" + &c.; 
in qua cujttfvis terniini coelficiens indicabit quot variis mo:Iis 
Exponens Poteftatis x adjunfli in quafuor parres iiraqilales 
difpertiri po!lit. Quod fi autem hxc expreflio 

_VjT7-^ • V°& bh 

fuperior Series per x" divifa , ncmpe 

I + X+1*' + 3*' + cx' +6x' + 9V + !!*'+_., 

cujus lerminum gtneralem ponamus — Nx" ; atque hinc 
patcbit coefficienrein N indicare , quot variis modis numerus n 
per additionem oriri poJTit ex his quatuor numeris 1,1,3, 
4. Cum igirur prioris Seriei lerminus gencralis fiiturus fit 
= Nx"^~ la r deducitur hoc theorema. 

Qitot variis modis numerus n per additionem produci potejl 



rf* D E PARTITTONS 

■ ex numcris 1,1,3,4, tniidem vaiiis modis iuinicrus n -f- 10 
ifi q;:i::uor j:,:i:cs i.-i.i^;:. ;/(-.; /.l-.7.'; poterit. 

311. Genaralirer er^o, fi htc cxprclfio 
(1 — *) (. — *■) (1 — *') . ~ . (1 — ~~) 

per addirioncm produci poffit ex his numeris 1,1,3,4 
'. . . m. Qtiod li autem haic espreflio 

('— *) (l— **) (l— (I — V») 

1n Seriem evolvatur , erit ejus terminus generalis = 
/TV^ 1 : a-qiie hic -coefiiciens N indicat quot 
x-ariis modis mimerus 11 + ~ ^ '" . Hr .Lj j n partes ina^qualcs 
fccari pollir , unde hoc habctur thcorema. 

Quo: rariis modis numcrus 11 per additionem. produci potejl 

e.i numtris I , % , 3,4 m , tolideni modis numerus 

n + IB <M» + ') ;„ m p ane5 inaquales Jecari poterit. 

. 313. E:t pullta partitione numerorum in pnrtts insquales ; 
perpendamus cjiuj-.jiq i; partitioucm in partcs , ubi aqtialitas par- 
tinm non csciuditur j ~j.e partirio ex liac exprdlione origi- 
nem habet 

Z = - ( ){i — ( .— x't) (<— {! — *',) &c,- 

Puimin-.is (j\ tiJNtiijn-j pi.*r d : .\ ■ (in.itm iitfiltiiJ prydire 

z = 1 + f\ f ?f + «t + + + «" • 
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Perfpicuum aurcm e(t , fi loeo { ponatur ij, prodire C 

Fafla ergo in Serie evolura eadem muta_ one , fiet 

( 1 — x t ) z = 1 + p xi + e*y + Rx\> + S_Y + &c. : 

Multiplicetur erqo fupcrior S_ri_-_ pririier per (1— eritque 
( 1 — * { ) Z = 1 + Pj + Qf' + Rj' + Sf' + S_c 
— je{ — i'i{' — Qxf — Rxf — &c. 
Comparaiione ergo mftituta oricrur 

untle pro P , Q , R , S , &c. , fcquentes ralores provcniunr. 

« = (,_,)(,--., ,(.-*) 
5 = ,.. ■ =1 



314. ENpref!ione5 ite :i fuperioribua aliter non difeiepant; 

ojfi quod HiimcTatores U;_ miiiorts ];;i!i;-,;jit t/sponei-tc. qu_.11 
eafu praiccdente. A.f:r.e Ii..:;c c.b rcm S;i:cj , qus p_r cvo- 
lutionem niifaintur , ra :\t>\::: ! ._:l. 11111:11 oi.iijino convunisiit , 
quz convenientia jaai cx comparatione ( j. g. 300 & 304. > 
pe.fpici.ur , nuiic .cro d _ . : . ; i ; 11 c;;:_ r.niu iu:eili a r iiiir. Hiiic 
ergo omnino fmiilia _-_'.<__ „niat-i eoiife.juemur , fnnt. 
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ti.B. 1. Qcoi rariis modis ntmtrus-a ptr aiditioncm produei poufl 

d : -<hcniri poterit. 

Quut vnriis mo.lis numsrus n per aJ.litionsm produci potefl rx 
numcris I , 1 , 3 ; :o::J:i:i mojii r.umcrus n -)- 3 i/i i/.-s panes 

lij r mi,i ,,,„«. 

Qaot v/iriis modis numerus n pcr aJJitiotuni produci pctcjl cx 

partcs difperuri potsrit. 

Atque gencraliter habebitur hoc theorema : 

Quol vuriis modis luimirus 11 pcr aJJtlioncm produci potejl ex 

numeris 1,1,3,. m , totidcm modis nuir.erus 11 + m 

111 m partes difptrdri poterit. 

315. Sive crgo quaranw quot modls datus numerus in m 
partes imeguales , five in m panes , zqualibus non exelufis , 
difptrriri poltii , utraquc qurftio rcfolvcrur fi cognofcatur 
quot modjs quifque numerus per adJitioncm produci polEt cx 

numeris [, i, 3,4 m , quemadmodum hoc 

patebit ex feqnciuiJius t!iLOn.in;:tibus , qus ex fuperioribus funt 

Numcrus n ioi inodis in m partes inxqimtes difpertiri potejl , 
quot modis numerus u — - - m . ^~ - ' ■ pcr aJJitioiiem produci po- 

NumtrttSD, tot modis in m partes jive _aquales Jive inaquatet 
di/pcniri potefl qttot modis numsrus n — m per addiuonem pro* 
duci potcfl cx numcris 1,1,3 m - 

Hinc porro fequuntur ha:c iheoremara. 

Numerus n totidem modts in m partss inaquales feciiri potefl , 
quot modis numerus n — m * - _~ ^ ttl m partss , five isqualts 
Jtyt intequaks , dijpcrtitur. 

Numerus 
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Ntimtrus n tolidem modis in m partes , five inaqualts Jive 
aqtiales , ficari pottji , quot modis numtrus a + mlm ^ — 0 m 
pnrtcs iiixquaies Jijperttri potejl. 

316". Per formationem aurem Serierum reciirrcnrium inve- 
niri pmcrit , quot variis modis datus numenls n per addirio- 



nem produci potlit ex numeris 1,1,3, m - Ad hoc 

ciiiin invciiieodum uvolvi dcbebit fraclio 



(,—*)(■—;■ m . — »' ) ^ . . .(, — ■■' > 



AV , cujus cocfIici_ N indkabit , quot modis numcrus a 

per odditionem produci poflit ex numeris 1 , - , 3,4, m. 

At vero hic folveiidi modus 1100 parum habebit difficultaris , 
fi numcri m Sc n fint modice magni ; fcala enim relationis , 
quam prffbet denominaror per mulrip.icarionem evolurus , ex 
pluribus termiuis conftat , undc operofum erit Scricni ad ptures 
rcrminos continuarc. 

317. Hec antem difquifirio mitius erit moicfta , fi cafiis 
funpliciores primum expediantur , ex his enim facile etit ad 



cafus magis coropofitos progredi. Sit Seriei , qu_ ex hac 
lV;ictii_ orirur , 

(,_„)(■_»■) (,—x') (■ -v-) 

tennintis gcneralis — Nx" ; at Seriei cx hac forma 

(,_-)(,_-•) (! — -■) (. —X") 

ort£ terminus gencraiis fit M x" , ubi coefficicns M indica- 
Euleri IntroduS. in And. ittjin. L 1 
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L 1 T ; bic quot vatiis modis numerus n — m pcr additioucm produci 

poflit ex numeris 1,1,3 '"■ Subtrahatur polle- 

tior expreffio a priori , ac remanebit 

<I— *) (,—«') (l—AT') 

atque manifeftum eft Seriei hinc orw termimim generalem fu- 
turum e(Te (2V— jVf) x"; quare coefficiens N—M indicabit 
quot variis modis numerus n per addirionem produci poffir es 
DUDCrii 1,^,3. (»— O 

318. Hiac ergo fcquentcm regulam nancifcimur. 

Sit I mimctus modorum , qnibus numcrus n per additioncm 
produci potell ex numeris 1,1,3 ( « — 1 )■ 

Sii JM numcrus modorum . quibus numcrus n — m pcr addi- 
tionem produci poteft ex numeris 1,1,3, 

Sitquo iV oumerus modorum , quibus numerus n per addi- 

'°Ilis l po.ki "^t. 7 11 1: \ i :V, ' l, ■ ■ , V. L= A'' — ' l?',-" idcoq^c iV= 
I + M. Quod fi ergo jam invenerimus quot variis modis 

nnmeri r. & h — m per ndduioi.cu produci qiieint , iile ex 
numeris 1,1,3, ('"—'). hic vero ex numeris 1, 



Cafibus fimplici.!i-;: )t :s , tiu ^iliil l^-.-.uir diilicultatis , cominuo 
ad magis eompafitos progredi iicebtt , hocrjue mcdo tafaula 
hic annexa efl cpmputata , * cujus ufus ita fe habet. 

Si quararur ciuot variis modis numerus jo in 7 portes ins- 
quales difpertiri polTit ; fumatur iti prima columna verticali 
numerus 50 — 7 — = 11 , in horizontali autem fuprema nu- 
merus romanus VII ; atquc numerus in augulo pofitus 511 
indicabit modorum numcrum quslitum, 
* Vldt Tab. /ag. 
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partes , five «quales (iye miquales , dirpertiri poflir, la prima J 
columna j" 1 -li numi-rus qu^fitus 8946. 

trisfonalibus , pyr;irni;l.iii!:!i-i i_; iVqucntibus , quam paucis c\- 
poncre operir pr.ii-m int. Q-Jonhm ciiim cx fraclione 

t , aj ] "ritiir SerieS 1 + x + ur' + + 3 X ' + 

ja 1 + &c. , ac proinde ex fraclione .. j; ^ liscc 

x + x* + ur' + i.v* + 3*' + 3 .v" + Etc. . Si dux hx Series 
addanlur , nafcitur iiin 

1 + ix + -v- + _j.v' + ; .v- + + 7 x* + &e. , 
tjua: pe/ divifionem oritur ex fraftione _ t ' j^j — 

^ ; ' ^ ,- nnde paier Seriei poftrem.. terminos numericos 
St-riem numerorum namiiiliuin ct-nl _i e, Hinc cx Serie ta- 
bu!;c fecunda addendo binos terminos proveniet Scrics nume- 
rorum t_atura_ii_m , polito 1=1. 

I + i+ ft + 1 +3+ 3 + 4 + + +y+ (+ 6+ 6+Slc. 

r + i + 3 + 4 + ! +6+7 +B+9 +10 +11 +11 +&c 
Vici.Iim ergo cx S^ric numerorum E_.rur_i!ium fuperior inve- 
ijit_ir , fubtratiendo cri-<_:i!i(; njrminum Scriei fuperioris a. tcr- 

mino inferioria fequenre. 
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i- iorn: icrrii:i)i :t ■.: l]lil-j r ll :■ . :.ir.i bini hujus r.nva: Serici denuo 

adctaimir , protliru dcbere mirntrna i:'v.' 1 - isuii^s , id quod es fche- 

1+.+1+ 3+ 4+ 1+ 7 + S + io+u+n+iS + .ji&.r. 
1 + 1 + 4+ 6+ J+»+'« + »+M+Jo + J«+4*+49ftc. 
■ +3+<+"+>I + «+i8 + 3«+« + ,5 + «+7B + ?' &=» 
Viciflim autem apparet quomotlo e:« Serie trigonalium erui 
dcbc.it Seric;; fuperior. 

311, Simili modo , quia 



{ ,— xl{i — xxll ,— jj.jt,— l. — ^Ji. — «K. — a-K. — *0 
= ^ ' Si in Serie quarta primum quatemi termini 

addanrur , tum in Serie refultantc tcrni , dcniquc in hac bini , 
prodibit ScricFi nuraerorum pyramidalium uti ex fequenti cal- 
culo vittere licct. 

1 + '+ 1+ 3 + 5 + « + 5+ 11+ .5+ ■<+ ij+ 17 + Src. 
1 + 1+ 4+ 7 + .. + ,« + !,+ ,,+ 4,+ ,,+ S 7 + 8,+gtt, 
' + 5+ 7 + '3 + ;l +M+)°+ 70+ 9i+'M+'*' + "; + Sic. 
I +4+. 0 + 1 o+ ji + i 6+«4+i« + 'Si + « 0 +iStS + ! 64+&c.. 

Simili autem modo Series qtiir.ra deducet ad numcros pyra- 
midales fecundi ordinis , fexrj ad tertii ordinis & ita porro. 

31%. Vieifltm igitur ex oumeris figuratis ills ipfe Scrics, 
qua: in tabulis occurrunt , formari poteriint , per operationes , 
quiE ex infpeftiouc calculi fcqucmis fpontc eluccbunt. 
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, + l + f+ ; + l + H 



,+. 1 + lo + 10 + ; ! + 5 4 + S4 + !«>+.«, + !*>.. 
' + 3+- 7+'l + » + 51 + 5° + 7°+ ?5 + "M + &=- 
i + i+ 4+ 7 + "+iS + !! + )<+ 4-'+ ,}+& 
, + ,+ ^+,+ ,+ 6+ s + „+. t8+a 



.,+ n + 14 . + +6+ 8^+no+K 
j+ 7+H + i5+ 4' + *4 + : 
1+ 4+ 7 + « + '8+ »7 + 
■ + 1+ 3+ S+ 7+ ■= + 

&c. 



■ 19 S+4'«+ & 
■136 + 189+ Sk, 

■ « + 7.-' " 



In his ordinibus primi Sav.:-, liut tiimud %nrati , unde [iib- 
trahcnib t|iu.-nivis tLtitiiiumi Scriti leciiiidn: :i termino prims 
letjtiente formunir Serits fcamtlt]. Ttim Serici tertia: bini ter- 
mini conjunclim ligbtrahautur a termiiui fcquente Seriei fccun- 
dx , ficque orkur Series tertia ; hoirque modo iiibtrahendn 
uiteriuB fnmmatn trium , quatuor , & ita porro terminorum a 
tcrmino fupcrioris S.YvJi Lf;in.ji:i , ftirmabvmrur rctiqua! Scrics 
donec pcrvcniatur ad Seriem , qua incipit ab i + t + 1 &c. , 
hEtquc crit Serics in tabula exhibita. 

313. Series verricales tabulie omncs Gmiliter incipiunt , 
coutmiioqut: phtres habcnt tcrminos comrnunes ; ex quo inteJ- 
ligitur tn infinittmi has Serics inrer fc fore congruentes, Prc- 
dibit autem SeriKS , quffi oritur cx hac fraclione 



< 1 _ I ,r;t_vj(,_ I ')( I _ j: - U ,- 



qu« cum fit recurrcns , primum dcnominalor fpeclari debct , 
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Liu. I. hinc fc-jk rcl.irioi.is kibiMtiir. QiuJ li aiircru lufrores deno- 
miuatoris conrinuo in f^ muliipliccntur , prodiliit 

neantur in hac forniula ' m * " ; arqiie , fi n fit numcrns 
impur, Poteftetes eruht jiegitivs ; affirmalivjE autem fi n fuerii 

314. Cum jgitur fcala telationis lit 
+ I, + I ,o,o,— 1,0,— 1,0,0,0,0,+ l,o,o, + r,o,o,&c. ; 
Serles recurrtns os tvcili.iiii>iii; Iritiitioiiis 



1 + * + 1*' + 3x'+ 53:* + 7.1' + 1 1*'+ 153'+ ii*' + 
301' + 41*'" + jfi-t" + 77:*" + toi*" + i;;*" + 
i^C.v" + 131.1" + 1973;" + 3851:"' + 49o.l:"-^tJ-7^c. ,, 4- 
79ix" + loout" + 11501'' + 1570.V" &c. . 



Iit hai 



aSeti 



C0(jf!i.j:<_Tis i;'.iif[p!(i iidicat , qtmt variis rw 
c per a;lditioni j m e>; iiunicris inrti.-ris c 
■js 7 fruindtcitn mo&\ p;;r atJJitioiiut! ( 



7=5+1 
7=5+1 

?=! + > + . 
7=4+3 



7=4+>+> 
7=4+1 + 1 + 1 
7=3+3 + 1 
7=3+1+. 
7=3+1+, + , 



7=3+1+, +1+1 
7=1+1+1+, 
7=1 + 1 + 1+,+, 
7=i + , + , + i+i + r 
7=, + i + i+, + , + ,+, 
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315. Quod fi aurem hoc produclum 

(r + »)(•+*') (■+«')(. + *') (■+*■)(. + *')fa., 

evolvatur , fcqucns prodibit Series 

, + * + x- + ix' + ix- + 5 r' + +i' + I*' + fa* + 8*' + '<*" + 
&c. , 

qua quifque coiifrkicns i:i:iii.:i[ , (;iiot variis moiis Espancns 
ipfius x pcr additioiiiini nim;ci'-.i iiiii in.tqiial.iii 



i:,.v:]iL;iHj- 



9 = 9 I fj — 6 + 1 + 1 

9 = 3 + 1 9 = 5+4 

9 = 7 + 3. o = , + :j + 1 

9 = 6 + 3r j 9 = 4 + 3+1 

326. Ut comparationem inter has formas inftirusmus, (it 
P = ^)[i—^) C ,_0(i— *■)(!— *')& CtJ 

& 

e = (. +i> (« +*•)(!+*') (x+x-) (. + (. +*«) &c. , 

P<2=(. — *")(._*•)(.— J-)(l—» r ) (!—»'■) (I—*") 
&C, 

qui Faclores cum omnes in P contincantur , dividatur P pcr 
PQ, _£_(._.*)(,_*■) (,_,•)(!— »')(«— *') _., 



id^';:::ic 



* (1 _. T ) (,_*') (,_»•) (. — *')(. — *')_.. 
qux fraflio fi evolvatur , prodibir Serics , in qua quifque coiif- 
ficicns indicabk , quot variis mo:iis Exponc-ns ipfius jc , pcr 
additionem cx num^rss itr.p-.n ';u; pri.ciLici polfit. Cum igitur 
hsc cxpreirio iqualis fit illi, quam in Jj. pricedcnrc contcmplati 
fumus , fcquitur hinc iliud theorcma, 
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lodis dams aumtrus pcr additioatm forma 



317. Cum igitur, ut aiirc vidimus , fit 

&c. , erir, fctibendo .v* loco jc , 
— **+*" + *" — .v"— *"+*"+*'■— &c 
Quocirca erit hanc per illam dividendo 

■2 = \~l~^^r+i'~'--^r^. + 
Erit ergo Scries Q pariter lecnrrecs , atque cx Serie ori-. 
mr, hanc per 1 — *' — .v' + jc"+x" — *" &c. multiplil 
cando. Nempe , cum fit (314) y= 1 + * + i-v 1 + 
3*' + 5-*' + ?Jt' + 11*' + i5-r T + n*' + 301° + &c, 
fi is miiltiplicetur per 



! + ! + *'+!*' + !*■+ 3*- + + (*' + fe- + Si + fe. 
= Q. Hiac ergo , fi fotmatio numerorum pcr additionem 
numeronim , five a:quiilitim five inaxjualium conllct , deducetur 
frjrrmnio numcrorum pcr aJditiuncm nuinumriim iacqu.iiium , 
liincque porro fcirm.:!]<) iiiir,i;:ii!ni:ii pui- .^Jitn ::itm numcrornm 

3^3. Rellant in iioc gun r 1 f| 11 1 1 1 1 inor.ibiles , quo- 

cognoTcenda. Coufideretur nempe Iiec exprellio 
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(■+*) (" + *') (!+«•) (> + «■){ ! + »■■)( ! + «• Caf.- 

in qua E:;poncntcs ipfiu? x in ratione dupla progrcdiuntur. 1 

Hic expreffio fi evolvatur , reperietur quidem hsc Scries 
i + + +*> + *• + a* + *• + te. i 

quoniam vero dubium cITe pottft , ulrum liac Series in infi- 
nitum hac lcgc geomctrica progrcdiatur , hane ipfam Seriem 
invclligemus. Sit igilur 

+ *)(!+*') (! + «•)(>.+ »■) (' +*") 

ac ponatur Series per cralutionem oriunda 
P= i +«+ e*' + T ,' + /*• + «' + ft- + „' + (*• + & c . ; 
Patet autem ft loco * fcribaiur xx , tum prodire produclum 
(. + «) (" + *•) (» + «•) (■ + *") (i + i")&c. = j^: 
fa&a ergo in Serie eadem fubftitutiouc erit 

= .+«■ + (*« + rl < + W + «r» + fe» + &c; 
muhipliceiur ergo per i + x , eritque 

l»=I+*+tt , + «' + e«-+e I ' + T «'+Tl' + /^+f*' + to.. 

qui valor ipfms P fi cum fuperiori comparetur , habcbiiur 
• = i , e = . , r = . 1 1 = e i . = e s f = , ; , = r ; &c. , 
crunt ergo omnes cceflicientes = i , ideoque produclum pro- 
pofitum i* evolutum dabit S^ricv.i [rcomeiricam 

1+1 + *' + *«+*• + *■+«•+«» + &e. . 
319. Cum igitur hic omnes ipfius * Potc^latcs , fingutequc 
femel occurrant, ex forma produiM (!+*)(' +*')(' +x')8a„ 
feqiiitur , omncm numerum iulegrum cx termiiiis progreiTioni» 
Euleri Inlrzduci. in Anal. infin, M m 
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1. gconiclrica; Jupls i , 1,4,8, 16 , 31 , &c. , diverfis per 
adJitSDLi^m luriuari ntili"c , hoc-*iie unico moclo. Noia cft 
hjce proprietas in praM pond-jrandi , fi enim habeantur pon— 
dera, i, 1 , 4 , 8 , i(S , 31 , &c. , librarum ; his folis ponderibus 
Omiiia onera pcni::.-i-LSi-i puK-r.iiit , nifi parres librffi rc-quirant. Sic 
his decem ponderibus , nempe i 111 , 1" , 4* , 8*, 16*,. 
31*, 6^, 118 'k, 156 Jll B , omnia pondera ufque 
ad 1014 , librsiri poflunt, & li unum pondus iqi4 i! ', 
addatur omnibus oncribus uftjue ad 1048 16 , pondcraudis 
fuEEcient. 

350. Oftendr autem mfuper fokt in praxi ponderandi pau- 
rioribus pondcribus , qu;r fciiicet in rarione ireomeirica tripla 
progrediantur , nempe 1,3, 9 , 17 , 81 , &c. , l:br:tit:ivi 
paritcr on-.:ii'j i)n:::.! pos-.djran pi;:ii: , nili opus li; trafsi-jmbas. 
In liac atirein pn>:i pea-.i-jra iij:i !b!s;m uni lanci , fetl smba- 
bus , uti neceflitas eHigit , imponi debeut. Nitirur ergo ida: 
pr-.xis hoc fundamento , quod cx terminis proj;rcif;onis gco- 
metrica tripl-c 1 , 3 , 9 , 17 , 8t , &c. , diverfis femper fu— 
mcndifi p-jr nd..l:;io:i*jiit ac fulitratlioiyjni omncs omiiino numeii 
produci ijueant ; erit fcilicet. 

3 = 3 7 = 9 — 3 + 1 11 = 9 + 3 — » 

4 = 3 + 1 | 8 = 9 — 1 | 12 = 9 + 3 

&c. 

331. Ad h.w.c verirarem oihiidcr.dam conftdero hoc pro— 
duiium infinirum 

= P , 

quod evolutum atiai non dabir Poteflates ipfius x , nifi cauarun» 
JEstjoneates fotmari poffiiit cs uumeris 1, 3, 3 , 17, 81 , &t „ 
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fiva addendo five fubtrahendo : num vero omnes Potetlates C \ r. 
prodeant , finguliqui; femel , fic exploro. Sit , 

J- = &c + + <,*-' + i + * *■ + Cr' + ya< + 

tx* + 'x' + &c. , 
flianifulrum Vero eft , fi x' loco x fcribatur , tum prodire 

==il -< ; + J1 -3 + I+Ill . + C(! + TI . + t;c . ; 

«— + 1 + a ' 

EEnc igitur rcp?r!tur P = &c. 

+ JI -* +aI -J +aI -'- + I - 1 +I + I+ 1J: . + [ ,^ +IJe . + 

e<- + cx< + t* + &c. , 

+ + r' 1 + x" } + x* + i"> + i' S + r" 7 + &C, , 
iwdc patct onines ipfius x Poidtates , tam affirraativas cpiam 

torminis progt-cffi.jnis gjoiiLerricos tripls , vel addendo vel 
fubtraliendo , formiri po:Tj ; unjir.qutmtjue numerura unico ■ 
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■l 7 6 DE USU SERIERUM REC URRENTTUM 

LlB. I. 



C A P U T XVII. 

De ufu Serierum recurrentium i"n radkibus aquationum 
indcgandis. 

331. iKnicAvtT Vlr CelA. Denid Bernodlli inf.gnemj 

tionum cujufvb gcaAvx, iii C , sla:j. rJ^oLTcmo ///, 
ubi oilt-ndit , quemadmodum cujufque iquatknus algebraics , 

quotainque futric :hii:uiiio.umi , \a!ores radicum veris proxinu 

cum fipe numero maximam afferat ntilitarcm , eam hic diliyen — 
tius explicare conllitui , ut inteltigatur , cjuibus caf.bus ad- 
hiberi polfit. Interdum enim prster expe^rationem evenit , 
ut nulla nquationis radix ope hujus methodi cognofci queat. 
Quocirca , ut vis hujus metliodi cliirius perfpiciarur , ex pro- 
prierat.bus Scrierum recurrentium toium fundamentum , rju» 
nititur , coutemplcmur. 

3 ?3- QuoiiLim omnis Series recurrens ex evolutione cujuf- 
dam fraSionis ratio.iatis oritur , fit iila fraclio 
a + ^ + + A' + 'Jt± jt£ 



uncle oriatur fequens Serics recutretts 
A + J?j + C f ' + D? + B? + fj' + &c, 
enjus coiiflkientcs A , S , C , D , &C , ita deiertninautis 
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A = a 
B = *A + b 
C = *B + ZA + c 

D = *C + £/i +yA + d 
E =a.D + CC +yB +$A + c 
&c. 

Termiiuis autem generalis , feu coiifikicns Poteftaris 7" , in- 
vcnitur ex refoluriont: fraclionis prupofira: in fraclior.cs fim- 
pliceS , quarum denominarores fint Fuclures denominatoris 
1 — "E — £ff — 7{' — , uti ( Cap. XIII. ) eft 
ollenfum. 

334. Forma autcm termini gencralis poriflimum pcndcr ab 
indule Faclorum I:mp1it:;i[:i : 1 1_- n r , n i i ti a n ■ i i , ntrum fint rtalcs 
an imaginarii, & uirum (inr inrer fe inzqUHies & corum bini 
plurefve iquales. Quos varios cafus ut ordine ptrcui i nmus , 
ponamus primum omnes dciunniiu.niris F:ic")or; i f.inplicts cum 
reales efTe rum inrer fe insquales. Sint ergo Fdtfores fimplices 
denominatoris omnes ( />f)(i — f f )(r — rf)(i — sf ) &c, 
tn quibus fractio propofita .in fequemea fraiiiones fimplices 
lefolvatur + + + + &c ' ■ ^ 

{ ( A/ + Bq n + Cr* + Ds n + &c. ) , quem fbtuamus 
= Pf i fir fcilicet F coclTicicns Potelhris r" , fcquentium- 
que £ , K , &c. , ita ut Series recurreus fiat 
■A+B i + Ci' + D l ' + + P t ' + Qf + ' + Rf+* +, 
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■ Ap" , V.q" , Cr" , &c. , ut ea , qua oritur ex maximo imme- 
jiirum p , q , r, &c. , relifjtias ii:;:.;i::n: !:;:(: longe fiiperet , pn 
caque reliqus peuitus evanefcant , fi n fucrit numerus plane 
infirute magnus, Cum igilur numeri p.q.r, &C, fint inter 
Je irjarquales , ponamus inter eos _3 efie maxiraum ; ac propte- 
iea, fi n fit numerus infinitus , f:et P = Ap" ; fin autem n ftc 

Simili vero niodo etit Q = Ap"^~' , ideoque £ = ,?■ Unde 
patet , fi Seties recurrens jam longe fuerir producta , coem- 
cientem cujufime termini per ;:rrj;t- deiiitm dUifum prpxime efis, 
es!«Liti:niiii vjtorcm m::xin,t: littera; p, 

336, Si igittir in fraaionc propofiti 
_ +j__ +f !_+__:___-_& __ 



ta eoguofci poterit. 
n quo littcrap om- 



rjus Poteftates zque in 
3_7. Qiiemadmodur 



cojufvis algebiaica; accomrr.cdari 



IN RADICIBUS JEQUAT. INDAGAND. i 7? 
poffit , fatis eft pErfpicuum. Ex Faftoribus enim denominatoris 
i — =j — €f i — yj' — £j' — &c. , cogniris facile ' 
affignantur r.i-jiccs sq-stiocis hujus 

i — «{ — e { - — vt ' — — &c, = o, 

*n a ut , fi F;>clor fucrit i — /) { , hujus atqiiationis iadix una 
fiirura fit f = j. Cum igitur cx Scrie recurrcoie reperia- 
tur maximus oumLTus p, iodidum oljii.icbirjr mituma ni-x 
zquaiionis i — «{ — 6{' — y {' — &c. — o. Vcl , G 
pouarur { = ■' ut prodeat h.ic aqjatio 

— 1 - €.* m— 1 — y*"~ 3 — &c. = o , 

ejufdem meihoili ope eruitur maxima hnjus squationis rsdix 
x=/j. 

338. Si igitur proponatur squatio hic 

»•» _ a s— ' _ cv— 1 — 3 — &c. = o , 

mis omnes radices habeat reales & intcr fe ingquales , harum 
radiaim maxima fequenti modo reperietur. Fornietur ex cotf- 
fideotibus htijus tfquarionis fraflio 

J + 3l+r { ' + .* < ' + ftc. 

Hincque fjrmeiur Serics rcciirrcr.s , uifiimuii/Ui pro arbitrio 
numeratorem , feu , quod codem redit , afliimendu pro libiru 
lerminos initialcs ; quie fit 

A + Bi + Cj' + J> { ! + + Pf + 

dabirque fractio 2. valorem radicis maxirnffl x pro mquatione; 
propoCta j eo propius , quo major fuerit numerus n. 
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ExEMFHrK l 

Sir f rojwjiw £/& ajuatio s^-^-iso, cu/w bkwm 

ri:,im Tsdicem tnveniri oporteat. 

Formetur fraflio ■ . . , unde pofiris duobus primis 

termtnis i , z , orietur ifta Scries lecuirens 

i , 1 , 7 , 13 , 76 , ij j , 819 , 1738 , &c. , ' 
crit ergo ~~ proxime aiqualis radici Equarionis propoliri 
maxims. Valor aurem bujus fraftionis in partibus deciraali- 
bus exprefliis eft 

3>'3°*7744 , + 

3 - 3 01 775<S , 

qax inventam fupcrat rantum una parte millionefima. Cere» 
rum notatidum eft fracliones alternatim vcia radice efle 
majorcs & minores. 

Exbmplum II, 
Fropofita fit ijla aquatio 3X — 4X 1 = — cujus radiccs cxlti- 
[lint Sinus trium Arcuum , quorum triplorum Sinus tjl = 

fliquatione pcrducla ad liatic formam 0 = 1 — 6 x -k + 
Bx' , quzratur hujus , ut in numctis integris mancamus , 
radis minima , ita ut non opus fir pro x ponere Formetur 
ergo ha:c fraaio 

l 6* * + S«' 

CX (jua fumendis pro lubitu tribus teiminis initialious o, o, 1, 
qnia 
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quia hoc modo calculus facilime expedirur, orietur htec Se- C a 
ri;; rccun.n; , omirk- :.:::; pn: _ f: _i r:j);: ^ viiius .v :;l:\i tJUtum - — 
coeHkici.dbus opus cft , 

o ; o; 1 ; 6 ; 36 ; 108 ; 1100 \ 69 1 1 ; 39808 j 119:48. 
Erit ergo proxime aiquationis radis; mii_ima = ^flfS — 
j~ =0, 17365 1 5 j q"^ propterea efle deberet Sinus anguli 
io°; hic autem es tabulis cft o , 1736481, quem fuperat 
iadi__ inventa parte — Facilius autcm h_cc eaclem radix 

inveiuri poteft ponendo x = — y , ut prodeat aquaria 1 — 
3y * + y' = o , ex qna fimili modo rrafiata otitur Se.-ies 

o, o, 1 , 3, 9, 16, 75, 116, <Sii, 1791, 5157 &c. , 
crit ergo proxime tcquationis radix mmima y = _=__ 

^ff=°. 347*949 . unde fit * = T y=°. 173^479« 1"' 
valor dccics propius acccdit quam pricedens. 

E X E M P tUM III, 

5i dejiderewr ejtiflcm aquationis propofitcc 0 = 1 — o - x sV -j- 
8x' , raawe maxitna. 

Ponatur x = y - , eritquc y' * — + 1 = 0. Cujus 

cuju fcal rt_l ti — o_-l;ll_-, i"iiv.:i. 

i,i,i,.a.»,j,4.>3.7.35.«.9« — "' &c ;' 

cio cft maximam ratliccm eirc ncgativam, dl enirn* =__ — 
Eultri Intnducl. in Anal. inftn. N n 
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Jin. 70° = — o, 93915916'. Qiiare hujus ratio in terminis 

iriitialibua cft habenda , hoc modo 

1—1+4—7 + 14 — *S+49 — 89+171 — 31^+605 — &c„ 

a verimte vehementer'abludic. ^ 

339. Ratio hujus tliiTenfus potiffimum efl, qiiod arqnatinnis 
propoliwradiasfint/». io«,/«. 50° , & — Jin. 70" , qtia- 
rirni utnx masinia: tam partim a fc inviccni dilcrepant, ut in 
Poteuuribus , ad quas Seriem ronrinuavimus , fecunda radix 
fm. 50" adhuc notabilem teneai rationem ad radicem maxi- 
mam , iJ^oque pra: ea non evanefcant. Hincqiie etiam faltus 
peudut , quoJ a![ t rn:i;ii« vahjjfs iinenrt ii.uit nimis mairiii & 
nimisparvi: Sc , fumendo 

Nam , quoniam Potedates tadicis maxima; alternatim fiunc 
aCirmaav.11 £c ne-:itiv.c , altLTuatim quoque Poreltares featnda: 



340. Aliud vero rcmcdium huic incommodo afTerri potcli , 
triliilimitar.do arqiutior.cm ope idoncai fubilitutionis in aliam 
fbrmam , cnjus radiccs fibi non amplius Cot tam viciW. Sic , 
fi in aiquarione 0= 1 — 6> + 8*' cujus radiccs fimt — 
fin. 70", +fn. 50", +/«. ioP, ponatur x~y— \, sqt.a- 
nomso=8y — i W +i3j-— 1 radttcs entnt 1— /«.70°, 

I +/(». 50 0 ; 1 + /". 1 u' 1 . ; l-)':s radix muimia cnt 1 — 

_/;/(. 70 J , cnm tameii h.TC fhi. ~-° tik-t r:uli\ maxima axjuationis 

prajcedenris ; arqite t + Jin. 5^° nunc cll radix maxima , cum 
jin. 50 0 ante eller media. Atqiie hoc modo quzvis radix per 

lubiLtutionem ia ii:s:.'.::'..:!i] tiiu-.m-.ainve r.tdiccm novw ffqua- 
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poterit. Q.ua prstcreu in hoc exar.pio radix . —f,n. 70» ± 
mu!to nunor cft , q::ar,i !:::'£ r^lsq , .:.'c , ctiirri [jcilc per Scrictn 
recurrentem proxime cognofcetur. 

Exbmplum IV. 

Tnvtnire mMrta it!-ni:na:n req:!.iticnis o=8y' — 1,4 yy + 
iBy — 1, 5"« «S mkaufibma* rclinqM Sinum anguli 7 o°. 

Fonstur 3- = -- * , ut fit o = ^' — 6{j + 9{ — 1, cujus 
radix minima ir.vcuictiir p:r Suitm recurrctitem , cujus fcala 
relationis elt 9 , — fi , + 1 , pro radice autcm maxima inve- 
oicnda fcala re!atio;iis fbmi iLbiru 6, — 5 , + 1. Fro nuniina 
crgo formctur hsc Series 

1 , 1 , 1, 4,31, 156, ini, 17593; 145861; &c, 
erit ergo proxime ^ = ~' gjj = o , 11061483 £c y =: 
o, 06036741 , atque fin, 70°= 1 -— y = o , 93969158 , qu~ 
a veritate ne in ul;im:i <|i:ic!i.'ni li;;iir:i diicrcp-i. Ex hoc crgo 
exemplo intelli^itur qu;;i',::im uiilirjrcm idcnca transformatio 
jequarionis ope fubfljtudoois ad jnvcnrioncm radicum atferat , 
& quod iioc piiflo methodus tradita non folum ad maximas 
miaimafve radiccs adliringatur , fcd ctiam omncs radiccs cxhi- 
bere qucat. 

341. Cognita. crgo ;am quacunque ajquatioiiU propoGt* 
radice proxime , ita ut , verbi gratia , numerus k quam mi- 
nime a quapiam r;i:licc dillci-.n , p.niatiir x — k=y fcu x = 
y + k, hocque modo prodibit squotio, cujus radis minima . 
erit = x — k , qua: igitur fi per Series rccurrentes indage- 
tur , quod fadUime fiet , quia ha-c radix multo minnr erit , 
qiiam ceters , fi ea ad k addatur' habubitur radix vera ipfius 
* , pro squatione propofita. Hoc vero artificium. tam lare 
patet , ut criamfi iquatio conticeat radiccs imaginarias , ufiim 
fuuni retineat, 

Kn * 
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341. Imprimis aurem fine hoc artificio radix cojrnofci 



ramen radix hxc P nunquam obtinebirur. Sit, ut hoc exemplo 
illuftremus, propofita aquatic. — »■— 5* + 5 = 0 , cujus 
rnaxima radix cfi Vj, prater qujm vero ineft quoque — Vj- 
Si iptur moJo przlcr:;:::n , pro radice maxima inve- 

nienda , uramur , atque Seriem rcciirrentcm formcmus ex fcala 
relariouis 1 , + I . — J , qw erit 

i, 1,3, 8, 13, 38, 63, 188, 313,938, 1563, &c., 
ubl ad nullam rarionem confWm pervenitur. Termini vero 
aliemi rarionem iqtiabilem induunt , quorum n quifque per 

lir.TCedcntcm dividatur, rcpvrii:;;ir (|u:;dr;iiimi maxima: radicis , 
lic enim.elt proxime 5 = Ufj = Sg = ^f- Quorics ergo 
termini tanrum alrerni fefe ad rationem condantem compo- 
mmt , toties qiiadratum radi.is fii:.rli;.r proxime obtinetur. Ipfa 
aurcm radix .v= Vj invenitur ponendo «=y + i unde fit 
J — 3J— ^rj— y'=o, Oijus radix minima cognofcctur 
ex Serie 

1, 1, 1 ,9, 33, i4j,tfo 3 , 158; , 10345, &c, 
xime = Vi , q»* eft rad™ maxima ^uationis. 



nominarorii (334) , fit terminns {.eneralis Setiei recurremis = 
f"{A/ + B'}" + Cr" + &c. ), ifii coSfHcientes A, G, C, 
&c. , per numeratorem fracrJonU dcterminantur ; un Jc iieri po- 
teft , ut A five m;igii'.ini liv^ p;irvu:u \.:b:c;ii oinineat : prioji 
calit radix maxima p tiro reptritur , polleriore vero tarde. 
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IN RJDICIEt 
Quin etiam — r 



zquatio x' — 6xx + iojt — s -=o , cujus maxima tatlix t 
= 3 , indeque formetur fraclio 

' — »t + «n' — 31' 
ui Scriti rccurrcntis fit fcala rdationis 6, — ro , + 3 

1 + 3, 8, 11 , 55, 144; 377, SlC, 
cujus termini prorfus non convergunt ad rationem , j ■ 



Eadem euim Seriea orirur ex fraclione - 



ic propte- 



a maximam radicem icquarionis x' — 3* + 1 = o exliiber.- 
344. Quin ctiam numeratnr ita affumi potell , ut per Seriem 
cuiTcntem qiuevis radi\ a:qii;it!oiiis rc-^i? ri:t tu r , quod fi'jt ii 
imerator fuem productum c\ omnibus Facloribus denomi- 
toris pr^ter eum , cui refpondet radix quam velimus, Sic , 
iu prioii esemplo funutur numerator 1 — 31 + U . fraflio 

-'^ff-,,' ' dabiC hanC Seriem recurrenrem 3- 

irem » = 3. lllf^ U "k\l, h!™S 



ConlEtuant, c'.:jm E^iiiiLns s;;;i;e;ur uni raJicT a-quntionis , 
tum totam Seriem rccurrentem fore gcomer ritam , iJemjue cam 
ipfam radicem cffe exlubituram , etiamfi oeque lit maxima 

34?. Ne igirur, dum quarimus radicem vcl maiimam vel 
miiiimam , prsrer evpixlariiii^m nobis ali;i radix pcr Siriem 

recurreotem esJiibtatur , hujufmodi nunaerator debet eliiri , qui 
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h::r.^\y.:;i:r>:n iv_I!i.m IVifloL-.n: l".::l.LHt cnmmimcm , qaoJ 



itfiie 



ropo: 



c.~is:ur. Sic , .pr ( .p:,{,;.i _q::_L io_- y * ._ 3y + , = 0 
ni.l::. n,.iM !n - dd.J.r-sur. « f-.ti;. «'.aiiuuls o , +3,-1 
ii.ap, _:-,.[,) _b tMiiMLU l jf,i._,:s o.unr S_n__ recurrens 

' — o + J — ' + 9 — 6 '+ — — *7 + 9» — '09 + -.7 . 
_ ,,-.+ IE00 __„ l8i3 + j{i 7 — «sw + ese., 

cjiis. m_niu_f.o _d r.L :;<::: _n, cov.!1.li'.l .:n cnnv.rgit , oft-ndiique 

radicem maximam elle negativam , aiqiie pro.time y = 

= — i , E60676 , qtia: eile debebat — — 1 , £07958 jx. 
Katio autcm fupra eft allata , tur tam lcnte ad veram valorem 
appropinquetur , prop.ere.i quod aiteia radix 1.011 muko fit 
minor mLixima , fimuique fit aliirmativa. 

341J. Kis probe perpenfis , qtia. cum in gcnerc tum ad 
exempla allata monuimusj fumma urilitas hujus mechodi ad 
inve!li!ja[«b.. ,Tr|i;a[:oiu:iii r„.:k"i. , s IllluI _nlcr pcrfpicieitir ; arti- 
ficia vero , cjui!):,:; i>;:l-:j;:o c_i;;r_!ii , eocjue promtior rcddi 

, evolvencli ftpi:r_:i_:u. PoiuLi-.itts ergo deiiomina- 
fraflionis 

t±*l±£ < + 'l' 



» t' - 

liabcre Faflorem ( 1 — 'P ; )' > reliquls Fafloribus exiltentibus 
I — , 1 — r;,&c.. Scrioi crgo recti.rciitis hinc nata: 
terminus generalis erit = j™ ( (n+i ) Aj)" + Bp" + Cq" + 
(£.-.), qus ctij-fmodi valorem-ftt adeptura , fi n fiierit nmnerii- 
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venementer magLius, duo cafus fimt c'^ii;;;:cii.:i , aiter quo p C n V. 
e(t numerus raajor reliquis q, r, &c. , attcr quo non prxbet .'. 

ob coclEcicntcm ( n + 1 ) reliqui rcrmini Bjj" + C q" &c. , 
non tam cito pra co cvanefcent , quam ante : lin antem q fue- 
rit > p , tum quoquc carde cetminus (n + 0 Ajj* pf* Ej" 
evanefcet , ideoque inve.Viga.tio radicis masimat admodum 
cvadec molefta. 



Sit propofua aquatio x — 3xx + 4 = Oj mjwj maxima 
raJix z tis occurrit. 



cvolutiouem fraflionis 

' — 31 * +4t' 
qua; dabit hanc Sericm recurtentem 
3 . 9 »- a 3 . !f7 . «35 1 3«3> 7". 1593 , &c, 
tibi quidem quivis terminus pet pracedemcm divifus dat quo- 
tum binario majorem. Cujus ratio ex tcrmino gcneralt facil- 
lime patct , rejc&is enim in eo cerminis Bp" , Cq" &c. , eric 
terminus poteftaei {" rcfpondens = ( n + 1 ) Aj" + Sp" , 
fequens = (n+i)Ay" r " 1 + Bn™"*" , qui per illum divifus dat 



Exempiuk I. 



Qusratur ergo 



radix ha:c modo ante expofito per 



j*±±) A + H 

U+IJ A + fl< 
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ExEMPEUM II. 
Sa jam prnpojiia squaiio x' — xx — 5 j: — 3 — a.cttjus 
maxima rajix — 3 , rdiqate dux trquaks = — 1 , 81 qux- 
ratur maxima radix ope Seriei reotrrcniis , cujus ffcala rela- 
rionis cft 1 , .+ 5 , + } i uudc oritur 

1 , 1 , 6 , 14 , 47 , 135 , 411, 111S , &c. , 
(jui idto fatis i'iio valorem 3 e\hil)et , quod Poteftates mino- 
Hs radicis — 1 , etiamfi multiplicentur per n + 1 , tamen moae 
pr» Polclhtibus ipfiu^ 3 evanefcant. 

Exsmplum III. 
Sin antem proponeretur aquario x' + xx — 8x — n=ao, 
cujus radices fuut 3,-1,-1, multo tardius ma\ima fefc 
prodcr. Orietur enim hzc Series 

I, — 1.9» — S-. tf 5 » 3 » 457 > 347, 3345, 49'5 > 8«-." 
qu.-c adhuc lorgi^ir.c tnrriuiijri cbbcrct , antequam patcret , 
tadicem inde oriundam clfe — 3. 

347. Simili modo fi tres Factorcs elTent iquales , ita uf 
denominaroiis Faftor unus efTet ( 1 — p{)' , reliqui 1 — qj , 
I — rj , &c. , Seriei rccurrcntis tennimls generalis erit — 
f ( tstiiiEtjl Ap" + (n + 1 ) B/ + C/ + D q" + C r" &c.) 
Si trgo p fuerit maxima radk , atque n fucrit numcrus rantus , 
ut Potefiatcs q" , r" &c. pra: p" evanefcant , tum cs Scric 
leairrcnte orietur radix =: 

iln+'Jl--ri)A + tn-r--jB + C^' 
quz , nifi lit n numerus maximus & quaft infinitus, vetum 
ipiius 
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ipfius p valorem indicabii, Erir autem iftc radice valor = p + C 

i [ 5 + . 3 ( H"U -t- . 1 S + c P- 

Quod fi autem p non fuerir radis masinia , titm invcntio ma- 
xime multo magis adliuc .ijnpedietur ; unde fequitur iquatio- 
nes , qua: conrineant radices cquales , hac methodo per Series 
recurrentes multo difficilius refolvi , quam fi omnes radiccs- 
eflent inter fe inrquales. 

34S. Videamus nunc quomodo Series recurrens in infinitum 
continuata debeat elTe comparata , qiiando denominatnr frac- 
liouis habei Faifiores imaginarios. Sint igitur fraclionis 
a + Jl + c; ' ±J£±te, 
' — — — yi—l^ — Se. 
Fadores denominaroris reales 1 — t — rj , &c. , infu- 
perque Faftor trinomialis 1 — i/>f. cof. <j> + SPl\ continens 
duos Faclores limplices imaginarios. Quod fi ergo Series 

A + Bj + Cf + Df + ..... + P{+Qi+ 

erit , per ea qus fupra expofuimus , cccilkiens P _ 
~ fo ,f ""t^~^"— p" + Cq" + + &c. Si igitur 
numerus minor iuerit , quam uuus ceterorum 5 , r , 6«. , 
ita ul maxima radbc aiquarionis . 

V" _ a y» — ' — c*~ — 1 — y J» — * — &c. = o ; 

fit realis , tum ea per Series recurrentes aique reperietur , 
ac fi nulls radices inelfcnt imaginarii. 

349. Invcntio ergo itiaxims radicis realis pcr radices ima- 
ginarias oon pcrlurbabitur , li ha: ita fuerint comparats , ut 
binarum , qus Faciorcm realcm componunt , producium non Ci 
Euleri Inirodu3, in Aaal. injin, 0 o 
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sdeo fuperer cju.l j 1 r 1 us re.ilis , tum inveftiga- 

tio antc expofm ni-iil d^"b:.ll)it , jiroprcrca quod Foreitas 
p" , prjr limili Pot.Ilars r.iriicrs ma\in:s; nuurjuam evanefcit , 
ctianifi Suries i:i iulu-.uuu) toutir.Juriir. Ciijus excmpla illttitra- 
/jonis caiifa liic tidjitere vifum eft. 

Sli vTcji.-.y.ta atja.nio x' — ix — n^=o, cujus radktm 
niGxiinttr.i i;n-> JH^.ri uporttat. 

Refolvitur li.-rc iquario in duos Faflores (x — z)(xx 4- 
Ijr + 1) ; uiidc u>i:,ni. habuc ra.liccr.i reatem 1 & duas reliquas 
imajjinarias , tjuarum produclum elt 1 , minus quam quadrarum 
radicis realis. Quani ob rem ea per modum haifteiius traditum 
cognofci poteijr. Formetur ergo Seties recurrcns ex fcala 
relationis o , + 1 > + 4 . quz erir 

1,0,1, 4, 4, 16 , 14 , 48 , 111, 191 , 415 , B31 , &c. ; 
unde fatis luculcnter radix realis 1 co^nofci poteft, 

EXE7.fPr.UM II. 

Pnpnfita ftt equatit, x' - 4.« + 8^ — 8 = 0, «,;« ™fo 
mfii m , 6*~ bn&aianm prvduSum vtro — 4 , 
ideOqtte ttquale qtijdrtito radiuis rmlis 1. 

Quairnmus cr^jo radiccm rst Si.rii m rccurrcutem , qtiod qua 
feciUus ficri queat , ponan-.us j=iy, ut habeatur y' — 
iyy + iy — . 1 = o , undc fbrmeiur Series recurrens 
1 , 1, 1, 1 , o, 0, 1,1,1, t , o, o , 1 , l, 1 , 1 , &c; 
io qua cum iidem teraiini pcrp:tao revertantur , uihil iude 
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m RADTCTBUS JEQUAT. TNDJGAND. i^f 
ali.ul jj potLfl, nlii ra;Ik-L-ni maiiirnjm vcl rni.i clle rc-j- C a 
lcra , vel dari imaginarias , quartlm prod.cium axjuale lit aut _ 
fuperct quadraEinn radicis realis. 

E x E h p l u m III. 
Stt /om propofna cequatw x' — 3XX + 4X — _ = o, cH/t» 
rHiiis naiis i , im::.: : :}?ri,::\mi v.'.-,) proJucium = 1. 

Formetur en;o ex fcala relatloois 3 , — 4 , + 1 , Series 
*»3* t» 5. «. — ■ '7. — Mt— Ml + I.33.6J.6V i.&c., 

in qjj ;u.n ij;,:i.i; :;ic-.'u f.jnr „:!■.' .-n.<ii i , mocu m;;ir.ii, 
radix realis 1 indc njilo moHo cognofci poterit. Hujufmodi 
vcro tevolut;oucs ftn.it-r ti-i-. "H :nt r-J;;eni . <;uam Stries pti- 
bcre debebat , lITc imagiaariam ; luc ciiira (adices imaginaria 
pordbte fu.it nu;otcs quam rcalis t. 

350. Sit igitur in fraflione geoeralt pio<lufi_ni b-oarum 
rj." -u -i ..,1 1 1: -:J:n pp m:.j :s i|..;m cl!:cj t:.:lkis realisqua- 
dratum , ita ui pn p* reliqme poteftates u" , r" , fitc. , eva- 
nefcant fi n fit numcrus infimtus. Ho; etyo c.fu fiet P = 
A fcilH-' 1 '— " y> & Q _ A ^.(n+O.-W-^-IH-;.) y+l 

t= z&[&£l% t :r ) * ' ( & 

nunquam valorem .oultamem intluct , eiiamfi n fit numcrtis 
infinitus. Sinus enim Angutorum perpeiuo maxime mjnent 
mutabiles , ita vit mox fmt aiTirmativi mox negativi, 

351. Interim tamen fi frafliones fequcnt.s g fimili 
modo fumannir , indeipe Jittere A & B climinentur , fimul 
numcrus n cx calculo vgvc iietur ; rt-]icri;ii:r trim Ppp + il = 

»■<_;>• c/{>. nnde fit co/yg^ f^ ; fimfflter vero erit 



% 9 % DE USU SERTERUM REC URRENTIUM 
[| cof. <p =■ fif*+.* ^ ex quomm duorum valorum compa- 
ratione fit «<Ji« cof.f = 



QR P ,? 



Quam ob rem fi Series 



■ jam co ufque futrit continuata 
Poteftates evanefeant , tum ho 
ipi.cof<p + pp\\ potcrit inveniri. 

351. Quoniam Ule calculus uon fatis exercitatis molefljam 
creare poffet , eum totum hic appouam. Ex valore ipftus 2- 
invenco oritur AP p.fia. (n + 1 ) <p + BPp.fn. (n + 1 )<p _■ 
AQ.frn. (» + 0 p + BQ./n. * f , ur.de fit -A. = 

^.A«-(« + i) » — y./fi. tii + i)»- ™ ™«one ern B -_ 
j; f +,),_ g g,. (n + 1 ), 
Cf.MU + j)9 — Jtjta. l« + i)* 1 
valortbus fiet 

J° Qppf ia jn+ i)tfmfr+$f— QQp.fin.(n+ i)?.fin.(n + i)p+ 
QR : /r n .( n + 1 ) P .jJ n .( n + i) p +P(2 w ./ n .( n +i) p ^ n .( n + 1 ) p . 
Cum amem fit jm. D >. £_-!-. co /.( fl — i)_± cof(a+b) 
fiet o_iQt3 P .( C0 /.' 3 p— CD / P )+iQit.(t_™y:i P ) + 
T PQPP- ( 1 — eq/Tif ) qita; pcr -^- Q divifa iat 
(Pp p . + R)(i — cof. ■>.<?) = Q P .(cof. f — ™/3 P ). At eft 
co/. p—co/i ^ cof.cp +J!n. 1 ? ./t n . F & cqf. 3 p=cofi <p cof.tp— 
>.i f .>.etutiduLc-/.>—™/3 ? = i>.i ? ./, 1 . ?=4 j7„. ? - >< 
cof<p & i — cjC^i/n.p', ex quo erit Pj.p + it^; 



INRJDICISVS MQVAT. IKDAGAND. . i 93 

fuperiores valores prodeunc , fcilicet ^=V oo— & xvn' 
/- QJi — 

353. Si denoniinator fraflionis , ex qua Series recurrens 
venrionem^Lum^mult^ 

fi iina qutfcunque radix realis jam proxime fuerit detefrj , tum 
avjuarionis transformatione feinper valor ejufdem radicis mulro 
propior erucrur. Ponatur enim x aqualis valori illi jam de- 
recto + y , aique nova: nqualionis qua:rarur minima radix pro 
y , qua: additi ad illum valorem przbebit verurrr ipfius va- 

Sit propnjita ijla aquatia x' — 3XX + 511 — 4 = 0, cujus 

prodit x' — 3 nx + 5x — 4 = — 1. 

Ponatur ergo jc= 1 + y , fierque 1 — iy — y'= o, undc 
pro radice minima invenienda formetur Series ceturrens , cuius 
fcala relationis i,o, + i, quE erit 

1,1,4,9, 10 ' 44 • 97 ' l, 4 ' 47 1 » io 4' ■ 11 9'* • * 
unde radix minima ipfius y erit proximc = a , 453397 . 
ha ut fir x = r , 453397 , qui valor ram propc vix alia me- 
lliodo Eque facile obrineri poterir, 

354. Quod fi autem Series quaieuntjue recurrens tandem 
tam prope ad progreUioncm geomctricam convcrgat , tum es 
ij.la iujc progrcffionis ftatim facile cognofci porerit, cujufnans 
iquationis radix fit futura quotus- qni es divilione unius tcr- 
miui per pracedemian oritur. Sint 
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4 9 4 VSU SERIERUM RECURRENTIUM 

L P, Q, R,S, T, &c. , 

lcrmini Scrici r_;-.!:rer.'i_ a pr!i:cv.io jam longiflime rEmoti , 
ita ui cum pro£r.l:!t.ir_ ; .1 :r!^.t i.uL.l.ii..._.i...r ; fiKjue T = 
K S + €R + yQ + SP,ku fcala relationU «,+€, +y, + S. 
Ponatur valor fraflion.s = x ; erit = *jr ,- £=;.' & 
= x' , qui in fuperiori arqualioi.e fuliftiluti dabunt 

unde paret quotum -jj tandciii pra-bcre radicem unam a:qua- 
rionxs invenM. Hoc vero & pmcedena m-thodus indicat , 
praterea vero docct fracrioaem 5 dare maximam a.quatto- 
nis radicem. 

355. Potefl: quoque hsc n-.-_ir!i oJll^ invi:nig.ini_arum radi- 
cuin fepeoumero uiiliicr adhiberi , fi a.«ti.atio fit infiiiita. Ad 
quod u-.endendum propofita fit arquaiio -j- = j; — %g '+ 

jfi — ^ + &c- * Cll i lis " d ' ,t mm i ma { e-.hi_.et Arcum 
30 0 , fcu Semiperipheria: Circuli fcxtan.em, Perducatur crgo 
itquaiio ad hanc formam 

Hinc ergo formctur Series recurrens , cujus fcala rclationU 
cft i-i-nita , fcilicet 

»,-,— j-.-o, +i,=,-^;.»_-., 

critque Series 

I. 1,4, tt, 
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. LV RADTCIBUS MQUAT. TXDAGAKD. 19; 
erir ergo proxime f = jpg == = gj* — °_> 5*3$« ! j 
Ac ex proportione Periplieria: ad Diarnctrum cogniia dcbcbat - 
clTe f = 0, 513598 , ita ut radix inventa tanrum parte 
a vcro difcrcpet. iloc autem in hac a:quarione ccmmode ufu 
venit , quod ejus omnes radiccs firit reales , atque a mininra 
reliqiiE fatis nntnbiiiter difcrq.fiir. Qua; conditio cum rarif- 
fime in iquationibus infinitis locum Iiabeat , huic metliodo ad 
eas rcfolvendas parum ufus retinquitur. 



CAPUT XVUL 

De fracliombus continuis. 

356". (^uoni am in pncedentibus Capitibus plura , cum de 
Scriebus infiniris , tunv de produ&is ex infinitis Fatloribus 
conflairs dilTerui , 11011 inionsjruum forc vifum ell , fi eriarrt 
nonnulla de itrriii qiiodnm e>.|)rclfi 01111 m iiiiinitarum getiere 
addidcro , tjuod crjjuir.iiis iVaiiiionibus vel diviliouibus conti- 
netur. Quanquam enim Iioc gcnus parum adbuc eft excul- 
tum , tamen nun diii::ii;riuis , c|iiin c:i to ampliliimus ufus in 
analyiin inliniiorum aliquando fit redundamrus. Exhibui enim 
jam aliquoties cj-.ifniudi )pjc!nii:i:i , (;::ii>us h;cc expcclatiu non 
parum probabili; rc;l-jiti;r. I::vir'iii:is vcro ad ipfam Aritlrme- 
licam & Al^cbnm communem r.nn contt mnenda fubfi.lia aFcrt 
indkatcatquc c\pouere 



arT.::fo in rnfimrui 
jjiej.!. crrro ftailio 
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igfi D E F KA C T I O N I B U S 



uuitat<;s, qtiam potillimum liic cuutL-mpIabor , in altera vero 
forma funt numeratores numeri quicunque. 

3,3. Expofita ergo fracYionum harum continuaram forma, 
ptimum vidcndum eft , quemadmodum earum flgnifkatio con- 



fradlione ; cuo fafto paiebit fore 



B + ■ , _. _*..„, + _s, + __, + .i, + fl _. + _ + _ + _ 

4 i icJ( + *' + ''* + ** + » 



359. Etfi in liis fraftionibu; ordinariis non faclle leK , fecun- 
dum quam numerator ac denominator es litreris a,b, c ,d, 
&c. , componantur , perfpicitur , tamen attendeuti flaiim pa- 
tebit , quemadmodtim qurlibet fraciio ex p^ricedcntibus for- 
mari queat. Quilibet enim numerator eft aggregaturtl ex mi- 
flieratore ultimo per novam l.tteran. multiplicato , & ex nu- 
mcratore 
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CONTINUIS. 197 

in denominatori- C a t. 
.h.c.d.&c. XVIII. 



bus obfervatur. Scripris erj;o ordine litteris a , £ , c , 1/ 
cx iis frailioi^s invtm.r liicik- formabuntur hoc niodo 



J. . JL . "*+' . -^ + - + t . n i c J + -t + a J+ C J+ . 
o > . ' t • ii + t ' bcd + b + d 

ubi quilibet numeraior invenitur , fi prcccdcntium ultimus pc-r 
indicem fupra ftripmm muhiplicetur atquc ad produclum antc- 
penultimus addartir ; gus eadem lcx pro denominatoribus 
valet. Quo autem hac legc ab ipfo initio uti lieeat , prccfixi 
ftaflionem — qurc , etiamfi e fraftione continua non oriatur , 
tamen progrefliortis legem clariorem efficir. Qudibet autem 
fraflio e\hihcr vaiortm thifnunhi cmitinua: ufque ad eam litte- 
ram , qute anrecedenri imminct , indufive c 



360. Siniili modo altera fraetionum contmuarum forma 
dabit , prout aliis aliifque locis abmmpitur , fequcntes valores 



Eulcri Introduci. ia Aiial infin. P p 
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i<j8 D E FRACTTONISUS 

!■ quanim (raftionum quaquc ex binis pra:cedentibus fcquentenT 
— in modum invenietur 

a b d 

J_ a . + « sW+-f jif+. ^ +wi + n . 

o ' i ' * ' ic-f-'e ' icJ+eJ+yi 
■ 6 y S a 

361. Fraf[i;.-iii!.' , i'i fiilicct fcnuuds fnpra infcribantur indi- 
ccs a ,b , c , d , &c. , infrs autem fubfcribautur indices n. , 6 , 
V , ? , &c. . Prima fradio itcram coniKwatur ~ , fecunda 
-- , ttir.i feqinr.li ::.•.', t;i;;c\is f:.rni;il::tur fi amcccdcniium ulrims 
mmier,lt.ir per iii:'i<.';ni fu;ira fcrlptnni , penulrim.v vero nume- 
rator per ir.dicc-itl infra fcrip./im nv.dtiplicetur & ambo pro- 
ductrt Uild.itiuir, ;i_;;;:'t;^:ili!:ii crlr iv.imcnitor fraclioiiis feqiiemis 
iimiii modo ejus tk:;iomiri:ir;'.r crit uirjTejjatum ex ultimo 
dcnomiiiarore per indicem fupra fcriptum , & cx penul- 
tir.io tlennminatore |:lt iiulicem iutra fcriprum multiplicatis. 
Qttarfibet vero fraflio hoc modo inventa prahebit valorem 
fraftbnis coii:iiiii;v :iJ tum ufqtie duiioiirnaivri.m , qui fractioni. 
ar.teccdenti eft ii',l'Lrl:n:is , cor.tiimaia inclulive. 

361. Qnod fi er£o hx frafliones eonfque contimientur 
qnoid faffnt ['or.riM-.ia iiidiccs fuppcditet , luin ultinia frauio 
verum dainr v::!olc:ii iV:L-."i:ouis coiiti.iii.T. Pracedenres fruffiu- 
nes vcro contintro propius ad liunc valorc-m accedeut , ideo- 
qilc perqui.in idiiiL^rii !p]iro;)iin; 11 1101:1 fiii^LreiVt. ponainus. 
enirn vemm valorem fiactiouis contir.ua: 

e/Te = x 




atmie maajfHlual eft fructoncm primam — cfTe majorern; 
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CONTINUIS. ,99' 
■quam x ,• fecunda vero minor erit quam x ; tertia a + i xvilL 
iterum vero valore erit major ; quarta demio minor , atque ""* 
ita potro r.s: f. a^.ioi.cs a! ;i.ri.._ :im erunt mujotts & minores 
quam Porro _iu.._m p;_'i\p!(u;iiii tJ; qii-in.R-et fraclifincni 
propius acccdare r.d verum va!.>r_n. i quam uila prircctlcn- 
tium i aa:h iioc p_.. ; ';o dri;!!mi; c-nirjo _ii..imc vu!or ipfius * 
p.oiiime obiir.crur ; etiamli fc.c.io coruiiiuu in infir.itum pro- 
j,TcJiatur , diiniminlo niimurat.irei K, &,y, &c. , non nimis 

crefcant ; fin autem omnes ifti numeratores fuerint unitates , 

iur.i _tp;)ri! L >:;:ipi..ti<. iui!li iiiloui.tk. do cil ol.uosia. 

Quo ratio hujns appropbquaiionis ad vcrum fraflio- 
nis coiitinna. valorem melius percipiatur , confideremus ftac- 
lionum inventarum differentins. r Ae , prima quidem — pr_e- 
term__Ta , "difPjrentia inter fccundani ac terriam eft = -y ; 
quarta a tcrtia fubtracta rclinquit i quarta a quinra 

&ta-2. rdi,,-it , t . + . > (. fj + ._ + , > • *«•. »»= 
exprimetur valor fraftionis contiuue per Seriem tetminorum 
confuetara hoc modo , ut fit 

* = " + f — i( ie +e) + ii. i -|-i)[i t i4-t;J-i- T i) — &c " 
qua. Scries tories al.rumpitur quoties fraflio con:i.iua non ia 
infinitum progreditur. 

364. Modum crgo invcnimus fraflionem contiuuam quam- 
cunque in Seriem rerminorum , quonim figna a.ltern__ntur , 
convertcndi , fi quidem prima littera a evauefcat, Si enitn 
(uerit 



3°o 



D E FKACTIONIBUS 




l*<- + ._ + ,*>{* t _?+eJ< + **« + i*c+e/) + &e " ' 



Unde, fi k, _ , y , S, &c. fucrint numeri non crefcentcs , utr 
omncs uivi.aies , (!i.a.i;imato.cs vcro a , b , t , d , &c. nunieri 
inregri rjuicur.-juu al.iriviativi , vaior fr-iciionU coniinus espri— 
niemr jitr S.ricm ic.iuiiioniii- [iia\;nm con \ ergentem. 

3<j j. Ifis pro„_ confideraris , poterit vicidim Sctics qusteira-* 
que terminorum alteruamium in fraclionem continuam com trti _ 
ftu fr___io continuB inveniri cujus valor squalis fit funima: 
Scrioi ptopofiw. Sit enim propofita h__c Scrics 

x = A — B + C — D + £ — F + &_. , 
e;it , (inguiis termiiiis cum S.rio _:-; fr.iJ.ioi.e contiiiua orta 
comparandis. 

A - — ~ ,- hmcque a = A b , 




1 (.*..+__.>. 



uncit fit Z = -■— -■- 




CONTINUIS. 301 

v - pr=Sffi=*v Porro fi: te ' + «' + ?* = 

(bc + Z)d+yb=^ =I]l + (3=^;, n=c ] — —-7i; ;ii=U)' 

unde ent i( + c ' = jjzr^ & s = (is~c) { l—d) ■' 

fimili modo reperieiur t = [c ' ' d ' ){d E) & ' ta P orro * 

366". Quo iila lex rfarius appareat , poriamus efli; 
P = fi 
Q= 6 c + £ 
Jt = bcd + Zd + yd 
S = 6r<?* + Zde + ybe + Sbc + CS 
T = bcdef + &c. 
V = bcdefs + &c, 

erir ex lege harum exprelliomuvi 

q = Pc + e 

K = Qi/ + yi* 
S = R e + SQ 
T= Sf + tR 
V= Tg + £S 



C»m igitnr his adliibendis Utrens lit 

! =. y JTy + I 

3&7- Qi'iniam ergo ponimas efle 
I = A — B + C — D + E - 
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D E FRJCTIONIBUS 




Poiro vcro d.':',^:\ i- rh i'i;!-.-:«i:5 habebitur 

^ ?o — t? — y 

fl _ c = -LL|^l = *Ji 

c ~ D — yXS — fi' ~ 

r n — r — — 3t ->- J / _ 

v — j> — bTT h;t — T , 

&c &c. &c. 

Si bini igitui in fe invicem ducantui , fiet 

<A — ») t»-C) = ™ | , 8e ^ = Es^fofcrEj 
(j_0(C_D) = BCd,.%, Scf^ ^y^ 
( D _£) (Z>-£) = CJfc/ f .■ & | = pgSftfcq 



C O NT I N V IS. 



- fC — D){D — £) 
&c. . 



36S. Inventis ergo valorihns numcratoram a,Z,y,$, &c.; 
denoiTiinarurcs fc , c , d, e , &c. , arbitrio noftro relinquuntur : 

gri , tum valores intcgros pro a , £, y , S , &c. , exhtbeant, 
Hoc vcro penilet quoque a natura numerorum A, B, C , &c. , 
utrum fmr integri an frafii. Ponamus effe numeros inttjrros , 
atque quajfiro fatisfict liatucndo 

b = 1 * = A 

c = A— C £ = B 

d = fl — C untle fit y = ^ C 
e = C — D $ — BD 

f = D — E t — CE 

&c. &c. 
Quocirca , fi fuerit , 
x = A — B-l-C — D + .E — F + &c. , 
Mem ipfius x valor per frafiioncm ccntinuam ita exprimi po- 
rerit , ut fit 



x = A — i + V — D + E — &C - ■ 
rcbebuntur pro a, £, y, S, &c. , fequentes valore* 
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D E F KA C I T O N I B U S 

= ~A ' € = B — A 1 7 — IB — A) (C — 

g _ , r>-tf 

= {c — ») — C 1 ) ' lO — t'H£ — JJ) ' 

Fonatur trgo ut fetiuitur 

h = A : * = 1 

' = B — ^ ,- C = 

d = C — B / y = BB 

e ~ D — C j ■ 
&c. , 

critque pcr fractioncm continuam 



E X B M E L O « I. 

Transformtiur Uac Serits infiniia 



ia fiaclioncm c 
fum Serki propoGtS valor fit = erit 



E j i ,« p i v m IL 

Tnnsfbrmttur fuec Seria wjimta t 
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C 0 ntinu is. 3 »f 

fraHlioiitin continuam. 



god D E PRACTIONIBUS 

I. . mm ,__ , 



"+ n + tre/. 

E H P L tT M IV. 



Quoniam , fupra g. 178 , invenimus efle 

„y; n . ^ m " — - + n- r , n M — a + £pf£ 
&c, 

erit, pro fraftione continuanda, A=m ; B=;re — m,- C = 
n + hj ; XJ_ in — m ; &c , unde fiet 



■J70. Si Series propofita per cominuos Facborcs progrcdia- 
tur, ut fir 

x ~a ~a s + abu ~ab ZTu + jTbciTe "^ c -> 
tur.i prodibjnt fcquentcs ilctcrmmaiior.es 

a __ i_ . £ - le Bcd 

A ' B I » T l fl — , )( — 1 ) '" 

! Cil __ D:f „ 

IC-IJIJJ-I)' — t _D—-,) (£_,)• «9-, 

£at ergo ut fequitui , 
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CODTIHUJS. 



Iviil: 



unde confeqoenter 




7=>-T + TT-r^ + nrn- f 

feo 

■ -T=T-TT + 7^1-TTTl + ! 
feric-s in fraclionem continuam convertetor pone 
.,£=., C= 3 , 0 = 4, flc. : ,»0 ergo £ 
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3=B DE FKACTIONIBUS 

ExEMPLUM II. 

Invenimus quoqtie nrcus , qui radio squalis fumitur , cofi- 
nuni cfTe i - + — - + ___ 

&c. . Si ergo fiat A = i , B =-i , C = ii ', D — 30 . 
,E = ;6, tkc. , atque Cofinus arcus qui radio -aquatur , 



371. Sit Series inluper cum georuetrica conjuncca , fcificet 
[ = A — B l + Cf — D( + £;« — F( + &c. , 




CEi/t 



Ponatur nunc 

» = 1 « — _ . 

c = A—B U £ = Bt 

d=B—C 7 ,- y = AC { 

uud<; fiet 
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CONTINUIS, 



871. Quo aurcm noc negotium generalius abfulvamus , 
ponamus cife 

fictquc, comparationc inftiruta , 
^ ( r , , B-»t .r . , AC M-c Jyi 



eZjHa^ ,-^%5 '" 



* — {BN^ — CMy^iCO^ — DNy) ' °"" ' 

Katuantur valores b , c , d , &c. , fecjuenti modo 
t, = L; erit * = _4 

c — ^M T — fliy,- G — BI£y 

d_ flitff — CJfefy; v = ACM'yt 

t — CO; — DiVy; S = BDNyr 

f = DPi — EOy; t = C-0'jj 

Etc. &c. 

nnde Series propofita pcr fequentem fracrionem continuam 
cxprimerur 

373. Habcat denique Scrics propolita hnjufmodi fbrmam, 

r + &c , 

atque fequenrcs valores prodibunt 



3io D E FRACTIONIBUS 

l- Ab_ B llicy CMcAy% 

S. ' M { — Jiy S 7 — K M i—Jlyn^ — Ly ) ■' 
£ D_U_ _ EQi/y- 

t"'i— 'jJ^i — W {Oi—uynri—Ej)* 

&c. , 

ad valores ergo rotegros invcnicndos fiat 

b=L U «it « — At 

e = M% — By; <S = BLy^ ■ 

d iVj — Cy ; y = CMyj 

t = Oj — Dy ; i = DiV 7{ 




ftatim a priiicipio fiat manifefh , erit 



374. Hoc modo itiiiumerabik:s invimiri potcmnt fractiones 
:oiiriiiu.i; in ii-.i;r.itum proLjrcdii nt . ■-; , c;i;l: r:=!H valor vcrus ex- 
nberi .qucat. Cuiii cnim , funra ir:i'.iii : s, iniii.it; 1 .' fieries , 



qucant , urjaqiirt]iic ii.iiis!inii-.;ii-i po*jii; iu fr;ictionem comi- 
nuam , cujus aiieo valor funynas illius Seriei ell squafis. 
Exempja , qu:c jatn hic funt «llata , rufKdunl ad hunc ufum 
oflcndcndum : vcrurntamcu optaudi:in clTct , ut methodus 
detqrerctur , cujiii l.viv.Iidt) , ii prnp'>!iti l,;erit fraclio conri- 

nua quicunqne , ejus valor immcdia:; byeniri poIEet. Quan- 



CONTTNUTS. jMi 

qnam etiim fraftio eontinua tranfmutari pureft !n Seriem infi- C a f. 
mram , Cujus iiiniini", per itu-ilinii; Lo^iiiitn iiiv L -llk- ;:r i tjueae j x v 1 1 f - 
tttmen plenir.urii'; i[iie Sivitd i;'.nt(jpi:rc (inr.t iii;rk:i\r , ttt carum 
fumma , eriamfi fit fatis fimplex , vix ac ne vis quidum 
obtinj.-ri pofftt. 

375- Q" 0 autcm ctarius |x:rfi.iciiHur , t!ari t;iifinncli fcctio- 
ncs conrinuas, quarum valor allunde facile aflignari queat , 
peiamfi ex Suritljns infinitis , in qttas convcrtuutur , niliil 
admtidum co!li : ;i;r j iictii-.t , cjrfi-.Lrtinus lianc fractionem con- 



cujus omnes denominatorcs fttnt intcr fe iqnales ; fj cnim hinc 
modo ftipra e^pofito ,'fiacliuttes formeiiiiis 



Kinc autcm porro orittir hzc Senes 

+ T-rt + riT-3T5 + ^;-««. 

vti , fi l).::i t.. "i::i conjungar.tur , erit 
vel 
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quai Series etiamfi vehementcr convergant , tamen vera eaium 
fumma ex earum forma colligi nequit. 

376. Pro hujufmodi autem fraflionibus cominuis , 3 : 1 quibus 
denominatores omnes vel funl cquales , vel iidem reverrun- 
rur ; ita ut ea fracho , fi ab initio aliquot terminis iruncetur , 
toii adhuc (it iqualis , racilis haberur modus earum fummas 
explorandi. In excmplo enim propofito , cum flt 




crit Ar = ^-p- < ><le°que #* + **= ■ & *-f- i = Vi i i"a 
ut valor hujus ftaftionis continua? fu = V 1 — r. Fra£Konei 
vero ex fradtlone continua ante erulce , continuo propius ad 
lnmc valorem accedunr , idque tam cito , ut vix promptior 
modus ad valorem huuc Irrationalem pcr numeros rationalcs 
proxime exprimendum , inveniri queat. Eft enim V i — 1 
tam prope = ^ , ut error fit infenfibilis : namque , radicem, 
exrrahendo , eric 

V % — 1 = 0 , 414113^315, 

f o = o, 4 i4*B, 7I41 8, 
iia ut error tannim in partihus cenrefimis millefimis confiftat. 

377. Quemadmodum ergo fradhones continua: commodifil- 
mum fuppeditant modum ad valorem </% appropinquandi , ita 
indidem 



CONTTNUIS. 

indiJem fjtiSIina vi;r ap-.-i-itiir uJ radtL-es a!io 
proxime inveftijanJas. Funanius huuc in fini 



, unde lit — o + 

Hic ergo fraclio conli- 



■i radicis cjuadtaia; ex numero aa + q. inve- 
niendo. Hincque adeo fubiliruendo loco a fucccflive nume- 
ros i , 1,3,4, > reperientur Vj ! V 1 ! V '3 i Vli 
V19 j \'io ; V53; &c, perductis fcilicci liis radicibiis ad 
formam (impHcillimam : erit ergo 



notandum autcm co promptiorein cffc approximaiionem , cjuo 
rujor fuerit numeru; a ; fic in ultimo exemplo erit V 5 = 1 

-.^' ut error rainor fic 1 uam iliTwj ' ubi * 473 eft 
tJjfnorninator foquentis fractionis ^j. 



Etileri JntroJuet. in Ar.d. r.f.r. 



3*4 DE FKACTIONIBUS 
L 37 8. Hoc vero modo aliorum numerorum radices exhiberi 
nequeunt , nifi qui fint fumma duorum tjuadratorum. Ut igitur 
hxc approxinmio ad alios nunieros exteodatur , ponamus efle 

crit 

•~7+- r k" ..+t+.. ' iStOT " "" + "*"='• 
& 

» = _ij ±v( iij + l ) = ^±V! ? <i±lifl. u»Jc 
^™™^™^.™^^»^ 

Eri. « S o P ,.»n,= -r+lV» = m u v 7 = £a = 

», «4575.« i « reve» tt V7 = >. ««7>'3> i »' »• «™ 



; +^ t .. 



t(«S+0»» + (.it + «- 
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1 



CONTINUIS. 



!{«*+!) 



idicale pofita iterum eft fumma 
e ergo hrec forma radicibus ex. 
aliis numEris cxtrakcndis infcrvit , nili ad quos prima fotma 
jam fufFeccrat. Simiii modo fi (juattior littcra: a, b, c, d , 
conrinuo repetir.T dcnommatorcs lraftionis continua: conftituant , 
tum ea plus non infervkt quam fecunda , qu2 duas tantum. 
iitteras continebat , & ita porro. 

380. Cum igirur fraftioncs continux tam utiliter ad extrac- 
;'u v. \:i :;i.:iiK [ , i:j;!r;it.v a jliilirri r|i:-.-;iiil , {i:ir.il iiifiirvieiil ivjiiri- 
tionibus quadrritis refolvendis ; quod quidem ex ipfo calculo 
eft maoifeftum , dum x pcr squaiionem quadraricam afleclam 
dererminatur. Poteft aurcm vicilfim facile cujufque a^quarionis 
quadrat-e radix per fractionem continuam hoc modo exprimi, 
Sit propolita ifta sciuario 

ex qua , cum fit x — a -f- ~ , fubftituarur in uliimo termtno 
Ioco jc valor idem jam invenrus , eritquc 

- = « + .4ri. 



fimili ergo modo procedcndo 



t pcr fracbioncm continuam 



commodci adbifc 
381. Utaute 
tandum cft om: 



1 fint utiitatcs , non tam 



iniL*ti t ;i npicudalur , priurum no- 
1 ordinariam in fraclionem cort- 
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D F. F R A" C T I 0 N T B U S 
n cooverd polTc. S : .t enim propofiti fraelio x 
iia A > B ; dividatcr A per B , fitque quorus 




hinc , feguentes valores in praceclentthus fubffituendo , 



*~+~r. 



unde tandcm * per mcros quotos inventos a , b , ( , d, &c. , 
fequentem in modum exprimetur , ut fil 
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CONTINITIS. 



Sit propofita Ula fra&io '-~ , qua: fequcnti modo in frac- 
' L , cujus omnes numeratores 



erunt unitBtes. Inllituatur fcilicct cadcm opetatio , qua 
commuiiis divifor oumerorum 59 & 1^61 quzri foler, 
59) '+«'(»4 



9(< 

~1) »*U 



Hinc ergo 'ex quotis iier 



Fra£tiones quocjue decimalcs codcm modo tranfmutari pote- 
runr , fit cnim propofita 

unde tzc operatio ioftituatur 



D E FRACTIONIHUS 



B18.11711 


14141135« 






i 7 i5 7 iS3 
14.1t 3 f6o 


41411356 
34.1145 7*5 


1 




194.371« 
143864.8 


71067S0 
;8S 7 4 T 6 






jo T o!io 








&c, 


109164 






Ex qua Operaritme jam patet omncs denominat 
atque adco efle V 1 = 1 + ? 

cujus expreflionis ratio jam ex fuperioribus paret 


res elTe 1 , 


E X E M 1 


L U H 11 1, 




Imprimis vero etiam hic attsntione dignus eft tf.imcrus e ; 
cujus loganthmus eft = r , qui eft <;=i, 718181 818459 , 
vmdc oritur -~^-' = 0,859 1409 141195 > I 010 decimalis, 
(i ftiperiori modo tracterur , dabit quotos fequcntes 


8591409141^95 
84,1,45146114 


859140914119, 


6 


139863996071 
139311,57916 


1408590857704 
■398639960710 


»4 


5,0114488 


9950896994 
9915886790 


18 


1113667 


&c. 5 4 




fi ifte caleulus exaclius adhuc 


, afliimto valore ipf 


us( , ulteriui 


fontinuctur , tum prodibunt 
1 ,'6 , 10 , 14, 18 


iili quori 
11 , 16 , 30 


34. 


&C, 



C 0 NTINU I S 319 
tjui, demto primo, progrefTianem ariihmeticam conflituunt , £ V A U J- 
unde patet forc . ■ 



1 calculo infinitefimali dari poteft. 
3S1. Cum igitur ex hujufmodi enpreflionibus fractiones erui 
queant , quse quam citillime ad vcrum valorem expreffionis 
deducanr , hic methodus adhiberi poterit ad fraifiiones deci- 
males per ordinarias (raftiones , qua: ad ipfas proxime accedanr , 
exprimendas. Quin etiam , fl fraclio fuerit propofita cujus 
numerator & denominator fin! numeri valde magni , frafliones 
ex minoribus numeris conflantes inveniri porerunt qttx , eriamfi 
propolita: non fmr penitus iquales , tamen ab ea quam minime 
difcrepent. Hincque problcma a Wallisio olim rraflatum 
facile refolvi potell , qtio quiruntur frafliones irrinoribus numc- 
ris expretTo: , qua: tam prope exhauriam valorcm fraciionis 
cujufpiam in numcris majoribus propofiia: , qnantum fieri poterlt 
nmncris non majoribus. Fractioncs autem nollra hac methodo 
orta: tam prope ad valoreni fraciio^is coiitinus, cx qua cli- 
ciuntur , acccdunt , ut nulls numcris noii majoribus conftantcs 
dentur qua: propitis accedant, 

-E x e « p I u m I. 



adhib^antur. Si fracilo dcciinim: cognka 

3. &c - . 

modo c::|nifito pcr diufionem cotitiunam evolvaiur, repenen- 
tut lcqacures quoti 

3, 7, t, 19*, 1. i, &c., 

CX quibns lc.-;u;:i-i:i inidio/.c; tyrni:ibunrur , 

j. ± « i" m ismi . ftr. . 



3to DE FRACTIONIBUS CCNTINUIS. 

I- fccuudil fraciio j;:rn olijuJit clf; dij merrum ad periplierlnm 
ut i : 3 . neque cerre numeris uo:i majoribus accuratius dari 
poterit. Tercia fraSio d.it rationem ArcUmedeam 7 : tj. , at 
quinta Mttiniuvn qus ad vcrum tam prope acccdit , ut error 
minor fit partc — ijioi ' Ceteruni liffi fraftiones altcrnatim 
vero funt majores minorefque. 

ExHKPLBM II. 

Exprimatur ratio diei ad annum folarcm medium in numeris 
minimis proxime. Cum annus ifte fit ^S; J , j* , 48' , 5 j" , 
conrinebit in ftafbtone anmts unus 56; dies. Tanrum 

ergo opus efl ut Usc fraflio evolvatur , qua; dabir fec^uentcs 

quotos 

4, 7 , 1, 6, 1, 1, 1, 4 

unde ilttc eliciuntur frailiones 
» , -1, 1, 1, 41, «1, .'il, &c, 
llora: ergo ctim minutis primis & fecundis , qua: fupra 36; 
didS adfunr, quatuor annis uncim diem circiter faciunr, unde 
calendarium Ji.Ur.r.um nriiiintm Iv.ibir. I^mlYius aurem 33 annis 
8 dies implcntur , vcl 747 annia 18 1 dies ; unde fequitur 
fjuadringcntis aimiu neirivJiivc 97 dits. Quare , cum Jioc iurer- 
vallo calendarium J:i!:.:i:::"i infcr.it ico dies , Cregorianus qua- 
tcrcis feculis tres annos buTcxtjles in communes convertit. 

FIN JS T O M I P R I M I, 
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